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LOGARITHMS. 3 

If the exponent is a fraction, and the numerator be increas- 
ed, the power will be increased : but if the denominator be 
increased the power will be diminished. 

6. To obtain then the logarithm of any number, accor- 
ding to Briggs' system, we have to find a power or root of 10 
which shall be equal to the proposed number. I'he expo- 
nent of that power or root is the logarithm required. Thus 

7==10«««*»n rof 7 is 0.8451 

20==10*-'®*' Wherefore the J of 20 is 1.3010 
30=10i-*^'* [ logarithm 1 of 30 is 1.4771 
400=10'*»*' V Lof 400 is 2.6020, &c. 

7. A logarithm generally consists of two parts, an integer 
and a decimal. Thus the logarithm 2,60206, or, as it is some- 
times written, 2+.60206, consists of the integer 2, and the 
decimal .60206. The integral part is called the characterise 
tic or index^ of the logarithm ; and is frequently omitted, in 
the common tables, because it can be easily supplied, when- 
ever the logarithm is to be used in calculation. 

By art. 3d, the logarithms of 

10000, 1000, 100, 10, h .1, .01, .001, &c. 
are 4, 3, 2, 1, 0, —1, —2, —3, &c. 

As the logarithms of 1 and of 10 are and 1, it is evident, 
that, if any given nmnber be between 1 and 10, its logarithm 
will be between and 1, that is, it will be greater than 0, but 
less than 1. It will therefore have for its index, with a 
decimal annexed. 

Thus the logarithm of 5 is 0.69897. 
For the same reason, if the given number be between 

10 and 100, ^ theio^. O ^^^ % i- 6* 1+the dec. part. 

100 and 1000, > will bi ^2 and 3, 2+the dec. part. 

1000 and 10000,) between ^3 ^^^ 4^ 3+the dec. part. 

• 

We have, therefore, when the logarithm of an integer or 
mixed number is to be found, this general rule. 

. * The tonn index^ aa it is used here, may possibly lead to some confusion 
in the mind of the learner. For the logariUim itself is the index or exponent 
of a power. The characteristic, therefore, is the index of an index. 



4 NATURE OF 

8. The index of the logarithm is always one less^ than the 
number of integral fgurts, in the natural number whose toga" 
rithm is sought : or, the index shows bow far the first figure 
of the natural number is removed from the place of units. 

Thus the logarithm of .37 is 1.56820. 

Here, the number of figures being iwo^ the index of the 
logarithm is 1. 

The logarithm of 253 is 2.40312. 

Here, the proposed number 253 consists of /Aree figures, 
the first of which is in the second place from the unit figure. 
The index of the logarithm is therefore 2. 

The logarithm of 62.8 is 1.79796. 

Here it is evident that the mixed number 62.8 is between 
10 and iqttr The index of its logarithm must, •therefore, 
be 1. y 

9. A9 the logarithm of 1 is 0, the logarithm of a number 
less than 1, that is, of any proper/rac/ion, must be negative. 

Thus by art. 3d 

The logarithm of j\ or .1 is— 1, 

of yiir or .01 is - 2, 

of TToo or .001 is —3, &c. 

10. If the proposed number is between ji^ and y^V? 
its logarithm must be between —2 and — 3. To obtain the 
logarithm, therefore, we must either subtract a certain frac- 
tional part from — 2, or add a fractional part to — 3 ; that is, 
we must either annex a negative decimal to — 2, or a positive 
one to — 3. 

Thus the logarithm 

of .008 is either -2 -.09691, or — 3+.90309.* 

The latter is generally most convenient in practice, and is 
more commonly written 3.90309. The line over the index 

* That these two expressions are of the same value will be evident, if we 
sabtraot the same quantity, '*'.90309 from each. The remainders will be 
equal, and therefore the quantities from which the subtraction is made must 
be equal. See note B. 
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denotes, that iliai is negative, while (he decimal p«ri of the 
logarithm is positive. 

^ of 0.3, isTT47712, 
The logarithm < of O-OG, id 2^77815, 

'of 0.009, is 3795424: 

And universally, 

1 1. The negative index of a logarithm shows kozo far the 
first significant figure of the natural number ^ is removed from 
the place of units, on the right ; in the same manner as r pos- 
itive index shows how far the first figure of the natural num- 
ber is removed from the place of ufiits, on the left. (Art. 8.) 
Thus in the examples in the last article, 

The decimal 3 is in the^r$^ place from that of units, 

6 is in the second place, - 
9 is in the third place ; 

And the indices of the logarithms are 1, 2, and 3. 

12. It is often more convenient, however, to make the in- 
dex of the logarithm positive, as well as the decimal part. 
This is done by adding ]0 to the index. 

___ ' 

Thus, for —1, 9 is written; for —2, 8, Stc. 

Because —1 + 10=9, -2+10=8, &c. 

With this alteration, 

T.90309\ / 9.90309, 

The logarithm ^ ^,90309 C becomes ) 8.90309, 

J.90309) ( 7.90309, &c. 

This is making the index of the logarithm 10 too great. 
But with proper caution, it will lead to no error in practice. 

13. The 5um of the logarithms of two numbers, is the log- 
arithm of the product of those numbers ; and the difference of 
the logarithms of two numbers, is the logarithm of the quotient 
of one of the numbers divided by the other. (Art. 2.) In 
Briggs' system, the logarithm of 10 is 1 . (Art. 3.) If therefore 
any number be multiplied or divided by 10, its logarithm will 
be increased or diminished by 1 : and as this is an integer, it 
will only change the index of the logarithm, without affecting 
the decimal part. 



NATURE OF 

Thus tlie logarithm of 4730 is 3.67486, 
And the logarithm of 10 is I . 



The locrarithm of (he product 47300 is 4.67486 
And the logarithm of the quotient 473 is 3.67486 

Here the index only is altered, while the decimal part re- 
mains the same. We have then this important property, 

14. The DECIMAL PART of the logarithm of any number is 
the samcy as that of the number multiplied or divided bi/ 10, 
100, 1000, &c. 

Thus the log. of 45670, is 4.G5963, 

4567, 3.65963, 

456.7, 2.65963, 

45.67, 1.65963, 

4.567, 065963, 

.4567, ^65963, or 9.65963, 

.04567, ^.65963, 8.65963, 

.004567, 3.65963, 7.65963. 

This property, which is peculiar to Briggs' system, is of 
great use in abridging the logarithmic tables. For when wc 
have the logarithm of any number, we have only to change 
the index, to obtain the logarithm of every other number, 
whether integral, fractional, or mixed, consisting of the same 
significant figures. The decimal part of the logarithm of a 
fraction found in this way, is always positixe. For it is the 
same as the decimal part of (he logarithm of a whole num- 
ber. 

15. In a series effractions continually decreasing ^ the neg- 
ative indices of the logarithms continually increase. Thus 

In the series 1, •!, .01, .001, .0001, .00001, &r.. 
The logarithms are 0, —1, —2, —3, —4, —5, &c. 

If the progression be continued, till the fraction is reduced 
to 0) the negative logarithm will become greater than any as- 
signable quantity. The logarithm of 0, therefore, is infinite 
and negative* (Alg. 447.) 

16. It is evident also, that all negative logarithms belong 
to fractions which are between 1 and ; while positive loga- 
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rithms belong to natural numbers which are greater than 1. 
As the whole range of numbers, both positive and negative, 
is thus exhausted in supplying the logarithms of integral and 
fractional positive quantities ; there can be no other numbers 
to furnish logarithms for negative quantities. On this ac« 
count the logarithm of a negative quantity is, by some wri* 
ters, considered as impossible. But as there is no difference 
in the multiplication, division, involution Sic, of positive and 
negative quantities, except in applying the signs ; they may 
be considered as all positive, while these operations are per- 
forming by means of logarithms ; and the proper signs may 
be afterwards affixed* 

17. If a series of numbers be in oeomctrical progression^ 
their logarithms will be in AniTBHRTic XL progression. For, 
in a geometrical series ascending, the quantities increase by 
a common multiplier; (Alg. 436.) that Js, each succeeding 
term is the product of the preceding term into the ratio. 
But the logarithm of this product is (he sum of the logarithms 
of the preceding term and the ratio ; that is, the logarithms 
increase by a common addition^ and are, therefore, in arith- 
metical progression. (Alg. 422.) In a geometrical progres- 
sion descending^ the terms decrease by a common divisor and 
their logarithms, by a common difference. 

Thus the numbers 1, 10, 100, 1000, 10000, &;c. are in ge- 
ometrical progression. 

And their logarithms 0, 1» 2, 3, 4, &cc are in arith- 
metical progression. 

Universally, if in any geometrical series, 
fl=the least term, r=the ratio, 

L=its logarithm, /=its logarithm ; 

Then the logarithm of ^r is L+/, (Aft. i.) 

of ar« is L+2/, 
of ar' isZi4--^ &c. 

> 

Here, the quantities a^* ar^y ar^^ ar*, &c. are ingeo* 
metrical progression. (Aljr. 436.) 

And their logarithms L, L+/, L+2/, -L+3/, tc. are in 
arithmetical progression. (Alg. 423.) 

* See note C. 
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THE LOGARITHMIC CURVE. 

19. The relations of logarithms, aind their corresponding 
numbers, may be represented by the abscissas and ordinates 
of a curve. Let the line AC (Fig. J.) be taken for unity. 
Let AP be divided into portions, each equal to AC, by the 
points 1, 2, 3, &c. Let the line a represent the radix of a 
given system of logarithms, suppose it to be 1.3 ; and let a', 
a', be. correspond, in length, with the different powers of a. 
Then the distances from A to 1, 2, 3, &c. will represent the 
logarithms of a, a^, a', &c. (Art. 2.) The line CH is called 
the logarithmic curve^ because its abscissas are proportioned 
to the logarithms of numbers represented by its ordinates. 
(Alg. 527.) 

20. As the abscissas are the distances from AC, on the line 
AF, it is evident, that the abscissa of the point C is 0, which 
is the logarithm of 1=AC. (Art. 2.) The distance from A 
to I is the logarithm of the ordinate a, which is the radix of 
the system. For Briggs' logarithms, this ought to be ten 
times AC. The distance from A to 2 is the logarithm of the 
ordinate a^ ; from A to 3 is the logarithm of a^, be. 

21. The logarithms of numbers less than a unit are nega* 
live. (Art. 9 ) These may be represented by portions of the 
line AN, on the opposite side of AC. (Alg 507.) The or- 
dinates «"', a~^, a~', &c. are less than AC, which is taken 
for unity, and the abscissas, which arc the distances from A 
to -1, -2, -3, &c. are negative. 

22. If the curve be continued ever so far, it will never 
meet the axis AN, For, as the ordinates are in geometrical 
progression decreasing, each is a certain portion of the pre- 
ceding one. They will be diminished more and more, the 
farther they are carried, but can never be reduced absolutely 
to nothing. The axis AN is, therefore, an asymptote of the 
curve. (Alg. 545.) As the ordinate decreases, the abscissa 
increases ; so that, when one becomes infinitely small, the 
other becomes intinitcly great. This corresponds with what 
has been stated, (Art. 15.) that the logarithm ofO n infinite 
and negative. 
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CURVE. 9 

23. To find the equation of ttitg cunrei 

Let a=the radix of the system, 
xsany one of the absGissas, 
y sthe corresponding ordinate* 

Then, by the nature of the curve, (Art. 19.) the ordinaie 
to any point, is that power of a whose exponent is equal to 
the abscissa of the same point ; that is (Alg. 538.) 

* For other propertias of the logarithmic cnrre, see Flaxions. 
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SECTION II. 



DfRECTIONS FOR TAKING LOGARITHMS AND 
' THEIR NUMBERS FROM THE TABLES.* 

Art 24 HP HE purpose which logarithms are intended to 

answer, is to enable us to perform arithmetical 
op^ations with greater expedition^ than by the common meth- 
ods. Before any one can avail himself of this advantage, he 
must become so familiar with the tables, that he can readily 
iind the logarithm^of any number ; and, on the other hand, 
the number to which any logarithm belongs. 

In the common tables, the indices to the logarithms of the 
first 100 numbers, are inserted. But, for all other numbers, 
the decimal part only of the logarithm is given ; while the 
index is left to be supplied, according to the principles in 
arts. 8 and 11. 

25. To find the logarithm of any number between 1 and 
100; 

Look for the proposed number, on the left ; and against 
it, in the next column, will be the logarithm, with its index. 
Thus 

The log. of 18 is 1.25527. The log. of 73 is 1.86332. 

26 ♦ To find the logarithm of any mimber between 100 and 
J 000 ; or of any number consisting of not more than three 
-significant figures, with ciphers annexed. 

In the smaller tables, the three first figures of each num- 
ber, are generally placed in the left hand column ; and the 
fourth figure is placed at the head of the other columns. 

Any nuipber, therefore, between 100 and 1000, may be 
found on the left hand ; and directly opposite, in the next 
column, is the decimal part of its logarithm. To this the 
index must be prefixed, according to the rule in art. 8. 

♦ Tlie best English Tables are Hutton's in 8vo. and Taylors in 4to. In 
these, the logarithms are carried to seven places of decimals,* and proportional 
parts are placed in the margin. The smaller tables are numerous ; and, 
when acrurately printed, are iulFicient for common calculation?. 
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The log. of 458 is 2.66087, The log. of 935 is 2.9708 1 , 
of 796 2.90091, of ^i86 2.58659. 

Iftbere-are ciphen annexed to the significant figures, the 
logarithm may be found in a similar manner. For, by art. 
14, the decimal part of the logarithm of any number is the 
same, as that of the number multiplied into 10, 100, &c. AH 
the difference will be in the index ; and this may be supplied 
by the same general rule. 

The log. of 4580 is 3.66087, The log. of 326000 is 5.5 1 322, 
of 79600 4.90091, of 8010000 6.90363. 

27. To find the logarithm ofantf number consisting of foitr 
figures^ either toith^ or without, ciphers annexed* 

Look for the three first figures, on the left hand, and for 
the fourth figure, at the head of one of the columns. The 
li^rithm will be found, opposite the three first fi<rures, and 
in the column which, at the head, is marked with (he fourth 
figure.* 

The log. of 6234 is 3.79477, The log. of 783400 is 5.89398, 
of 5231 3.71858, of 6281000 6.79803. 

28« To find the logarithm of a number containing more tha$i 
FOUR significant figures. 

By turning to the tables, it will be seen, that if the differ- 
ences between several numbers be small, in comparison with 
the numbers themselves ; the differences of the logarithms 
will be nearly proportioned to the differences of the num- 
bers. Thus 

The log. of 1 000 is 3.00000, 

of 1001 3.00043, jrrsVt,ttTr^c\^^ 

of 1002 3.00087, . the corresponding differ ences in 

of 1003 3.00130, the logarithms are 43, 87, 13<), 

of 1004 3.00173, tSiC. ^"^^'^''• 

Now 43 is nearly half of 87, one third of 130, one fourth 
of 1 73, &c. 

Upon this principle, we may find the logarithm of a num- 
ber which is between two other numbers whose logarithms 

* In Taylor's, Huttoo's and other tables,/our figures nre placed in the lefi 
band column, and the fifth at the top of the page. 
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are given bj the tables. Thus the Ic^aritfam of 31716 is not 
to be found, in those tables which give the numbers to four 
places of figures only. 

But by the table, the log. of 31720 is 4.33686 

and the log. of 31710 is 4.33666 

llie difference of the two numbers is 10 ; and that of the 
]<^rithms 30. 

Alsoy the difference between 31710, and the proposed num- 
ber31716is6. 

If, then, a difierence of 10 in the numbers 
make a difference of 30 in the logarithms : 

A difference of 6 in the numbers, will 
make a difference of 1 3 in the logarithms. 

Thatis, 10:30::6 : 13. 

If, therefore, 13 be added to 4.38066, the log. of 31710 ; 
The sum will be 4.33678, the log. of 31716. 

We have, then, this 

RULE. 

To find the logarithm of a number consisting of more than 
four figures ; 

Take out the logarithm of two numbers, one greater, and 
the other less, than the number proposed : Find the difier- 
ence of the two numbers, and the difference of their loga- 
rithms : Take also the difference between the least of the 
two numbers, and the proposed number. Then say, 
As the difference of the two numbers, 
To the difference of their logarithms ; 
So is the difference between the least of the two 

numbers, and the proposed number, 
To the proportional part to be added to 
the least of the two logarithms. 
It will generally be expedient to make the four first figures j 
in the least of the two numbers, the same as in the proposed 
number, substituting ciphers, for the remaining figures ; and 
to make the greater number the same as the less, with the 
addition of a unit to the last significant fii^ure. Thus 

For 36843, take 3G840, and 3G850, 
For 792674, 792600, 792700, 
For 6537825, 6537000, 6538000, &c. 
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The firet term of the proportion will then -be 10, or 100, 
or 1000, &c. 

Ex. 1. Required the logarithm of 362672. 

The Ic^rithm of 362600 is 5.55943 

of 362500 5.55931 



The differences are 100| and 12. 

Then 100 : 12::72 : 8.64, or 9 nearly. 
And the log. 5.55931+9=5.55940, the log. required. 

Ex. 2. The log. of 78264 is 4.89356 

3. The log. of 1 43542 is 5. 1 5698 

4. The log. of 1 129535 is 6.05290. 

By a little practice, such a facility, in abridging these cal- 
culations, may be acquired, that the logarithms may be taken 
out, in a very short time. When great accuracy is not re- 
quired,it will be easy to make an allowance sufficiently near, 
without formally stating a proportion. In the larger tables, 
the proportional parts wbicH are to be added to the loga- 
rithms, are already prepared, and placed in the margin. 

29. To find the logarithm of a decimal fkaction. 

The logarithm of a decimal is the same as that of a whole 
number, excepting the tnctejt?. (Art. 14.) To find then the 
logarithm of a decimal, take out that of a whole number 
consisting of the same figures ; observing to make the negative 
index equal to the distance of the first significant figure of the 
fractionfrom the place o{ units. (Art. 11.) 
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The log. of 0.07643, is §788326, or 8.88326, (Art. 12.) 
of 0.00259, ail 330, or 7.41330, 

of 0.0006278, 4.79782, or 6.79782. 

30. To find the logarithm of a mixed decimal number. 
Find the logarithm, in the same manner as \{ mil the fig- 
ures were integers ; and then prefix the index which belongs 
to the integral part, according to art. 8. 

The logarithm of 26.34 is 1.420G2. 

The index here is 1, because 1 is the index of tlie loga 
rithm of every number greater than 10, and less than 100. 
(Art. 7.) 
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The 1<^. of 2«36 is 0.37291, The log. of 364.2 is 2.56134, 
of 27.8 1.44404, of 69.42 1.84148. 

31* To find the logarithm of a vulgar traction. 

From the nature of a vulgar fractioo, the numerator may 
be considered as a dividend^ and the denominator as a divisor ; 
10 other words, the value of the fraction is equal to the quo* 
tient, of the numerator divided by the denominator. (Alg. 
135.) But in logarithms, division is performed by subtrac- 
tion ; that is, the difference of the logarithms of two num- 
bers, is the logarithm of the quotient of those numbers. (Art. 
1.) To find then the logarithm of a vulgar fraction, subtract 
the logarithm of the denominator from that of tlie numerator. 
The difference will be the logarithm of the fraction. Or the 
logarithm may be found, by first reducing the vulgar fraction 
to a decimal. If the numerator is less Ihan the denominator, 
the index of the logarithm must be negative, because the val- 
ue of the fraction is less than a unit. (Art. 9.) 

Required the logarithm of I4. 

The log. of the nuinerator is 1.53148 
of the denominator 1.93952 



of the fraction 1U59 1 96, or 9.59196. 
The logarithm of ^V/* "S 2.66362, or 8.66362. 

of^j\^ 3.0437G, or 7.0437G. 

32. If the logarithm of a mixed number is required, reduce 
it to an improper fraction, and then proceed as before. 

The logarithm of 3J = y is 0. 57724. 



33. To find the natural number belons^ing to any loga- 
rithm. 

In* computing by logarithms, it is necessary, in the first 
place, to take from the tables the logarithms of the numbers 
which enter into the calculation ; and, on the other hand, at 
the close of the operation, to find the number belonging to 
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the logarithm obtained in the result. This is evidentlj done, 
by reversing the methods in the preceding articles. 

Where great accuracy is not required, look in the tables for 
the logarithm which is nearest to the given one ; and directly 
opposite, on the left hand, will be found the three first 6g^ 
ures, and at the top, over the logarithm, the fourth ^gure, of 
the number required. This number, by pointing off decim- 
als, or by adding ciphers, if necessary, must be made to cor- 
respond with the index of the given logarithm, according to 
arts. 8 and'll. 

The natural number belonging 

to 3.8649S is 7327, to J_.62672 is 42.24, 
to 2.90141 796.9, to 2.891 15 0.07783. 

In the last example, the index requires that the first signifi- 
cant figure should be in the second place from anits, and 
therefore a cipher must be prefixed. In other instances, it is 
necessary to annex ciphers on the rifrht^ so as to make the 
number of figures exceed the index by 1 . 

The natural number belonging 

to 6.71567 is 5196000, to ^3^65677 is 0.004537, 
to 4.67062 46840, to 4.59802 0.0003963. 

34. When great accuracy is required, and the given loga- 
rithm is not exactly, or very nearly, found in the tables, it 
vrill.be necessary to reverse the rule in art. 28. 

Take from the tables two logarithms, one the next greater, 
the other the next less than the given logarithm. Find the 
difference of the two logarithms, and the difference of their 
natural numbers; also the difference between the least of the 
two l(^arithms, and the given logarithm. Then say, 

As the difference of the two logarithms. 
To the difference of their numbers ; 
So is the difference between the given 

logarithm and the least of the other two, 
To the proportional part to be added to 

the least of the two numbers* 
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Required the number beloDgiog to the logarithm 3.67325. 

Nextereat log. 3.67330. Its Dumb. 471.3. Giireu log. 2.67335. 
Next less 3.67321 . Its numb. 471.3. Next less 3.67331. 



Differences 9 0.1 



Then 9 : .1 : 14 : 0.044, which is to be added 
to the number 471.3 



The number required is 471.344. 

The natural number belonging 

to 4.37637 is 33783.45, toj^.73698 is 54.57357, 

to 3.69479 4953.08, to 1.09314 is 0.133635. 



35. Correction of the tables. The tables of logarithms 
have been so carefully and so repeatedly calculated, bj the 
ablest computers, that there is no room left to question their 
general correctness. They are not, however, exempt from 
the common imperfections of the press. But an errour of 
this kind is easily corrected, by comparing the Ic^rithm 
with any two others to whose sum or difference it ought to be 
equal. (Art. 1.) 

Thus 48=34 X3=16X3=12X4=8X6, Therefore, the 
logarithm of 48 is equal to the svm of the logarithms of 34 
and 3, of 16 and 3, w. 

And3=f=*y = V=:y=Vi &c. Therefore, the loga- 
rithm of 3 is equal to the difference of the logarithms of 6 and 
3, of 13 and 4, &c. 



SECTION III. 



METHODS OF CALCULATING BY LOGARITHMS. 



. ^^ f^HE arithmetical operations for which loga- 
^^* * rithma were originally contrived, and on which 
their great utility depends, are chiefly multiplication, division, 
involution, evolution, and finding the term required in single 
and compound proportion. The principle on which all these 
calculations are conducted, is this ; 

If the logarithms of ttoo numbers be added^ the sw toill be 
the logarithm of the product of the numbers ; and 

If the logarithm of one number be subtracted from that of an- 
other^ the DiFFERBNCE will be the logarithm of the quotient 
of one of the numbers divided by the other » 

In proof of this, we have only to call to mind, that loga- 
rithms are the exponents of a series of powers and roots » 
(Arts. 2, 5.) And it has been shown, that powers and roots 
are multiplied by adding their exponents ; and divided, by 
subtracting their exponents. (Alg. 233, 237, 280, 286.) 



MULTIPLICATION BY LOGARITHMS. 



37. ADD THE LOGARITHMS OF THE FACTORS : THE SUM 
WILL BE THE LOGARITHM OF THE PRODUCT. 

In making the addition, 1 is to be carried, for every 10, 
from the decimal part of the logarithm, to the index. (Art. 7.) 



Numbers. Logarithms. Nambers. Logarithms. 

Mult. 36.2 (Art. 30.) 1.55871. Mult. 640 2.80618 
Into 7.84 0.89432. Into 2.316 0.36474 



Prod. 283.8 2.4530S Prod. 1482 3.17092 



The logarithms of the tivo factors are taken from the ta- 
bles. The product is obtained, by finding, in the tables, the 
natural number belonging to the sum. (Art. 33.) 

4 
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Mult. 89.24 1.95056 Mult. 134. 2,12710 

Into 3.687 0.56667 Into 25.& 1.40824 



Prod. S2S. 2.51723 Prod. 3430 3.53534 



38. When any or all of the indices of the logarithms are 
negative, thej are to be added according to the rales for the 
addition of positive and negatrve quantities in algebra. But 
it must be kept in mind, that the decimal part of the loga- 
rithm is ;}OM'/ive. (Art. 10.) Therefore, that which is car- 
ried from the decimal part to the index, must be considered 
positive also. 

Mult. 62.84 U7dQ24 Mult. 0.0294 2^46835 

Into 0.682 1.83378 Into 0.8372 1.92283 



Prod. 42 86 1.63202 Prod. 0.0246 2.39118 



In each of these examples, +1 is to be carried from the 
decimal part of the logarithm. This added to — 1, the lower 
index, makes it ; so that there is nothing to be added to 
the upper index. 

If any perplexity is occasioned, by the addition of positive 
and negative qnaniities, it may be avoided, by borrowing 10 
to the index. (Art. 12.) 

Mult. 62.84 1^0824 Mult. 0.0294 8.46835 

Into 0.682 9.83378 Into 0.8372 9.92283 



Prod. 42.86 1.63202 Prod. 0.0246. 8.39118 



/ 



Here 10 is added to the negative indices, and afterwards 
rejected from the index of the sum of the logarithms. 

Multiply 20.83 Jl. 42862 1.42862 
Into 0.00069 4.83885 or 6.83885 



Product 0.0185 2.26747 8.26747 
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Here +1 carried to —4 makes it —3, which a(idedJ:o the 
upper index + 1 , gives —2 for the index of the * 



r 7.9^6 



Multiply .00845 3.92686 or 

Into 1068. 3.02857 3 02857 



^ 



Product 9.0246 0.95543 0.95543 



/^ 



The product of 0.0362 into 25.38- is 0.9188 

of 0.00467 into 348.1 is 1.625 
of 0.0861 into 0.00843 is 0.0007258 

39. Any mmber of factors may be multiplied together by 
adding their logarithms. If there are several positive^ and 
several negative indices, these are to be reduced to one, as 
in algebra, by taking the difference between the sum of those 
which are negative, and the sum of those which are positive, 
increased by what is carried from the decimal part of the 
logarithms. (Alg. 78.) 

Multiply 6832 3^83455 3.83455 

Into 0.00863 3.93601 or 7.93601 

And 0.6^1 _2.81358 9.81358 

And 0.0231 "2.36361 or 8.36361 

And 62.87 1.79844 1.79844 






Prod. 55.74 1.74619 ^746 19 



Ex. 2. The prod, of 36.4 X 7.82 X 68.91 X 0.3846 is 7544] 

3. The prod. of0.0O629X 2.647X0.082X278.8X0.00063 

is 0.0002398. 

40. Mgative quantities are multiplied, by means of loga- 
rithms, in the same manner as those which are positive. (Art. 
16.) But, after the operation is ended, the proper sign must 
be applied to the natural number expressing the product, ac- 
cording to the rules for the multiplication of positive and 
negative quantities in algebra. The negative index of a log- 



^u MULTIPLICATION BY 

arithniy must not be confouDded with the sign which denotes 
that the natural number is negative. That which the index 
of the logarithm is intended to show, is not whether the nat- 
ural number is positive or negative, but whether it is greater 
or less than a unit. (Art. 16.) 

Mult. +36.42 1.56134 Mult. —2.681 0.42830 
Into —67.31 1.82808 Into +37.24 1.67101' 

Prod. —2451 3.38942 Prod. —99.84 1.99931 



In these examples, the logarithms are taken from the ta- 
bles, and added, in the same manner, as if both factors were 
positive. But after the product is found, the negative sim 
is prefixed to it, because+is multiplied into — • (Alg. 105.) 

Mull. 0.263 1741996 Mult. 0.065 "1^81291 

Into 0.00894 3.95134 Into 0.693 1.84073 



Prod. 0.002351 3.37130 Prod. 0.04604 2.65364 



Here, the indices of the logarithms are negative, but the 
product is positive, because the factors are both positive. 

Mult 62.59 1.79650 Mult. —68.3 _L83442 

Into —0.00863 '3".93601 Into —0.0096 T.98227 



Prod. +0.5402 1.73251 Prod. +0.6557 1.81669 



.i 
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Division by Logarithms. 

4 J. From THE logarithm or thb DIVIDEND, SUB- 
TRACT THE logarithm OF THE DIVISOR ; THE DIF- 
FERENCE WILL BE THE LOGARITHM OV THE QUOTIENT. 

(Art. 36.) 



Numben. Logarithms. 
DiYide 6238 3.79505 
By 2982 3.47451 



Numbers. Logarithms. 

Divide 896.3 2.Sji6245 
By 9.847 0.89330 



Quot. 2.092 0.32054 



Quot. 91.02 1.95915 



• 

42. The decimal part of the logarithm may be subtracted 
as in common arithmetic. But for the indices^ when either of 
them is negative, or the lower one is greater than the upper 
one, it will be necessary to make use of the general rule for 
subtraction in algebra ; that is, to change the signs of the 
subtrahend, and then proceed as in addition. (Alg. 82.) When 
1 is carried from the decimal part, this is to be considered 
affirmative, and applied to the index, before the sign is 
changed. 



Divide 0.8697 
By 98.65 



1.93937 or 9.93937 
1.99410 1.99410 



Quot. 0.008816 3.94527 



7.94527 



In this example, the upper logarithm being less than the 
lower one, it is necessary to borrow 10, as in other cases of 
subtraction ; and therefore to carry 1 to the lower index, 
which then becomes +2. This changed to — 2, and added 
to — I above it, makes the index of the difference of the log- 
arithms —3. 



Divide 29.76 
By 6254 



1.47363 
3.79616 



1.47363 
3.79616 



Quot. 0.00476 3.67747 or 7.67747 



n INVOLUTION BY 

Here, 1 carried to the lower index, makes it +4. This 
changed to — 4, and added to 1 above it, gives — 3 for the 
index of the difierence of the logarithms. 

Divide 6.032 0.83455 Divide 0.00634 "5.80209 

By .0362 2.55871 By 62.18 1.79365 

Quot. 188.73 2.27584 Quot. 0.000102 4^0844 



The quotient of 0.0985 divided by 0.007241, is 13.6. 
The quotient of 0.0621 divided by 3.68, is 0.01687. 

43. To divide negative quantities, proceed in the same 
manner as if they were positive, (Art. 40 ) and prefix to the 
quotient, the sign which is required by the rules for division 
in algebra. 

Divide +3642 3.56134 Divide —0.657 K81757 
By —23.68 1.37438 By +0.0793 2789927 



Quot. —153.8 2.18696 Quot. —8.285 0.91830 



In these examples, the sign of the divisor being different 
from that of the dividend, ihe sign of the quotient must be 
negative. (Alg. 123.) 

Divide— 0.364 T56110 Divide— 68 5 1.83569 

By —2.56 0.40824 By +0.094 "2;973J3 



Quot. +0.1422 1.15286 Quot. —728.7 2.86256 



Involution by Logarithms. 



44. Involving a quantity is multiplying it into itself. By 
sans of logarithms, multiplication is performed by addition 
Jf, thcn„ the logarithm of any quantity be added to itself, the 



means 
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logarithm o{b power of that quantity will be obtained. But 
adding a logarithm, or any other quantity^ to itself, is multi- 
plication. The involution of quantities, by means of loga- 
rithms, is therefore performed, by multiplying the logarithms. 

Thus the logarithm 

of 100 18 2 

of 100X100, that is, of I00« is 2+2 =2X2. 

of 100X100X100, JiOO' is 2+2+2 =2X3. 

of 100X100X100X100, 100* is 2+2+2+2 =2X4. 

On the same principle, the logarithm of 100** is 2 Xn. 
And the logarithm of x'*, is (log. x)Xn, Hence, 

45. To involve a quantity by logarithms. MULTIPLY 

THE LOGARITHM OF THE QUANTITY, BY THE INDEX OF THE 
POWER REQ.UIRED. 

The reason of the rule is also evident, from the considera- 
tion, that logarithms are the exponents of powers and roots, 
and a power or root is involved, by multiplying its index 
into the index of the power required. (Alg. 220, 288.) 

Ex. 1. What is the cube of 6.296? 
Root 6.296, its log. 0.7990G 
Index of the power 3 

Power 249.6 2 39718 



2. Required the 4th power of 21.32 
Root 21.32 log. 1.32879 

Index 4 



Power 206614 5.31516 



3. Required the 6th power of 1.689 
Root 1.689 log. 0.22763 

Index G 



Power 23,215 1.36578 
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4. Required the 1 44tb power of 1 .003 
Root 1.003 log. 0.00130 

Index 144 



Power 1 .539 



0. 1 8720 



46* It must be observed, as in the case of maltiplicatiooi 
(Art. 38.) that what is carried from the decimal part of the 
logarithm h positive^ whether the index itself is positive or 
negative. Or, if 10 be added to a negative index, to render 
it positive, (Art. 12.) this will be multiplied, as well as the 
other figures, so that the logarithm of the square, will be 30 
too great ; of the cube, 30 too great, &c. 



Ex. 1. Required the cube of 0.0649 

Root 0.0649 log. "2.81224 

Index 3 



Power 0.0002733 



4.43672 



or 8.81224 
3 

6.43672 



2. Required the 4th power_of 0.1234 

Root 0.1234 log. 1.09132 or 9.09132 

Index 4 4 



Power 0.0002319 



4.36528 



6.36528 






3 Required the 6th power of 0.9977 

Root 0.9977 log. 1.99900 or 9.99900 

Index 6 6 



Power 0.9863 



1.99400 



9.99400 



4. Required the cube of 0.08762. 

Root 0.08762 Iog72.94260 or 8.94260 
Index 3 3 



Power 0.0006727 



4.82780 



6.82780 
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5. The 7tb power of 0.9061 is 0.501 5. 

6. The 5lh power of 0.9344 is 0.7123. ^ v. 



Evolution by Logakithms. 

47. Evolution is the opposite of involutioi^ Therefore 
as quantities are involved, by the mtJ^tp/tcah'onpf logarithms, 
roots are extracted by the division of logarithms ; that is, 

To extract the root of a quantity by logarithms, DIVIDE 

THE LOGARITHM OF THE QUANTITY, BY THE NUMBEB EXPRES- 
SING THE ROOT REQUIRED. 

The reason of the rule is evident also, from the fact, that 
logarithms are the exponents of powers and roots, and evo- 
lution is performed, by dividing the exponent, by the number 
expressing the root required. (Alg. 357.) 

1 • Required the square root of 648.3. 

Numbers. Logarithms. 

Power 648.3 2)2.81178 

Root 25.46 1.40589 

2. Required the cube root of 897.1. 

Power 897.1 3)2.95284 

Root 9.645 0.98428 

In the first of these examples, the log<irithm of the given 
number is divided by 2 ; in the other, by 3. 

3. Required the 10th root of 6948. 

Power 6948 10)3.84186 
Root 2.422 0.38418 

4. Required the 100th root of 983. 

Power 983 100)2.99255 
Root 1.071 0.02992 

The division is performed here, as in other cases of decim- 
als, by removing the decimal point to the left. 

5 



•6 EVOLUTION BY 

5. What is the fen thousandth root of 496B0000 ? 

Power 49680000 10000)7.69618 

Root 1.00179 0,00077 

AVe have, here, an example of the great rapidity witli which 
ariChmetical operations are performed bj logarithms. 

48« If the index of the logarithm is negative^ and is not di" 
visible hy the given divisor, without a remainder, a difficulty 
will occur^ unless the index be altered. 

Suppose the cube root of 0.0000893 is required. The 

logarithm of this is 5.95036. If we divide the index by 3, 
the (j^aottent will be — 1, with — 2 remainder. This remain- 
der, if it were positive, might, as in other cases of division, 
be prefixed to the next figure. But the remainder is nega- 
fivBy while the decimal part of the logarithm is positive ; so 
that, when the former is prefixed to the latter, it will make 
neither +2.9 nor— 2.9, but— 2+.9. This embarrassing in- 
termixture of positives and negatives may be avoided, by 
adding to the index another negative number, to make it ex- 
actly divisible by the divisor. Thus, if to the index— 5 there 
be added — 1, the sum — 6 will be divisible by 3. But this 
addition of a negative number must be compensaUdy by the 
addition of an equal positive number,* which may be prefixed 
to the decimal part ot the logarithm. The division may then 
be continued, without difficulty, through the whole. 
Thus, if the logarithm 5.95036 be altered tons+ 1.95036 

it may be divided by 3, and the quotient will be 2^5012. 
We have then this rule, 

49. Add to the index, if necessary, such a negative number 
as will make it exactly divisible by the divisor^ and prefix an 
equal positive number to the decimal part of the logarithm. 

1. Required the 5th root of 0.00%42 

Power 0.009642 log^ 3.98417 

01-5+2^8417 
Root 0.3952 1.59683 

2. Required the 7th root of 0.0004935 

Power 0.0004935 log. 4.69329 

or 7)7+3.69329 
Root 0.337 "1.52761 
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50. If, for the sake of performing the division convepiently* 
the negative index be rendered positive^ it will be expedient 
to borrow as many tens, as there are units in the number de- 
noting the root. 

What is the fourth root o£0.03698 ?. 

Power 0.03698 4)2,56797 or 4)38.66797 
Root 0.4385 T.64199 9.64199 

Here the index, by borrowing, is made 40 too great, that 
is,+38 instead of — ^2. When, therefore, it is divided by 4, 
it is still 10 too great, +9 instead of — 1. 

What is the 5th root of 0.008926 ? 

Power 0.008936 5)3.95066 or 5)47.95066 

Root 0.38916 "7.69013 9.69013 

51. A power (^ a roo^ may be found by first multiplyin^r 
the logarithm of the given quantity into the index of the 
power, (Art* 45.) and then dividinjEf the product by the num- 
ber expressing the root, (Art. 47.) 

1. What is the value of {52)^, that is, the 6th power of 
the 7th root o( 53 ? 

Given number 53 log. 1.73423 
Multiplying by 6 

Dividing by 7)10.34568 
Power required 30.06 1.47795 

2. What is the 8th power of the 9th root of 654 / 

tMH£Sr 

Proportion by Looarithais. 

53. In a prof|)ortion, when three terms are given, the fourth 
is found} in common arithmetic, by multiplying together the 
second and third, and dividing by the first. But when loga- 
aritbms are used, addition takes the place of multiplication, 
and suhtractionj of division. 

To find then, by logarithms, the fourth term in a propor- 
tion, ADD THE LOGARITHMS OF THE SECOND AND THIRD 

TERNS, Avufrom the sum SUBTRACT the logarithm of 
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THE FIRST TERM. The remainder will be the logarithm of 
the terra required* 

Ex. 1. Find a fourth proportional to 7964, 378, and 27960. 

Numbers. Logarithmf. 

Secon^ term 378 2.57749 

Third term 37960 4.44654 



7.02403 
First term 7964 3.90113 



Fourth term 1327 3.12290 

2. Find a 4(h proportional to 768, 381 and 9780. 

Second term 881 2.58092 

Third term 9780 3.99034 



6.57126 
First term 768 2.88536 



Fourth term 4852 3.68590 



Arithmetical Complement. 

53. When one number is to be subtracted from another, 
it is often convenient, 6rst to subtract it from 10, then to add 
the difference to the other number, and afterwards to reject 
the 10. 

Thus, instead of a — 6, we may put 10 — 6+a — 10. 

In the first of these expressions, 6 is subtracted from a. In 
the othejjL 6 is ^btracted from 10, the difference is added to 
a, an4 ^ff^a^^vvards taken from the sum. The two ex- 
pressions are equivalent, because they consist of the same 
terms, with the addition, in one of ihem, of 10 — 10=0. The 
alteration is, in fact, nothing more than borrowii)}/ 10, for 
the sake of convenience, and then rejecting it in the result. 

Instead of 10, we may borrow, as occasion requires, 100, 
1000, &c. 

Thus a— fc=100— 6+0-100=1000— &+a— 1000, &c. 

54. The QiFrcRENCE 6e/zoeen a given number and 10, or 
100, or 1000, jrc. is called the arithmetical complement 
of that number. 
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The arithmetical complement of a number consisting of 
one integral 6gure, either with or without decimals, is found, 
by subtracting the number from 10. If there are Iwo inte- 
gral figures, they are subtracted from 100 ; if three, from 
1000, &c. 

llius the arithmetical complU of 3.46 is 10—3.46=6.54 

of 34.6 is 100—34.6=65.4 
of 346. is 1000— 346. =654. &c. 

According to the rule for subtraction in arithmetic, any 
number is subtracted from 10, 100, 1000. &c. by beginiiing 
on the right hand, and taking each figure from 10, after m- 
creasing all except the first, by carrying 1 . 

Thus, if from 10.00000 

We subtract 7.63125 



The difierence, or arithM comp't is 2.3G875, which is ob- 
tained, by taking 5 from 10, 3 from 10, 2 from 10, 4 from 10, 
7 from 10, and 8 from 10. But, instead of taking each fig- 
ure, increased by 1, from 10 ; we may take it without being 
increased^ from 9. 

Thus 2 from 9 is the same as 3 from 10, 

3 from 9, the same as 4 from 10, &c. Hence, 

55. To obtain the arithmetical cosiplement of a num- 
ber^ subtract the right hand significant figure from 1 0, and each 
of the other figures from ^. If, however, there are ciphers 
on the right hand of all the significant figures, they are to be 
set down without alteration. 

In taking the arithmetical complement of 4i logarithm, if 
the index is negative, it must be added to 9 ; for adding a 
negative quantity is the same as subtracting a positive one. 
(Alg. 81.) The difference between — 3 and+9, is not 6, 
but 12. 

The arithmetical complement 

of 6.24897 is 3.75103 of2.70649 is 11.29351 

of 2.98643 7.01357 of 3.64200 i €.35800 

of 0.62430 9.37570 of 9.35001 0.64999 



1 



30 



COMPOUND PROPORTION. 



56. Tbe principal use of the arithmetidftl complement, is 
ia working proportions by logarithms; where some of tbe 
terras are to be added, and one or more to be subtracted, in 
the Rule of Three or simple proportion^ two terms are to be 
added, and from the sum, the first term is to be subtracted. 
But if, instead of the logarithm of the first term, we substi- 
tute its arithmetical complement, this may be added to the 
sum of the other two, or more simply, all three may be ad- 
ded together, by one operation. After the index is diminish- 
ed by 10, the result will be the same as by the common meth- 
od. For subtracting a number is the same, as adding^ its 
arithmetical complement, and then rejecting 10, 100^ or 
1000, from the sum. (Art. 53.) 

It'will generally be expedient, to place the terms in the same 
order, in which they are arranged in the statement of the pro- 
portion. ' ^• 

1. As 6273 a. c. 6^20252 2. As 253 a. c 7.59688 
Is to 769.4 2.88615 Is to 672.5 2.82769 

So is 37.61 1.57530 So is 497 2.6963G 



To 4.613 



0.66397 



To I 



321.1 



3.12093 



3. As 46.34 a. c, 8.33404 
Is to 892.1 2.95041 

So is 7.638 0.88298 



To 1 47 



2.16743 



4 As 9.85 a. c. 9.00656 
h to 643 2.8082! 

So is 76.3 1.88252 



To 4981 



3.69729 



Compound Puoportion 

57. In compound, as in single proportion, the term re- 

Siuired may be found by logarithms, if we substitute addition 
or multiplication, and subtraction for division. 

Ex. 1. If the interest of $365, for 3 years and 9 months, 
be ^82.13 ; what will be the interest of $8940, for 2 years 
and 6 months ? 

In common arithmetic, the statement of the question is 
made in this manner, 

* See Webber's Arithmetic. 



f 
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965 dollars > o^io ^ n •• ^ 8940 dollars / 
3.76 year. J ' ^^'^^ ^^"^'^•- \ 2.5 years J '' 

And the method of calculation is, to divide the product of 
the third, fourth, and fifth terms, by the prodtjtct of the two 
first.^ This, if logarithms are used, will be to subtract the 
swn of the logarithms of the two first terms, from the sum'Cf 
the logarithms of the other three. 

Two first terms i ^^^ '^S* ^'^^^^^ 
iwonrsi terms ^^.^^ 0.57403 

Sam of the logarithms 3.13632 

Third term 82.13 1.91450 

I? *k «j 4;ftu * ^ 8940 3.95)34 

Fourth and hfth terms? 2.5 0.39794 



Sunn of the logs, of the 3d, 4th, and 5th 6.2G378 
Do. 1st and 2d 3.13632 



Term requi red 1341 3.1 2746 



SB* The calcalafion will be more simple, if, instead of 
subtracting the logarithms of the two first terms, we add their 
arithmetical complements. But it must be observed, that each 
arithmetical complement increases the index of the logarithm 
by 10. If the arithmetical complement be introduced into 
fzoo of the terms, the index of the sum uf the logarithms 
will be 20 too great ; if it be in three terms, the index will be 
30 too great, &c. 

k rp ^ X , (365 a. c. 7.43771 

► Two first terms ^^^^ ^ c. 9.42597 

Third term 82 13 1.91450 

L- *u jfiAk* (8940 3.95134 

t oarth and fifth terms J ^^ ^ 3^^^^ 



Term required 1 34 1 23. 1 2746 



The result is the same as before, except that the index of 
the logarithm is 20 too great. 
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Ex. 2. If the wages of 53 men for 42 days be 2300 dol- 
lars ; what will be the wages of 87 men for 34 days ? 

53 men > . gg^.. J 87 men > 
42 days 5 * ^^^- ' i 34 days 5 

Two first terms \ f ^ a. c. 8.27572 / • \ 

I 42 a. c\ 8.37675 - ' 

Third term 2200 3.34242 

Fourth and fifth terms \ ^^ I*!o?^! 

54 l.ool4o 



Term required 2923.5 3.46589 



59. In the same manner, if the product of any number o( 
quantities, is to be divided, by theproduct of several others; 
we may add, together the logarithms of the quantities to be 
divided, and the arithmetical complements of the logarithms 
of the divisors. 

Ex. If 29.67X346.2 be divided by G9.24X 7.862X497 : 
what will be the quotient ? 

Nu»be„ .0 be divided {'^^l '^^S 



5964 
Divisors ^ 7.862 a. c. 9.10447 

,30364 



! 69.24 a. c. 8.1 
7.862 a. c. 9.l( 
497 a. c. 7,3i 



Quotient 0.03797 8.5794 



In this way, the calculations in Conjoined Proportion may 
be expeditiously performed. 



Compound Interest. 

60. In calculating compound interest, the amount for the 
first year, is made the principal for the second year ; the 
amount for the second year, the principal for the third year, 
&c. Now the amount at the end of each year, must be pro- 
portioned to the principal at the beginning of the year. If 
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the principal for the first year be 1 dollar, and if the amount 
of 1 dollar for 1 year =a ; then, (Alg. 377.) 

: a'ssthe amount for the 2d year, or the princi- 
pal for the 3d ; 

I , . . la* : a'=the amount for the 3d year, or the prin- 
*^" ^ cipalforthe4th; 

a' ; a^=the amount for the 4th year, or the prin- 
cipal for the 5th« 

That is, the amount of 1 dollar for any number of years is 
obtained, by finding the amount for 1 year, and involving this 
to a power whose index is equal to the number of years* 
And tne amount of any other principal, for the given time, 
is found, by multiplying the amount of i dollar, into the 
number of dollars, or the fractional part of a dollar. 

If logarithms are used, the multiplication required here 
may be performed by addition; and the t'nro/u^ton, by multi' 
plication, (Art. 45.) Hence, 

61. To calculate Compound Interest, Find the amount of 
1 dollar for 1 year ; multiply its logarithm by the number of 
years ; and to the product^ add the logarithm of the principal. 
The sum will be the logarithm of the amount for the given 
time* From the amount subtract the principal, and the re- 
mainder will be the interest. 

If the interest becomes due half yearly or quarterly ;^find 
the amount of one dollar, for the half year or quarter, and 
multiply the logarithm, by the number of half years or quar- 
ters in the given time* 

If P=the principal, 

a=the amount of 1 dollar for 1 year, 
n=any number of years, and 

A=the amount of the given principal for n years ; then 

A=a" XP. 

Taking the logarithins of both sides of the equation, and 
reducing it, so as to give the value of each of the four quan- 
tities, in terms of the others, we have 
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1. Log. A= 

2. Log. P= 

3. Log. a= 



n X log. a+ log. P. 
log A — nX log. a. 
log. A — log. P. 



n 



4. 



n= 



log. A— log. P. 
log. a. 



Any three of these quantities being given, the fourth may 
be found. 

Ex. 1 . What is the amount of 20 dollars, at 6 per cent 
compound interest, for 100 years ? 

Amount of 1 dollar for 1 year 1.06 log. 0.0253059 
Multiplying by 100 



Given principal 
Amount required 



20 
jj6786 



2.53059 
1.30103 

3.83162 



2. What is the amount of 1 cent, at 6 per cent compound 
interest, in 500 years? 

Amount of 1 dollar for 1 year 1.06 log. 0.0253059 
Multiplying by 500 



Given principal 
Amount 



0.0 1 



5J44,973,000,000 



12.65295 
- 2.00000 

10.65295 



More exact answers may be obtained, by using logarithms 
of a greater number of decimal places. 

3. What is the amount of 1000 dollars, at 6 per cent com- 
pound interest, for 10 years ? Ans. 1790.80. 

•1. What principal, at 4 percent, interest, will amount to 
1643 dollars in 21 years ? Ans. 721. 



\ 
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5. What principal, at 6 per cent, will amount to 202 dol* 
lars in 4 years ? Ans. 160. 

6. At what rate of interest, will 400 dollars amount to 
569|y in 9 years ? Ans. 4 per cent. 

7. In how many years will 500 dollars amount to 900 
at 5 per cent, compound interest ? Ans. 12 years. 

8. In what time will 10,000 dollars amount to 16,288, at 
5 per cent, compound interest ? Ans. 10 years. 

9. At what rate of interest, will 1 1,106 dollars amount to 
20,000 in 15 years? Ans. 4 per cent. 

10. What principal, at G per cent, compound interest, 
will amount to 3188 dollars in 8 years ? Ans. ^2000. 

11. What will be the amount of 1200 dollars, at G per 
cent* compound interest, in 10 years, if the interest is con< 
verted into principal every half-year ? 

Ans. 2167.3 dollars. 

1 2. In what time will a sum of money double, at 6 per 
cent, compound interest? Ans. 11.9 years. 

1 3. What is the amount of 5000 dollars, at 6 per pjent. 
compound interest, for 28j^ years ? Ans. 25,9^12 dollars. 



Increase or Population. 



61. 6. The natural increase of population in a country, 
may be calculated in the same manner as compound interest; 
on the supposition, that the yearly rate of increase is regu- 
larly proportioned to the actual number of inhabitants. 
From the population at the beginning of the year, the rait of 
increase being given, may be computed the whole increase 
during the year. This added to the number at the begin- 
ning, will give the amount, on which the increase of the 
second year is to be calculated, in the same manner as the 
first year's interest on a sum of money, added to the sum it- 
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self, gives the amount on which the interest for the second 
year is to b^ calculated. 

If P=the population at the beginning of the year, 

a=l +the fraction which expresses the rate of increase, 
n=any number of years ; and 

A=the amount of the population at the end of n years; 
then, as in the preceding article, 

A=a"XP, and 

1. Log. A=nXlog. a+log. P. 

2. Log. P=log< A — n X log. a. 

log. A - log. P. 

3. Log. a= 



4. n= 



n 
log. A— log. P. 

log. a 



Ex. 1. The population of the United States in 1830 was 
9,625,000. Supposing the yearly rate of increase to be ^\xh 
part of the whole, what will be the population in 1830? 

Here P=9,625,000. n=l0. a = l+5iy:=|f. 

And log. A = 10 X log. ff+log. (9,625,000,) 
Therefore, A= 12,060,000, the population in 1830. 

2. If the number of inhabitants in a country be five mil- 
lions, at the beginning of a century ; and if the yearly rate 
of increase be ^'^ ; what will be the number, at the end of 
the century ? Ans. 132,7oO,000. 

3. If the population of a country, at the end of a century, 
is found to be 45,800,000; and U (he yearly rate of increase 
has been ji^ 5 what was the population, at the commence- 
ment of the century ? Ans. 20 millions. 

4. The population of the United States in 1810 was 
7,240,000; in 1820, 9,625,000. What was the annual rate 
of increase between these two periods, supposing the in- 
crease each year to be proportioned to the population at the 
beginning of the year ? 
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lo^. 9,625,000— log. 7,240,000 
Here log. a= ^^ 

Therefore, a=1.029;. and tHtj or 2.9 per cent, is the 
rate of increase. 

5. In how many years, will the 'popalation of a country 
advance from two millions to five millions ; supposing the 
yearly rate of increase to be sis ? : Ans. 47 J years. 

6. If the population of a country, at a giVi^n time, be seven 
millions ; and if the yearly rate of increase be j'^th ; what 
will be the population at the end of 35 years ? 

7. The population of the United States in 1800 was 
5,306,000. What was it in 1780, supposing the yearly rate 
of increase to be V, ? 

ft 

8. In what time, will the population of a country advance 
from four millions to seven millions, if the ratio of increase 
be tK ? 

9. What must be the rate of increase, that the population 
of a place may change from nine thousand to fifteen thou- 
sand, in 12 years ? 

^. .If the population of a country is not affected by immigra* 
7«on or emigration, the rate of increase will be equal to the 
difference between the ratio o f the 6trtA;, and the ratio of the 
deaths, when compared with the whole population. 

Ek. 10. If the population of a country, at any given time, 
be ten millions ; and the ratio of the annual number of births 
to the whole population be ^\^ and the ratio of deaths ^j? 
what will be the number of inhabitant^, at the end of 60 
years ? 

Here the yearly rate of increase=^'5^ — j\=^sio' 

And the population, at the end of 60 years=3 1,750,000. 

, The rate of increase or decrease from immigration or em- 
igratioHj will be equal to the difference between the ratio of 
immigration and the ratio of emigration ; and if this differ- 
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ence be added to, or subtracted from, the difference between 
the ratio of the births and that of the deaths, the whole rate 
of increase will be obtained. 

Ex. 11. If in a country, the ratio of births be ^\y 

the ratio of deaths j^, 

the ratio of immigration ^Vi 
the ratio of emigration ^V) 

and if the population this year be 10 millions, what will it 

be 20 years hence ? 

The rate of the natural increase =^»y— ->y=^^^5 
That of increase from immigration =jV"'FV=¥iT ; 
The sum of the two is « Jt ; 

And the population at the end of 20 years, is 12,6] 1,000. 



1 2. If the ratio of the births be j\, 

of the deaths, ^^^ 

of immigration, ^\^ 

of emigration, j\, 

in what time will three millions increase to four and a half 
millions ? 



If the period in which the population will double be given; 
the numbers for several successive periods, will evidently 
be in a geometrical progression, of which the ratio is 2 ; aad' 
as the number of periods will be one less than the number of 
terms ; 

If P=thc first term, 

A=the last term, 

n=the number of periods ; 
Then will A=PX2", (Alg. 439.) 
Or log. A=log. P.=log. P+nXlog. 2. 

Ex. 1. If the descendants of a single pair double once in 
25 years, what will be their number, at the end of one thou- 
sand years ? 

The number of periods here is 40. 
And A =2 X2<« =2,1 99,200,000,000. 






i 
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2. If the descendants of Noah, beginning with his three 
sons and tlieir wives, doubled once in 20 years for 300 years ; 
what was their number, at the end of this time ? 

Ans. 196,608. 

3. The population of the United States in 1820 being 
9,625,000 ; what must it be in the year 2020, supposing it to 
double once in 25 years ? Ans. 2,464,000,000, 

4. Supposing the descendants of the first hunaan pair to 
double once in 50 years, for 1650 years, to the time of the 
deluge, what was the population of the world, at that time ? 



Exponential E<iuati©ns. 

62. An Exponential equation is one in which the letter 
expressing the unknown quantity is an exponenl. 

Thus a'=6, and a;'=6c, are exponential equations. These 
are riiost easily solved by logarithms. As the two members 
of an equation are equal, their logarithms must also be equah 
If the logarithm of each side be taken, the equation may 
then be reduced, by the rules given in algebra. 

Ex. What is the value of ac in the equation 3'=243? 

Taking the logarithms of both sides log. (3')=log.243 
But the logarithm of a power is equal to the logarithm of 
the root, multiplied into the index of the power. (Art. 45.) 

Therefore (log.3)Xx=log. 243 ; and dividing by log. 3, 
log. 243 2 .38561 * 

-=1^=0:47712=^- So that 3^ =243. 

G3. The preceding is an exponential equation of the sim- 
plest form. Other cases, after the logarithm of each side is 
taken, may be solved by Trial and Errour, m the same man- 
ner as affected equations. (Alg. 503.) For this purpose, 
make two suppositions of the value of the unknown quantity, 
and find their errours ; then say, 
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As the differeDce of the errours, to the dii*- 
ference ofthe assumed numbers ; 

So is the least errour, to the correction required * 
in the corresponding assumed number. 

Ex. 1. Find the value of a; in the equation x' =256 
Taking the l(^rithms of both sides (log. x) Xx=l(^. 256 
Let X be supposed equal to 3.5, or 3.6. 

By the fint suppoBition. By the second suppotition . . 

a;s=3.5, and log. x=0.54407 a;=3.6, and log. x==0.55630 
Multiplying by 3.5 Multiplying by 3.6 

(log. r)Xx = 1.90424 (log. ac)Xx=2.00268 

log. 256=2.40824 log. 256=2.40824 

Errour —0.50400 Errour —0.40556 

Difference of the errours 0.09844 

Then 0.09844 : 0.1 ::0. 40556 : 0.4119, the correction. 
This added to 3.6, the second assumed number, makes the 
value of x=4.0119. 

To correct this farther, suppose x=4.01l,or4.0l2. 

By the first sapposition. By the second supposition. 

x=4.01 ],and log. x=:0.60325 x=4.012,and log. x=0.60336 

Multiplying by 4.011 Multiplying by 4.012 

(log.x)Xx=2.41963 (log. x)Xx=2.42068 

log. 256=2.40824 log. 256=2.40324 

Errour +0.01139 Errour +0.01244 

Difference ofthe errours 0.00105 

Then 0.00105 : 0.001 : : 0.01 139 : 0.01 1 very nearly. 
Subtracting this correction from the first assumed number 
4.011, we have the value of x=4, which satisfies the condi- 
tions ofthe proposed equation ; for 4^ =256. 

2. Reduce the equation 4x* =100x'. Ans. .t=5. 

*3. Reduce the equation t* =9^. 
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64. The exponent of a power may be itself a power, as in 
the equation 

a«' =6. 
where x is the exponent of the power m' , which is the expo- 
nent of the power a"* ' • 

Ex* 4. Find the value of x, in the equation 9" = 1000. 

3* X(log.9)c±log. 1000. .Therefore y='^lli£?? =3.14 

log. 9 

Then as 3 3^3.14. x (log» 3)3:s|og. (3. 14.) 

Therefore x==!5?li2lliL=:j| ••!•!== I;04. 

log. 3« 

In cases like this, whore the factors, divisors, Sic. are loga- 
rithms, the calculation maj be facMKated, by taking the log^ 
ariihms of the logarithms. Thus the value of the fraction 
:H4HHi8 most easily found, by subtracting the logarithm of 
the logarithm which constitutes the denominator, from the 
logarithm of that which forms the numerator. 

Find the value of x, in the equationi2l±f[~'"* 

e 

Ads. .- log- (cm— d)— log, b . 

log. a. 
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Again M : l::/.e : f.e 

But as e denoles Napier*s bafie, V,e^^\* 
So that M=/.e, that is, the modulus of the common sys- 
tem, is equal to the common logarithm of Napier's base. 

1 
Therefore, either of the expressions, /.e, or p^ . may be 

used, to convert the logarithms of one of the systems into 
those of the other* 

T%e ratw of the logarithms of two ntimberi to each other^ is 
the same in one system as in another. If N and n be the two 
numbers ; 

Then, /.N : /'.N::M : M' 

/.n::/'.n::M :M' 

Therefore, /.N : l.n\ :/'.N : l\n 



Computation of Looarithms. 

68* The logarithms of most numbers can be calculated by 
approximation only, by finding the sum of a sufficient number 
of terms, in the series which expresses the value of the loga* 
rithms. According to art. G5. 

Log. N=Mx( (N-l)-i(N-l)«+i(N-l)», &c.) 

Or, putting as before, n=:N— 1, 

Log. (l+n)=M(n-4n«+in»-in*+in»— &c.) 

But this series will not converge, when n is a whole num- 
ber, greater than unity. To convert it into another whieh 
will converge, let (1 — n) be expanded in the same manner 
aa (1 +n)9 (^rt. 6d.) The formula will be the same, except 
that the odd powers of n will be negative instead of positive. 

We shall then have, 

Log. (l+n)=M(n-i»i«+Jn»-{n* + }n»-&c.) 
Log. (l-n)=M(-n--}n»-in»-.{n*-}n'-&c.) 

Subtracting the one from the other the even powers of n 
disappear, and we have 

H (2ii+tn*+fn*+lfn^+&c.) 

or 

2M (n4Hn'+}n«+4n''+8ic.) 
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Bat this, which is the difference of the logarithms of (1 +n) 
and (1 *n) is the logarithm of the qiu>tient of the one divided 
bj the other. (Art. 36.) 

1+n 
That is, Log. j-i;^=2M(n+in'+ln*+4n''+&c.) 

1 
Now put nss 7 



1 + 



1 



1+n g — 1 «— 1 2^ 

Inen, •; = ; — = — ~= r 

* 1— n ._ 1 2r — 2 ^-2 

'** I -4-n 1 

Therefore, substitutiDg ZZTS ^'^^ TZZ'^^^^ljIZ] ^^^ **• 
we hi^ve 

Log. ;:^=2m((j:1-^+3^ 

Or, (Art. 36,) 

/ 1 1 1 

Log. 2--log. (z-2)=2M y^—i)+s(rr[y+J^:^ 

Szc.\ 

Therefore, 

• / 1 1 1 

Log. x=log.(r-2)+2M^;^^^+3^^3jy 

This series may be applied to the cosiputatioD of any 
number greater than 2. 

To find the logarithm of 2, let. r=s4, 
Then (z— ])=39 and the preceding series, after transpos- 
ing log. (z — 2) becomes 

Log. i-^os.2^m(i+^,+-^+Yjr^c.) 

But as 4 is the square of ^^log. 4=2 log. 2. ( Alg. 44.) So 
that l(^. 4— log. 2s]og. 2. We have then 
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Log. 2=2M U+33^+5:3^+7::f+93^+*^-/ 

Wheo the logarithms of the prime oumbers are compated, 
the logarithms of all other nambers maj be found, by. sim- 
ply adding the logarithms of the factors of which the nam- 
bers are composed. (Art. 36.) 

69. Ib Napier's system, where Ma£l,the logarithms may 
be computed, as in the following table. 

Napier's or Hyperbolic Looarithms. 

Log- 2=^2 (5+3^+5^+73^*^^-) «0.693147 

Log- 3=2 G+^+5^+7^ &c.) -1.098612 

Log. 4 3=2 log. 2 1 .386994 

Log. 6=iog. 3+2 (\+j:r-+-i^+j:i^^c.} =1.609439 

Log. 6=:log. 3+log. 2. =s 1.791759 

Log. 7=log. ^+^(e+sJ^+JJI+7j^^0 =1.955900 

Log. 8=log. 4+log. 2. =^2.079441 

Log. 9=2 log. 3. =2. 1 97224 

Log. 10=log. 5+log. "2. =2.302585 

&LC. &C. Sic. 

70. To compote the logarithms of thecommon system^it will 
be necessary to find the value of the modulus. This is equal 
to ] divided by Napiers' logarithm of 10 (Art. 67.) that is, 

1 

2,302585=.43429448. 

This number substituted for M, or twice the number viz. 
•86858896 substituted for 2 M, in the series in art. 68. will 
enable us to calculate the common l<^rithm of any number. 
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Common or Brioo^s Logarithms. 

Log. 2-.86858896(--f 3-^+— +^-j^&c.) =0.301030 

Log, 3^868588^6(2+3:5^+5:27+ 772t &c.) a=0*477121 

Log. 4=2 log. 2. =0.602060 

Log. 5=Iog. 10— log. 2=1 —log. 2. =0.698970 

Log. 6=l<^. 3.+l6g. 2. =0.776151 

Log. 7=86858896(i+3^+5^+7^&c.) 

+'og- 5 =0.855098 

Log. 8=3 \og. 2. =0.903090 

Log. 9=^ log. 3. =0.954243 

Log. 10. :^1.( 



^- &c. 
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TRIGONOMETRY* 



SECTION I. 



SINES, TANGENTS, SECANTS, be. 

Art. 71 T^'*'^'^^**^'^^^ '''*^^* ^-^'** relations of the 

sides and angles o/" triangles, its first object 

is, to deterroine the ieagth of the sides, and the quantity of 
the angles. lo addition to this, from its principles are deriv- 
ed many interesting methods of investigation in the higher, 
branches of analysis, particularly in physical astronomy. 
Scarcely any department of mathematics is more important, 
or more extensive in its applications. By trigonometry, the 
mariDer traces bis path on the ocean ; the gec^apher deter- 
nunes the latitude and longitude of places, the dimensions 
and positions of countries, the altitude of mountains, the 
courses of rivers, Sec and the astronomer calculates the dis- 
tances and magnitudes of the heavenly bodies, predicts the 
eclipses of the sun and moon, and measures the progress of 
light from the stars. 

72. Trigonometry is either plane or spherical. The for- 
mer treats of triangles bounded by right lines / the latter, of 
triangles bounded by arcs of circles. 

Divisions of the Circle. 

7Z. Id a triangle there are two classes of quantities which 
are the subjects of inquiry, the sides and the angles. For 
thepurpose of measuring the latter, a circle n introduced. 

The periphery of every circle, whether great or small, is 
supposed to be divided into 360 equal parts called degrees, 
each degree into 60 minutes, each minute into 60 seconds, 

8 
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each second into 60 thirds^ Szc. marked with the characters 
<>, ', ", '", &c. Thus 32* 24' 1 3" 22"' is 32 degrees 24 minutes 
13 seconds 22 thirds.* 

A degree, then^ is not a magnitude of a given length ; but 
a certain portion of the whole circumference of any circle. 
It is evident, that the 360th part of a large circle is greater, 
than the same part of a small one. On the other hand, the 
nimiber of degrees, in a small circle, is the same as in a large 
one. 

The fourth part of a circle is called a quadrant^ and con- 
tains 90 degrees. 

74. To measurt an angle, a circle is so described that its 
centre shall be the angular point, and its periphery shall cut 
the two lines which include the angle. The arc between the 
two lines is considered a measure of the angle j because, bj 
Euc. 33. 6, angles at the centre of a given circle, have the 
same ratio to each other, as the arcs on which they stand. 
Thus the arc AB, (Fig. 2.) is a measure of the angle ACB. 

It is immaterial what is* the size of the circle, provided it 
cuts the lines which include the angle. Thus the angle 
ACD (Fig 4.) is measured by either of the arcs AG, o^. 
For ACD is to ACH, as AG to AH. or as ag to ah. (Euc« 
33. 60 * 

75. In the circle ADGH (Fig. 2.) let the two diameters 
AG and DH be perpendicular to each other. The angles 
ACD, DCG, GCH, and HCA will be right angles ; and the 
periphery of the circle will be divided into four equal parts, 
each containing 90 degrees. As a right angle is subtended 
by an arc of 90°, the angle itself is said to contain 90*. Hence, 
in two right angles, there are 180% in four right angles 360^; 
and in any other angle, as many degrees, as in the arc by 
which it is subtended. 

76. The sum of the {three angles of any triangle being 
equal to two right angles, (Euc. 32. 1.) is equal to 180^. 
Hence, there can never be more than one obtuse angle in a 
triangle. For the sum of two obtuse angles is more than 

ISO'. 

77. 7&e COMPLEMENT of an arc or an angle, is the differ* 
enee between the arc or angle and 90 degrees. 

The complement of the arc AB (Fig. 2.) is DB ; and the 
complement of the angle ACB is DC6. The complement 
of the arc BDG is also DB. 

* See noU E. 
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The complement of lO"" is 80% of 60^ is 30°, 

of 20*» is 70**, of 120 is 30% 
of 5(y> is 40°, of 1 70 is 80°, &c. 

Hence an acute angle and its complement are always equal 
to 90^. The angles ACB and DCB are together eqaal to a 
right angle. The two acute angles of a right angled trian- 
gle are equal to 90° : therefore each is the complement of the 
other. 

78. The SUPPLEMCNT of an arc or an angle is the difference 
between the arc or angle and 1 80 degrees. 

The supplement of the arc BDG (Fig. 2.) is AB ; and the 
supplement of the angle BCG is BCA. 

The supplement of 1 0° is 1 70°, of J 20° is 60°. 

of 80° is 100°, of 150° is 30°, &c. 

Hence an angle and its supplement are always equal to 
180°. The angles BCA and BCG are together equal to two 
right angles. 

79. Cor. As the three angles of a plane triangle are equal 
to two right angles, that is, to 180° (Euc. 32. 1.) the sum of 
any two of them is the supplement of the other. So that the 
third angle may be found, by subtracting the sum of the other 
two from 180°.. Or the sum of any two may be found, by 
subtracting the third from 180°. 

80. A straight line drawn from the centre of a circle to 
any part of the periphery, is called a radius of the circle. 
In many calculations, it is convenient to consider the radius, 
whatever be its length, as a unit. (Alg. 510.) To this must 
be referred the numbers expressing the lengths of other lines. 
Thus 20 will be twenty times the radius, and 0.75, three 
fourths of the. radius. 

Dejinitions o/ Sines, Tangents^ Secants^ ^c. 

Bl. To &cilitate the calculations in trigonometry, there 
are drawn, within and about the circle, a number of straight 
lines, called Smes, Tangents, Secants, fyc. With these the 
learner should make himself perfectly familiar. 

82. 7%« Sine of an arc is a straight line drawn from one 
end of the arc, perpendicular to a diameter which passes through 
the other end. 
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Thus BG (Fig. 3.) is the sine of the arc AG. For BG is 
a line drawn from the endG of the arc, perpendicular to the 
diameter AM which passes threugh the other end A of the 
arc. 

Cor. The sine is half the chord of dmtbU the arc* The 
sine BG is half PG, which is the chord of the arc PAG, 
double the arc AG. 

83. The VERSED sine of an arc is that part of the diameter 
which is between the sine and the arc. 

Thus BA is the versed sine of the arc AG. 

84. The TANGENT of an arc, is a straight line drawn per^ 
pendicularfrom the esitremky of the diameter which passes 
through one end of the arc, and extended till it meets a line 
drawn from the centre through the other end* 

Thus AD (Fig. 3.) is the tangent of the arc AG. 

85. The Secant of an arc, is a straight line draronfrom the 
centre^ through one end of the arc, and extended to the tangent 
which is draronfrom the other end. 

Thus CD (Fig. 3.) is the secant of the arc AG. 

8C. In Trigonometrj, the terms tangent and secant have a 
more limited meaning, than in Geometry. In both, indeed, 
the tangent touches the circle, and the secant cti^5 it. But in 
Geometry, these lines are of no determinate length ; whereas, 
in Trigonometry, they extend from the diameter to the point 
in which they intersect each other. 

87. The lines just defined are sines, tangents and secants 
o(arcs. BG (Fig. 3.) is* the sine of the arc AG. But this 
arc subtends the angle GCA. BG is then the sine of the arc 
which subtends the angle GCA. This is more concisely ex- 
pressed, by saying that BG is the sine of the angle GCA. 
And universally, the sine, tangent, and secant of an arc^ are 
said to be the sine, tangent, and secant of the angle which 
stands at the centre of the circle, and is subtended by the arc. 
Whenever, therefore, the sine, tangent, or secant of an an- 
gle is spoken of; we are to suppose a circle to be drawn 
whose centre is the angular point ; and that the lines men- 
tioned belong to that arc of the periphery which subtends 
the angle. 

88. The sine^ and tangent of an acute angle, arc opposite 
to the angle. But the secant is onax>f the lines which include 
the angle. Thus the sine BG, and the tangent AD (Fig. 3.) 
are opposite to the angle DCA. But the secant CD is one 
of the lines which include the angle. 
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89. The siofu complement or <;;o8ine of an angUy is the sine 
of tie coMPLSM KIT of that angie. Thus, if the diameter 
HO (Fig. 3.) be perpendicular to MA, the angle HCG is the 
complement of ACG ; (Art. 77.) and IjQ, or its equal CB, 
18 the sine of HCG. (Art. 8i.) It is, therefore, the cosine of 
GCA. On the other hand GB is the sine of GCA, and the 
cosine of GCH. 

So also the cotangent of an ani;le is the tangent of the eomr 
plemeni of the angle. Thus HF is the cotaneent of GCA. 
And the cosecant of an angle is the secant of the complement 
of the angle. Thus CF is the cosecant of GCA. 

Hence, as in a right angled triangle, one of the acute an- 
gles is the complement of the other ; (Art. 77.) the sine, tan* 
gent, and secant of one of these angles, are the cosine, co* 
tangent, and cosecant of the other. 

90. The sine, tangent, and secant of the supplememt of an 
angle, are each equal to the sine, tangent, and secant of the 
angle itself. It will be seen, by applying the definition (Art. 
82.) to the figure, that the sine of the obtuse angle GCM is 
BG, which is also the sine of the acute angle GCA. It should 
be observed, however, that the sine of an acute angle is op- 
posite to it 4 while the sine of an obtuse Sin^e falls vnthoiU 
the angle, and is opposite to its supplement. Thus BG, the 
sine of the angle MCG, is not opposite to MCG, but to its 
supplement ACG. 

The tangent of the obtuse angle MCG is MT, or its equal 
AD, which is also the tangent of ACG. And the secant of 
MCG is CD, which is also the secant ef ACG. 

91. But the versed sine of an angle is not the same, as that 
of its supplement. The versed sine of an acute angle is equal 
to the atfference between the cosine and radius. But the 
versed sine of an obtuse angle is equal to the sum of the co- 
sine and radius. Thus the versed sine of ACG is AB=AC 
- BC. (Art. 83.) But the versed sine of MCG ib MB=MC 
+BC. 

Relations of Sines ^ Tangents, Secants, ire, to each other. 

92. The relations of the sine, tangent, secant, cosine, &c. 
to each other, are easily derived from the proportions of the 
sides of similar triangles. (Euc. 4. 6.) In the quadrant ACH, 
(Fig. 3.) these lines form three similar triangles, viz. ACD, 
BCG or LCG, and HCF. For, in each of these, there is one 
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right angle, because the sines and tangents are, by definition, 
perpendicular to AC ; as the cosine and cotangent are to 
CH. The lines CH, BG, and AD are parallel, because CA 
makes a right angle with each* (Euc. 27. 1.) For the same 
reason, CA, LG, and HF are parallel. The alternate angles 
GCL, BGC, and the opposite angle CDA are equal ; (Euc* 
29. 1.) as are also the angles GCB, LGC, and HFC. The 
triangles ACD, BCG, and HCF are therefore similar 

It should also be observed, that the line BC, between the 
sine and the centre of the circle, is parallel and equal to the 
cosine ; and that LC, between the cosine and centre, is par- 
allel and equal to the sine ; (Euc 34. I.) so that one may be 
taken for the other, in any calculation. 

93. From these similar triangles, are derived the following 
proportions ; in which R is put for radius, 

sin for sine, cos for cosine, 

ton for tangent, cot for cotangent, 

sec for secant, cosec for cosecant. 

By comparing the triangles CB6 and CAD, 

1. AC : BC: : AD : BG, that is, R : cosy.tan : sin. 

2. CG : CD: :BG : AD R • sec: Isin : tan. 

3. CB ; CA: :CG : CD cos : R: :R ; sec. 

Therefore R' =cos X sec» 

By comparing the triangles CLG and CHF, 

4. CH : CL : : HF : LG, that is, R : sin : : cot : cos. 

5. CG : CF: :LG : HF R : cosec: :cos : cot. 

6. CL : CH: :CG : CF sinx R: :R : cosec. 

Therefore R' =«n X cosec. 

By comparing the triangles CAD and CHF, 

7. CH ; AD: :CF : CD, that is R : tan: :cosee : sec. 

8. CA : HF: :CD : CF R : cot: :sec l cosec 

f. AD : AC: :CH : HF tan : R: :R : cot. 

Therefore R"=tonXcot. 

« 

It will not be necessary for the learner to commit these 
proportions to memory. But he ought to make himself so 
familiar with the manner of stating them from the figure, as 
to be able to explain them, whenever they are referred to. 



SINES, TANGENTS, &c. 65 

94. Other relations of the sine, tangent, &c. may be deri* 
yed from the proposition, that the square of the hypothenase 
is equal to the sum of the squares of the perpendicular sides. 
(Euc. 47. 1.) 

In the right angled triangles CBG, CAD, and CHF, 
(Pig. 3.) 

1; Cg'=CB'+BG*, that is R« =«>*•+*»»»«,* 



2. CD'=CA*+AD* «r«=R«+/a»», 

3. CF*=CH'+HF' co*ec>=R«+co/«. 

And, extracting the root of both sides, (Alg. 396.) 



R= ^co8^ -fcnn* = y/stc* — ton* = ^cottt^ — coM 
Hence, if R=], (Alg. 510.) 



Stnc=\ /l-co5» S«c==\/l+ton^ 

Cof»\/l— «tn' Co*«c=:\/l+co^" 

96. Tht nnt of 90* ^ 

The chord of QQ^ W^^? >D ftuj circle, each equal to 
And the tangent of 45"* > 
the radius, and therefore equal to each other. 

Demonstration. 

1 In the quadrant ACH, (Fig. 5.) the arc AH is 90*. The 
sine of this, according to the definition, (Art. 82.) is CH» the 
radius of the circle. 

2. Let AS be an arc of 60*. Then the angle ACS, be- 
ing measured by this arc, will also contain 60* ; (Art. 75.) 
and the triande ACS will be equilateral. For the sum of 
the three angles is equal to 180*. (Art. 76.) From this, 
taking the angle ACS, which is 60*, the sum of the remain- 
ing two is 120*. But these two are equals because they are 
subtended by the equal sides, CA and CS, both radii of the 
circle. Each, therefore, is equal to Aa(f 120*, that is to 60*. 



* Sines is here pat for fb« square of the sine, ooss lor the iqa«re of the 
ronne&c. 
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All the angles being equal, the sides are equal, and therefore 
AS, the chord of 60^^ is equal to CS the radius. 

3. Let AR be an arc of 45®. AD will be its tangent, and 
the angle ACD subtended bjthe arc, will contain 45^ The 
an^le CAD is a right angle, because the tangent is, by defi- 
nition, perpendicular to the radius AC. (Art* 84.) Subtract- 
ing ACD, which is 45^ from 90*=*, (Art. 77.) the other acute 
angle ADC will be 45^ also* Therefore the two legs of the 
triangle ACD are eaual, because they are subtended by equal 
angles ; (Euc. 6. I.) that is, AD the tangent of 45% is equal 
to AC the radius. 

Cor. The cotangent of 45° is also equal to radius. For 
thecomplementof 45° is itself 45^ Thus HD, the cotan- 
gent of ACD, (Fig* 5. is equal to AC the radius. 

96. The sine of 30° is equal to half radius. For the sine 
of 30^ is equal to half the chord of 60°. (Art. 82. cor.) But 
by the preceding article, the cliord of 60° is equal to radius. 
Its half, therefore, which is the sine of 30° is equal to half 
radius. 

Cor. 1. The cosine of 60° is equal to half radius. For the 
cosine of 60° is the sine of 30° (Art. 89.) 
Cor. 2. The cosine of 30°=|V'3. For 

Ob*»30°=R— m»30=l -i=f. 

. Therefore, 

Cos 30°=v'J=iV'3. 

. ^.^ 36. 6. The sine of 45°=-7s. For 

R'=«=l=«n» 45°+co#« 45°=2 5tn*45° 

Therefore, Sin 45°=s\/i=-72 

97. The thord of any arc is a mean proportional^ between 
the dtameter of the circle, and the versed sine of the arc. 

Let ADB (Fig. 6.) be an arc, of which AB is the chord, 
BF the sine, and AF the versed sine. The angle ABH is a 
right angle, (Euc. 31. 3.) and the triangles ABH and ABF 
are similar. (Euc. 8. 6.) Therefore, 

AH: AB.XAB: AF. 
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/ 

That is, the diameter is to the chord, as the c^ord to the 
versed sine. / 




In Fig. 6th, let the arc AD =«, and AD^=i^a. Dra<BF 
perpendicular to AH. This will divide th^ risLb^ngled tri- 
angle ABH into two similar triangles. (Eqc^^^T^) The an- 
gles ACD and AHB are equal. (Euc. 90. 3J) Therefore 
the four triangles ACG, AHB, FHB, arid FA0 are similar ; 
and the line BH is twice CG, because BH : jpG : :HA : CA. 

The sides of the four trianglenire 

AG=5m di CGri=caf a, IXEJ^vtrt, sup* 2a, 

AB=2^m a, BH=2cos a, A'Usthe radius, 
BF=5tH 2a, AF=9er5 2a, AH=the diameter. 

A variety of proportions may be stated, between the ho- 
mologous sides of these triangles : For instance. 

By comparing the triangles ACG and ABF, 

AC : AG: : AB : AF, that is, R : sin a: :2sin a : vers 2a 
AC : CG: : AB : BF R : cos a; :2«n a : sin 2a 

AG : CG : : AF : BF Sin a: COS a: :vers 2a ; sin 2a 

Therefore, 

RXveri 2a:=2sin^a 
RXsin 2a =2sin aXcos a 
Sin a X sin 2a=vers 2a X cos a 

By comparing the triangles ACG and BFH, 

AC : CG: :Btl ; HF, that is, R : co5a: :2cosa : vers. stip. 2a 
AG : CG: :BF : HF Sin a : cos a: :sin 2a \ vers. svp. 2a 

Therefore, 

R X vers, sup. 2a=2co«' a 
Sin aXvert. sup. 2a=='Cos a X sin 2a 
Sic* &c. 

That is, the product of radius into the versed sine of the 
supplement of twice a given arc, is equal to twice the square 
of jbe cosine of the arc. 

And the product of the sine of an arc, into the versed sine 
of the supplement of twice the arc, is equal to the prqduct of 
the cosine of the arc, into the sine of twice the arc, tic. &c. 

9 
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A 98 T'O facilitate the operations in trigonomefrj, the 
"^ sine, tangent, secant, &c. have been calculated 
for every degree and minute, and in some instances, for eve- 
ry second, of a quadrant, and arranged in tables. These 
constitute what is called the TVigonomeirical Canon'* It is 
not necessary to extend these tables beyond 90^; because 
the sines, tangents, and secants, are of the same magnitude, 
in one of the quadrants of a circle, as in the others. Thus 
the sine of dO^ is equal to that of 1 50^. (Art. 90.) 

99. And in any instance, if we have occasion for the sine, 
tangent, or secant of an obiuie anglt^ we may obtain it, by 
looking for its equal, the sine, tangent, or secant of the ncp- 
plemeniary octUe angle, 

100. The tables are calculated for a circle whose radius 
is supposed to be a unit. It may be an inch, a yard, a mile, 
or any other denomination of length. But the sinea^ tan- 
genisy &c. must always be understood to be of the same de- 
nomination as the radius. 

101. All the me«, except that of 90^, are less than the ra- 
dius, (Art. 83, and Fig. 3.) and are expressed in the tables by 
decimals. 

Thus the sine of SO'' is 0.34202, of GO"" is 0.86603, 

of 40^ is 0.64379, of S9^ is 0.99985, &c. 

When the tables are intended to be very exact, the deci- 
mal is carried to a greater number of places. 

The tangents of all angles less than 45^ are also less than 
radius. (Art. 95.) But the tangents of angles greater than 
46^, are greater than radius, and are expressed by a whole 
number and a decimal. It is evident that all the secants also 

* F«»r the emutrvetim of the CanoD, Me BectieB VDI. 
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tnu»t be greater than radias, as they extend from tiie eentre, 
to a point without the circle. 

1012. The numbers in the table here spoken of, are called 
natural sines, tangents, &c. They express the lengths of the 
several lines whieh have been defined in arts 82, 83, Sic. 
By means of them, the angles and sides of triangles may be 
accurately determined. Bui the calculations must be made 
by the tedious processes of multiplication and division. To 
avoid this inconvenience, another set of tables has been pro- 
vided, in which are inserted the logarithms of the natural 
sines, tangents, be. By the use of these, addition and sub- 
traction are made to perform the office of multiplication and 
division. On this account, the tables of logarithmic, or as 
they are sometimes called, artijieial sines^ tangents, &c. are 
much more valuable, for practical purposes, than the natural 
sines, &c. Still it must be remembered, that the former are 
derived from the latter. The artificial sine of an angle, is 
the logarithm of the natural sine of that angle. The artificial 
tangent is the logarithm of the natural tangent, &c. 

103. One circumstance, however, is to be attended to, in 
comparing the two sets of tables* The radius to which the 
natural sines, &c* are calculated, is unity. (Art. 100.) The 
secants, and a part of the tangents are, therefore, s^reattr than 
a unit; while the sines, and another part of the tangents, are 
less than a unit. When the logarithms of these are taken, 
some of the indices will be positive^ and others negative; (Art. 
9.) and the throwing of them together in the same table, if it 
does not lead to error, will at least be attended with incon- 
venience. To remedy this, 10 is added to each of the indi- 
ces. (Art. 12.) They are then all positive. Thus the natural 

sine of ^O'' is 0.34303. The logarithm of this is 7763405. 
But the index, by the addition of 10, becomes ]0^1«9. 
The logarithmic sine in the tables is therefore 9.53405.* 

Directions for taking Sines^ Cosines^ fyc.frwa the tables. 

104. The cosine J cotangent, and cosecant of an angle, are 
the sine, tangent, and secant of the complement of the angle. 
(Alt. 89.) As the complement of an angle is the difference 
between the angle and 90^ and as 45 is the half of 90; if 
any given angle within the quadrant is greater than 45^ its 

•Or thtt Ubles nuiy be tapposed to be ealcaltted to the rediai lOOQOOOOOOQ. 
whose logariUlm n 10. 
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complement is less ; and, on the other hand, if the angle id 
less than 45% its complement is greater. Hence, every co- 
sine, cotangent, and cosecant of an angle greater than 45^, 
has its equal, among the sines, tangents, and secants of an* 
gles less than 45°, and v. v. 
Af Now, to bring the trigonometrical tables within a small 
^^ compass, the sane column is made to answer for the sines of 
a number of angles abote 45% and for the cosines of an equal 
number below 45^ 

Thus 9.23967 is the log. sine of 10®, and the cosine of 80% 

9.53405 the sine of 20®, and the cosine of 70®, &c. 

The tangents and secants are arranged in a similar man- 
ner* Hence, 

105. To find the Sine^ Cosine, Tangent, &c, of any number 
of degrees and minutes. 

If the dven angle is less than 45®, look for the degrees at 
the top of the table, and the minutes on the left ; then, oppo- 
site to the minutes, and under the word sine at the head of 
the column, will be found the sine ; under the word tangent, 
will be found the tangent ; tec. 

The log. sin of 43® 25' is 9.83715 The tan of 17® 2^18 9.49430 
of 17® 20- 9.47411 of 8® 4G' 9.18812 

The cos of 1 70 20' 9.97982 Thecotof 1 7® 20' 1 0*50570 
of 8® 46' 9.99490 of 8® 46' 10.81188 

The finst figure is the index ; and the other figures are the 
decimal part of the logarithm. 

106. If the given angle is between 45® and 90® ; look for 
the degrees at the bottom of the table, and the minutes on 
the right ; then, opposite to the minutes, and over the word 
sine at the foot of the column, will be found the sine ; over 
the word tangent, will be found the tangent, &c. 

Particular care must be taken, when the angle is less than 
45®, to look for the title of the column, at the top, and for the 
minutes, on the left ; but when the angle is between 45° and 
90®, to look for the title of the column, at the bottom and for 
the minutes, on the right. 

The log. sine of 81'' 21' is 9.99503 

The cosine of 72'' 10' 9.48607 

'The tangent of 54"" 40' 10.14941 

The cotangent of 63® 22' 9.70026 
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107. IfthegiTen angle is greater ihtin 90% look for the 
sine, tangent, &c« of its supplement, (Art. 98, 99.) 

The log. sine of 96^ 44' is 9.99699 S'* ' 
The cosine of 17r 16' 9.99494 - 6 

The tangent of 130** 26' 10.06952 ^}.? \ r 

The cotangent of 156*^22' 10.35894 _. \: 

108. To find the sine^ cosine^ tangerUj jrc. of any number of 
degrees^ minuies^ and seconds* 

In the common tables, the sine, tangent, fyz. are giren on- 
ly to every minuie of a degree.* But they may be foand to 
seconds^ by tsikmg proportional parts of the difference of the 
numbers as they stand in the tables. For, within a single 
minute, the variations in the sine, tangent, Sec. are nearly pro- 
portional to the variations in the angle. Hence, 

To find the sine, tangent, &c. to seconds : Take out the 
number corresponding to the given degree and minute ; and 
also that corresponding to the next greater minute, and find 
their difference. Then state this proportion ; 

As 60, to the given number of seconds ; 

So is the difference found, to the correction for the seconds. 

This correction, in the case of sines, tangents, and secants, 
is to be added to the number answering to the given degree 
and minute ; but for cosines, cotangents, and cosecants, the 
correction is to be subtracted 

For, as the sines increase^ the cosines dicrease, 

Ex. 1. What is the logarithmic sine of H"" 43' 10" ? 

The sine of 14° 43' is 9.40490 
of 14° 44' 9.40538 



Difference 48 



Here it is evident, that the sine of the required angle is 
greater than that of 14° 43', but less than that of 14° 44\ 
And as the difference corresponding to a whole minute or 

* In the very valaablc tablet of Michael Taylor, the sinw and tan»ent« ar*» 
iriven to every second. 
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etf' is 48 ; the difference for 10" must be a proportional part 
of 48. That is, 

60" : 10": :48 : 8 the correction to be arf- 

decitothesineof 14''43'. 

Therefore the sine of 14^ 43' 10" is 9.40498 
2. What is the logarithmic cosine of S^ 16' 45" ? 

The cosine of S^ 16' is 9.92716 
of 39? 1 r 9.92707 



Difference 8 



Then 60'' t 45" : 1 8 : 6 the correction to be subtracted 
from the cosine of 32'' 16'. 

Tlierefore the cosine of 32** 16' 45" is 9.92709 

The tangent of 24** 15' 18" is 9.65376 
The cotangent of 31° 50' 5" is 10.20700 
The sine of 58° 14' 32" is 9.92956 

The cosine of 55'' 10' 26" . is 9.75670 
If the given number of seconds be any even part of 60, 
&B h h h ^^' ^^^ correction may be found, by taking a like 
part of the difference of the numbers in the tables, without 
stating a proportion in form. 

1 09. Tojlnd the degrees and minutes belonging to any given 
sine^ tangent^ ^c. 

This is reversing the method of finding the sine, tangent, 
&c. (Art. 105,6,7.) 

Look in the column of the same name, for the sine, tan- 
gent, &c. which is nearest to the given one ; and if the title 
be at the headof the column, takie the degrees at the top of 
the table, and the minutes on the le/l ; but if the title be at 
the foot of the column, take the degrees at the bottom^ and 
the minutes on the right* 

Ex. l.What is the number of degrees and minutes belong- 
ing to the logartihmic sine 9.62863 ? 

The nearest sine in the tables is 9.62865. The title of 
sine is at the head of the column in which these numbers are 
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found. The degrees at the top of the page are 25, and the 
minutes on the left are 1 0. The angle required is, therefore 

The angle belonging to . 

the sine 9.87993 is 49"" 20' the cos 9.97351 is 19° 48 
the tan 9.97955 43'' 39' the cotan 9.75791 60'' 12' 
the sec 10.65396 77'' 11' the cosec 10.49066 18° 51' 

110. To find the degrees, minutes, and seconds belonging 
to any given sine, tangent, fyc. 

This is reversing the method of finding Ihe sine, tangent, 
&c. to seconds. (Art. 108.) 

First find the dilBTerence between the sine, tangent, be. 
next greater than the given one, and that which is next less ; 
then the difference between this less number and the given 
one ; Then 

As the difference first found, is to the other difference ; 

So are 60 seconds, to the number of seconds, which, in the 
case of sines, tangents, and secants, are to be added to the 
degrees and minutes belonging to the least of the two num- 
bers taken from the tables ; but for cosines, cotangents, and 
cosecants, are to be subtracted. 

Ex. 1. What are the degrees, minutes, and seconds, be* 
longing to the logarithmic sine 9.40498 ? 

Sine next greater 14° 44' 9.40538 Given sine 9.40498 
Next less 14° 43' 9.40490 Next less '9.40490 



Difference 48 Difference 8 

Then 48 : 8: :60" : 10", which added to 14® 43' 
gives 14® 43' 10" for the answer. 

9 What is the angle belonging to the cosine 9.09773 ? 

Cosine next greater 82<' 48' 9.09807 Given cosine 9.09773 
Next less 82° 49' 9.09707 Next less 9.09707 



Difference 100 Difference 66 
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Then 100 : 66: : 6(7' : A0'\ wl^ich subtracted from 8^2* 
49', gives 82° 48' 20' for the answer. 

It must be observed here, as in all other cases, that of the 
two aoglesi the less has the greater cosine. 

The angle belonging to 

the sId 9.20621 is 9° 15' 6" the tan 10 43434 is 69° 48' 16" 
the cos 9.98167 16° 34' 30" the cot 10.33S54 24° 47' 16" 

Method of Supplying the Secants and Cosecants^ 

111. In some trigonometrical tables, the secants andco* 
secants are not inserted. But they may be easily obtained 
from the sines and cosines. For, by art. 93, proportion 3d^ 

co5X*ec=R' 

That is, the product of the cosine and secant, is equal to 
the square of radius. But, in logarithms, addition takes the 
place of multiplication ; and, in the tables of logarithmic sines, 
tangents, tuc. the radius is 10. (Art. 103.) Therefore, in 
these tables, 

cos+sec=20. Or secs=20— cos. 

Again, by art. 93, proportion 6, 

sinXcosec=R*. 

Therefore, in the tables, 

sin-hcosec=20. Or cosec=20 — sin. Hence, 

112. To obtain the secant^ subtract the cosine from 20; 
and to obtain the cosecant^ subtract the sine from 20. 

These subtractions are most easily performed, by taking 
the right hand figure from 10, and the others from 9, as in 
finding the arithmetical complement of a logarithm ; (Art. 55.) 
observing however, to add 10 to the index of the secant or 
cosecant. In fact, the secant is the arithmetical complement 
of the cosine, with 10 added to the index. 

For the secant =20 — cos 

And thear. comp. of cos =10 — cos. (Art 54.) 

So also the cosecant is the arithmetical complement of the 
sine, with 10 added to the index. The tables of secants and 
cosecants are, therefore, of use, in furnishing the artihmetical 
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complemeot of the sine and cosine, in the following simple 
manner : 

113. For the arithmetical compldment of the sine, subtract 
10 from the index of the cosecant; and for the arithmetical 
complement of the cosintj subtract 10 from the index of the 
secant 

By this, we may save tlie trouble of taking each of the fig- 
ures from 9« 



y 



Id 



I. 



// 



SECTION in. 



SOLUTIONS OF RIGHT*AN6LED TRIANGLES. 



Art 114 T^^ trian^e, there are six parts, three sides, 

and three angles. In every trigonometrical 
calculation, it is necessary that some of these should be known, 
to enable us to find the others. The number of parts whick 
must be given, is three, one of which must be a side. 

If only two parts be given, they will be either two sides, a 
side and an angle, or two angles ; neither of which will limit 
the triangle to a particular form and size. 

If two sides only be given, they may make anv angle with 
each other ; and may, therefore, be the sides of a thousand 
different triangles. Thus the two lines a and b (Fig. 7.) may 
belong either to the triangle ABC, or ABC\ or ABC^ So 
that it will be impossible, from knowing two of the sides of a 
triangle, to determine the other parts. 

*> Or, if a side and an angle only be given, the triangle will 
be indeterminate. Thus, if the side AB (Fig. 8.) and the 
angle at A be eiven ; they may be parts either of the triangle 
ABC, or AB(7, or ABC." 

Lastly, if two angles, or even if all the angles be given, they 
will not determine the length of the sides. For the triangles 
ABC, A'B'C, A"B"C", (Fig. 9.) and a hundred others which 
might be drawn, with sides parallel to these, will all have the 
same angles. So that one of the parts given must always be 
a side. If this and any other two parts, either sides or angles, 
be known, the other three may be found, as will be shown, 
in this and the following section. 

116. Triangles are either right angled or oblique angled^ 
The calculations of the former are the most simple, and those 
which we have the most frequent occasion to make. A great 
portion of the problems in the mensuration of heights and dis- 
tances, in surveying, navigation and astronomy, are solved by 
I'ectangular trigonometry. Any triangle whatever may be di« 
Tided into two right angled triangles, by drawing a perpen- 
dicular from one of the angles to the opposite side. 
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1 16* One of the six parts in a right angled triangle, is al' 
ways gi^en, viz, the right angle* This is a constant auantity ; 
while the other angles and the sides are variable* It is also 
to be observed, that, if one of the acute angles is given, the^ 
other is known of course. For one is the complenient of the 
otfa^r. (Art 76, 77.) So that, 'in a right angled triangUy 
subtracting one of the acute angles from 90^ gives the other ^ 
There remain, then, only /our parts, one of the acute angles, 
and the three sides to be sought by calculation. If any two 
of these be given, with the right angle, the others may be 
found. 

117. To illustrate the method of calculation, let a case be 
supposed in which a right angled triangle CAD (Fig. 10.) 
has one of its sides equal to the radius to which the trigono* 
metrical tables are adapted. 

In the first place, let the base of the triangle be equal to the 
tabular radius. Then, if a circle be described, with this ra«* 
dius, about the angle C as a centre, DA will be the tangent^ 
and DC the secant of that angle. (Art. 84, 85.) So that the 
radius, the tangent, and the secant of the angle at C, consti- 
tute the three sides of the triangle. The tangentf taken from 
the tables of natural sines, tangents, Sec. will oe the length of 
the perpendicular} and the secant will be the length of the Ay- 
potnenuse. If the tables used be logarithmic, they will give 
the logarithms of the lengths of the two sides. 

In the same manner, any right angled triangle whatever, 
whose base is equal to the radius of the tables, will have its 
other two sides found among the tangents and secants. Thus, 
if the quadrant AH (Fig, 11.) be divided into portions of IS® 
each ; then, in the triangle 

CAD, AD will be the tan, and CD the sec of 15% 

In C AI>, AD' will be the tan, and CD the sec of 30"", 

In CAD", AD" will be the tan, and CD" the sec of 46'', 

[&c« 

118. In the next place, let the hyfothenuse of a right an- 
gled triangle CBF (Fig. 12.) be equal to the radius of the u- 
bles. Then, if a circle be described, with the given radius, 
and about the angle C as a centre ; BF will be the sine^ and 
BC the cosine of that angle. (Art. 82. 89.) Therefore the 
sine of the angle at C, taken from the tables, will be the length 
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of the perpendicular^ and the cosine will be the length of the 
base. 

And any right angled triangle whatever, whose hopothe- 
suse is equal to the tabular radius, will have its other two 
sides found amqng the sines and cosines. Thus if the quad* 
rant AH (Fig. 13.) be divided into portions of 15^ each, in 
the points F, F/ F", kc. ; then, in the triangle, 

CBF, FB will be the sin, and CB the cos, of 15"*, 
In CB'P, FB' will be the sin, and CB' the cos, of 30^ 
InCB'T",P'B"will be the sin, and CB" the cos, of 45% 

[&c. 

119. By merely turning to the tables^ then, we may find 
the parts of any right angled triangle which has one of its 
sides equal to the radius of the tables. But for determining 
the parts of triangles which have not any of their sides equal 
to the tabular radius, the following proportion is used : 

^s the radius of one circle^ 
To the radius of any other ^ 
So is a sine^ tangent, or secant^ in one, 
To the sine, tangent, or secant, of the same number of 

degrees, in the other. 

In the two concentric circles AHM, ahm, (Fig* 4,) the arcs 
AG and ag contain the same number of degrees. (Art. 74.) 
The sines of these arcs are BG hndbg, the tangents AD and 
ad, and the secants CD and cd. T%e four triangles, CAD, 
CBG, Cad, and Cbg, are similar* For each of them, from 
the nature of sines and tangents, contains one right angle ; 
the angle at C is common to^hem all; and the other acute 
angle in each is the complement of that at C. (Art. 77.) We 
have, then, the following proportions. (Euc. 4. 6.) 

1. CG : Cg::BG :bg. 

That is, one radius is to the other, as one sine to the other. 

2. CA : Ca::DA Ida. 

That is, one radius is to the other, as one tangent to the other. 

3. CA :Ca::CD:CJ. 

That is, one radius is to the other, as one secant to the other. 

Cor. BG : bg: :DA : rf«: :CD : Cd. 
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That 18, as the sine in one circle, to the sine in the other; 
so is the tangent in one, to the tangent in the other ; and so 
is the secant in one, to the secant in the other* 

This is a general principle, which may be applied to most 
trigonometrical calculations. If one of the sides of the pro- 
posed triangle be made radius, each of the other sides will 
be the sine, tangent, or secant, of an arc described hj this ra- 
dius. Proportions are then stated, between these lines, and 
the tabular radius, sine, tangent, &ec« 

120. A line is said to be made radius ^ when a circle is de* 
scribed, or supposed to be described, whose semidiameter is 
equal to the line, and whose centre is at one end of it. 

121. In any right angled triangle, if the hypothenuse be 
made radius^ one of the legs will be a sihb of its opposite an- 
gUj and the other leg a cosine of the same angle. 

Thus, if to the triangle ABC (Fig. 14.) a circle be applied, 
whose radius is AC, and whose centre is A, then BC will be 
the me, and BA the cosine, of the angle at A. (Art. 82, 89.) 

If, while the same line is radius, the other end C be made 
the centre, then BA will be the sine^ and BC the cosine^ of the 
angle at C. 

122. If either of the legs be made radius^ the other leg will 
be a TANGENT of its opposite anglty and the hypothenuse will 
be a SECANT of the same angle ; that is, of the angle between 
the secant and the radius. 

Thus, if the 6a^e AB (Fig. 15.) be made radius, the centre 
being at A, BC will be the tangent, and AC the secant, of 
the angle at A. (Art. 84, 85.) 

But, if the perpendicular BC (Fig. 16.) be made radius, 
with the centre at C, then AB will be the tangent, and AC 
the secant, of the angle at C. 

123. As the side which is the sine, tangent, or secant of 
one of the acute angles, is the cosine, cotangent, or cosecant 
of the other; (Art. 89.) the perpendicular BC (Fig. 14.) is 
the sine of the angle A, and the cosine of the angle C ; while 
the base AB is the sine of the angle C, and the cosine of the 
angle A. 

If the base is made radius, as in Fig. 15, the perpendicular 
BC is the tangent of the angle A, and the cotangent of the an- 
gle C ; while the hypothenuse is the secant of the angle A, and 
the cosecant of the angle C. 

If the perpendicular is made radius, as in Fig. 16, the base 
AB is the tangent of the angle C, and the cotangent of the 
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angle A ; while the hypoihmust is the stcant of the angle C, 
and the cosecant of the angle A. 

124. Whenever a right angled trianglo is proposed, whose 
sides or angles are required ; a similar triangle may be formed, 
from the sines, tangents, be. of the tables. (Art* 117, 118.) 
The parts required are then found, hj stating proportions be- 
tween the similar sides of the two triangles. If the triangle 
proposed be ABC, (Fig. 11.) another abc may be formed, 
having the same angles with the first, but differing from it in 
the length of its sides, so as to correspond with the numbers 
in the tables. If similar sides be made radius in both, the re- 
maining similar sides will be lines oi the same name^ that is, 
if the perpendicular in one of the triangles be a sine^ the per- 
pendicular in the other will be a sine ; if the base in one be a 
cosine^ the base in the other will be a cosine, &C. 

If the hypothenuse in each triangle be made radius, as in 
Fig. 14, the perpendicular be will be the tabular nae of the 
angle at a ; and the perpendicular BC will be a sine of the 
equal anele A, in a circle of which AC is radius. 

If the ia^e in each triangle be made radius, as in Fig. 15, 
then the perpendicular be will be the tabular tangent of the 
angle at a ; and BC will be a tangent of the equal angle A, in 
a circle of which AB is radius, he. 

125. From the relations of the similar sides of these trian- 
gles, are derived the two following theorems^ which are suf- 
ficient for calculating the parts of any right angled triangle 
whatever, when theVequisite data are furnished. One is used, 
when a side is to be found ; the other, when an angle is to be 
found. 

The#rem I. 

126. When a side is required ; 

As THE TABULAR SINE, TANGENT, &C. OF 
THE SAME NAME WITH THE GIVEN SIDE, 

To THE GIVEN SIDE; 

So IS THE TABT7LAK BINE, TANGENT, bc. OF 
SAME NAME WITH THE RE<iVIRED SIDE, 

To THE REQUIRED SIDE. 

It will be readily seen, that this is nothing more than a 
statement, in general terms, of the proportions between the 



TRIANGLES. 71 

similar sides of two triangles, one proposed for solution, and 
the other formed from the numbers in the tables. 

Thus if the hypothenuse be given, and the base or perpen- 
dicnlar be required ; then, in Fig. 14, where ac is the tabular 
radius, be the tabular sine of a, or its equal A, and oi the tab- 
ular sine of C; (Art 124.) 

ac : AC: :be : BC, that is, R : AC: :Sin A : BC. 
ac : AC: :ab : AB, R : AC: :Sin C : AB. 

In Fig. 15, where ab is the tabular radius, ac the tabular 
secant of A, and be the tabular tangent of A ; 

ac : AC: :bc : BC, that is Sec A : AC: :Tan A : BC. 
ac : AC: :ab : AB,. Sec A ; AC: :R : AB. 

In Fig. 16, where be is the tabular radius, ae the tabular 
secant of C, and ab the tabular tangent of C ; 

aclACr.bc: BC, that is. Sec C : AC : :R : BC. 
ae: ACy.ab: AB, Sec C : AC : :Tan C : AB. 

Theobeh II. 

127. When an angle is required ; . 

as the given sipe made radius, 
To the tabulae radius ; 
So is another given side. 

To THE TABVLAR SINE, TANGENT, &C. OF THE 
SAME NAME. 

Thus if the side made radius, and one other side be given, 
then, in Fig. 14, 

AC : ac: :BC : ftc, that is, AC : R: :BC : Sin A. 
AC : ac: : AB : afr AC ; R: : AB : Sin C. 

In Fig, 15, 

AB : a5: :BC : 6c, that is, AB : R: :BC : Tan A. 
AB : aft: : AC : oc AB : R: : AC : Sec A. 

In Fig. 16. 

BC : be: :AB : ab, that is, BC : R: : AB : Tan C. 

BC : be: :AC lac BC : R: : AC : Sec C. 



1 
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It will be observed} that in these theorems, anglea are not 
introduced, though they are among the quantities which are 
either given or required, in the calculation of triangles* But 
the tabular sines, tangents, be. may be considered the repre^ 
seniatives of angles, as one may be found from the other, by 
merely turning to the tables. 

128. In the theorem for finding a nde, the first term of 
the proportion is a tabular number* But, in tlie theorem for 
finding an angle^ the first term is a side. Hence, in applying 
the proportions to particular cases, this rule is to be observed, 

To find a SIDE, begin with a tabular number, 
To find an angle, begin with a side. 

Radius is to be reckoned among the 'tabular numbers. • 

129. In the theorem for finding an angle^ the first term is a 
side made radius. As in every proportion, the three first 
terms must be given, to enable us to find the fourth, it is evi- 
dent, that where this theorem is applied, the side made radi- 
us must be a given one. But, in the theorem for finding a 
side^ it is not necessary that either of the terms should be ra- 
dius. Hence, 

130. To find a side', any side may be made radius* 

To find an angle, a given side must be made radius. 

It will generally be expedient, in both cases, to make radi- 
us one of the terms in the proportion ; because, in the tables 
of natural sines, tangents, &c. radius is 1, and in the logarith- 
mic tables it is 10. (Art. lOa) 

13i* The proportions in Trigonometry are of the same 
nature as other simple proportions. The fourth term is found, 
therefore, as in the Rule of Three in Arithmetic, by multiply- 
ing together the second and third terms^ and dividing their pro- 
duct by the first term. This is the mode of calculation, when 
the tables of natural sioes, tangents, be. are used. But the 
operation by logarithms is so much more expeditious, that it 
has almost entirely superseded the other method. In loga- 
rithmic calculations, addition takes the place of multiplica- 
tion ; and subtraction the place of division. 

The logarithms expressing the lengths of the sides of a tri- 
angle, are to be taken from the tables of common logarithms. 
The logarithms of the sines, tangents, be. are found m the ta- 
bles of artificial sines, be. The calculation is then made by 
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adding the second and third terms, and subtracting the first. 
(Art. 53.) 

133. The logarithmic radius 10, or, as it is written Id the 
tables, 10.00000, is so easily added and subtracted, that the 
three terms of which it is one, may be considered as, in ef- 
fect, reduced to two. Thus, if the tabular radius is in the 
first term, we have only to add the other two terms, and 
then take 10 from the index ; for this is subtracting the first 
term. If radius occurs in the second term, the first is to be 
subtracted from the third, after its index is increased by 10. 
In the same manner, if radius is in the third term, the first is 
to be subtracted from the second. 

133. Every species of right angled triangles maybe be sol- 
ved upon the principle, that the sides of similar triangles are 
proportional, according to the two theorems mentioned above. 
There ^will be some advantages, however, in giving the exam- 
ples in distinct classes. 

There must be given, in a right angled triangle, two of the 
parts, besides the right angle. (Art. 1 16.) These may be ; 

1 . The hypothenuse and an angle ; or 

2. The hypothenuse and a leg ; or 

3. A leg and an angle ; or 

4. The two le^s. 



Case 1. 



"«• C"«» lUSaXtr I '•«"" |?i;^„"a 



( The base and 

an 



Ex. 1. If the hypothenuse AC (Fig. 17.*) be 45 miles, and 
the angle at A 32^ 20', what is the length of the base AB, 
and the perpendicular BC ? 

In this case, as sides only are required, any side may be 
made radius. (Art. 130.) 

• If th^ hypothenuse be made radius, a^ in Fig. 14, BC will 
be the sine of A, and AB the sine of C, or the cosine of A. 
(Art 131.) And \( abe be a similar triangle, whose hypoth- 
enase is equal to the tabxdar radius, he will be the tabular 
!^ine of A, and ah the tabular sine of C. (Art. 124.) 

* The parts which are gixen are dbtin^iihed by a maik acron the line, or 
)it thft openin? nf the angfl«. anci the parts rtfuired* br a cipher. 

11 
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To find the perpendicular^ then^ by Theorem J^ we have 
this proportion ; 

ac : AC::6c : BC. 
Or R : AC::SinA: BC. 

Whenever the terms Radius, Sine, Tangenty tic. occur in 
a proportion like this, the tabular Radius, Slc, is to be under- 
stood, as in arts. 126, 127. 

The numerical calculation, to find the length of BC, maj 
be made, either by natural sines, or by logarithms. See art. 
131. 

J^ natural Sines. 

1 : 45: :0.53484 : 24.068=BC. 

Computation by Logarithms. 



As Radius 




10.00000 


To the hypothenuse 


45 


1.65331 


So is the Sine of A 


Sr 20' 


9.72823 



To the perpendicular 24.068 1.38144 



Here, the logarithms of the second and third terms are ad- 
ded, and from the sum, the first term 10 is subtracted* (Art* 
1^.) The remainder is the Ic^rithm of 24.068=BC. 

Subtracting the angle at A from 90^, we have the angle at 
C=57'' 40'. (Art. 1 16.) Then, to find the base AB ; 

ac: kCWab : AB 
Or R : AC : : Sin C : ABs38.033. 

Both the sides required are now found, by makine the hy- 
pothenuse radius. The results here obtained maybe verifi- 
ed, by making either of the other sides radius. 

If the base be made radius, as in Fig. 15, the perpendicu*- 
lar will be the tangenii ^nd the hypothenuse the secant of the 
augleat A. (Art. 122.) Then, 

Sec A : AC::R: AB 
R: AB::Tan A :BC 
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By making the arithmetical calculations, in these two pro- 
portions, the Yalaes of AB and BC will be found the same as 
before. 

U the perpendictUar be made radius, as in Fig. 16, A B will 
be the tatigent^ and AC the secant of the angle at C. Then) 

SecC : AC::R: BC 
R :BC::TanC : AB 



E. ^. If the bypothenuse of a right angled triangle be 
rods, and the angle at the base 46* 30' ; what is the 



Ex. 
250 
length of the base and perpendicular ? 

Ans. The base is 172.1 rods, and the perpendic* 181.35. 



Case IL 






The bypothenuse, \ ^ {> a S ^^^ angles and 
And one leg ^ to tind ^ The other leg. 



135. Given ^ 

Ex. 1. If the bypothenuse (Fi^. 18.) be 35 leagues, and 
the base 36 ; what is the length ofthe perpendicular, and the 
quantity of each of the acute angles ? 

To find the angles it is necessary that one of the given sides 
be made radius. (Art. 130.) ^ 

If the kjfpothenuse be radius, the base and perpendicular 
will be sines of their opposite angles. Then, 

AC : R: : AB : Sin C=47^ 58'i • 

And to find the perpendicular by Theorem I ; 

R : AC: : Sin A : BCs33.43 



If the base be radius,^ the perpendicular will be tangent^ 
and the bypothenuse secant of the angle at A. Then, 

AB:R::AC :SecA 
R: AB::TanA:BC 

In this example^ where the bypothenuse and base arc giv- 
en, the angles can not be found by making the perpendiaUar 
radius. For to find an angle, a given side must be made m* 
dius. (Art. 130.) 
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136. Ex. 2. If the bypothenuse (Fig. 19.) be 54 miies^ 
and the perpendicular 48 miles, what are the angles, and the 
base ? 

« 

Making the hypothenuse radius* 

AC : R::BC : Sin A 
R: AC::SinC: AB 

The numerical calculation will give A =62^ 44', and AB 
=24.74. 

Making the perpendicular radius. 

BC :R::ac :SecC 

R: BC::TanC : AB 

The angles can not be found by making the base radius, 
when its length is not given. 



Case UK 



Ex. 1. If the base (Fig. 20,) be 60, and the angle at the 
base 47^ 13', what is the length of the hypothenuse and the 
perpendicular ? 

In this case, as sides only are required, any side may be ra- 
dius. 

Makrng the hypothenuse radius. 

SinC : AB::R : AC=88.3l 
R: AC:: Sin A : BC=:64.8 

Making the base radius* 

R: AB::SecA : AC 
R: AB::Tan A : BC 

Making the perpendiciUar radius. 
TanC J AB::R : BC 

R:BC:':SecC : AC 
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138. Ex. i. If the perpendicalar (Fig. 21.) be 74, and 
the angle C 6^ 27', what is the length of the base and the 
hjpotbenuse ? 

Making the hjfpothenuse radius. 

Sin A :BC::R: AC 
R : AC::SinC J AB 

Making the base radius. 

tan A : BC::R: AB 
R:AB::SecA : AC 

Mskmgibe perpendicular radius. 

R:BC::SecC : AC 
R:BC::Tan C : AB 

The hypothenuse is 154.83 and the base 136. 

Cask IV. 

Ex. ]. If the base (Fig. 22}beS84, and the perpendicular 
192, what are the angles, and the hypothenuse ? 

In this case, one of the legs must be made radius, to find 
an angle ; because the hypotnenuse is not given. 

Making the base radius. 

AB : R: :BC : Tan A=34** 4' 
R : AB: :Sec A : AC^343.84 

Making the perpendicular radius* 

BC:R::AB: Tan C 
R:BC::SecC: AC 

Ex. 3. If the base be 640, and the perpendicular 480, 
what are the angles and hypothenuse ? 

Ans. The hypothenuse is 800, and the angle at the base 
36« 52' 12". 
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Examples for practice* 

]• Giveo the hjpothenuse 68| and the angle at the ba9e 
39^ 17' ; to find the base and perpendicalan /. . iC y ^ 

2. Given the hypothenase 850, and the base 594, to find 
the angles, and the perpendicular. ^^. ^ r , :; /.:v . ^ ^ 

3« Given the hypothenuse 78 and perpendicular 57, to find 
the base, and the angles. ^ : c ''^ ~ '; , ' ' ^ . ^ 

4. Given the base 723, and the angle at tlbe base 64^ 18', 

to find the hypothenuse and perpendicular, li, r.' ■ h? ' '- , 

5. Given the perpendicular 632, and the angle at the base 
81^ 36', to find the hypothenuse and the base, d 1 /l ; 

6. Given the base 3'i, and the perpendicular 24, to find 
the hypothenuse, and the angles. ;, -, > ' ' '-^ ' 

140. The preceding solutions are all effected, by means of 
the tabular sines, tangents, and secants. But, when any two 
sides of a right angled triangle are given, the third side may 
be found, without the aid of the trigonometrical tables, by 
the proposition, that the square of the hypothenuse is equal to 
the sum of the squares of the two perpendicular sides (Euc. 
47. 1.) 

If the legs be given, extracting the square root of the sum 
of their squares, will give the hypothenuse. Or, if the hy- 
pothenuse and one leg be given, extracting the square root of 
the difference of the squares, will give the other leg. 

Let Assthe hypothenuse ^ 

psssihe perpendiculars of a right angled triangle, 
ftssthe base S 



Then A« =b* +p' , or ( Alg. 296.) A= y /ft'+p' 

By trans. 6»=A*— p",or b=^^ /h^—p^ 

And p«=A«-6Sor p=^y/h'-b^ 

Ex. 1. If the base is 32, and the perpendicular 24, what 
is the hypothenuse ? Ans. 40. 

2. If the hypothenuse is 100, and the base 80, what is the 
perpendicular? Ans. 60. 

3. If the hypothenuse is 300, and the perpendicular 220, 
what is the base ? 

An,.-300* --^L4160pthe root of which » 304 n^Aj. 



>■/' 
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141. It is genentUy most conTenient to find the difference 
of the squares by logarithms. But this is not to be done br 
subtraciiofu For subtraction, in logarithms, performs the of- 
fice of dtvtnon. ^Art. 41.) If we subtract the logarithm of 
i* from the logarithm of h', we shall have the logarithm, 
not of the difference of the squares, but of their tpiotieni. 
There is, however, an indirect, though very simple method, 
by which the difference of the squares may be obtained by 
logarithms. It depends on the principle, that the difference 
of the souares of ttoo qtiantities is eiiual to the product of the 
Stan ana d^erence of the ^[uantities. (Alg. 235.) Thus 

^ A«-6«=(A+i)X(A-i) 

as will be seen at once, by performing the multiplication. 
The two factors may be multiplied by adding their loga- 
rithms. Hence, 

143. To ehtain the difference of the squares ofttoo auanti- 
tiest add the logarithm of the sum of the quantities j to the log" 
arithm of tlieir difference. After the logarithm of the differ* 
ence of the squares is found ; the square root of this differ- 
ence is obtained, by dividing the logarithm by 2, (Art. 47.) 

Ex. 1* If the hypethenuse be 75 inches, and the base 45. 
what is the length ef the perpendicular? 

S um of the given sides 1 20 log. 3.079 1 8 

Difference of do. 30 1 .477 1 2 



Dividing by 2)3.55630 
Side required 60 1.77815 

2. if the hypothenuse is 135, and the perpendicular 108, 
what is the length of the base ? Ans. 81. 



.tt«. 



I V 



SECllON IV 



SOLUTIONS OF OBLIQUE ANGLED TRIANGLES. 



. .^ nPHE sides and angles of oblique angled trian- 

RT. 143. X gjgg ^^y jjg calculated by the following the- 
orems. 

Theorem I. 

In any plane triangle, the sines of the angles are as 

THEIR OPPOSITE SIDES. 

Let the angles be denoted by the letters A, B, C, and their 
opposite sides by a, by c, as in Fig. 23 and 24. From one of 
the angles, let the line p be drawn perpendicular to the op- 
posite side. This will fall either within or without the tri- 
angle. 

1. Let it fall within as in Fig. 23. Then, in the right an* 
gted triangles ACD and BCD, according to art 126, 

R :6::Sin A : p 

R : a::SinB : p t 

Here, the two extremes are the same in both proportions. 
The other four terms are, therefore, reciprocally proportion- 
al; (Alg. 387.*) that is, 

a:i::Sin A tSinB. 

2. Let the perpendicular p fall without the triangle, as in 
Fig. 24. Then, in the right angled triangles ACD and BCD ; 

R :6::SinA :p 

R : a::SinB : p 

Therefore as before, 
a :fr::SinA :SinB. 

» Euclid 23. 1». 
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Sin A is here put both for the sine of DAC, and for that 
of BAG. For, as one of these angles is the supplement of 
the other, they have the same sine. (Art. 90.) 

The sines which are mentioned here, and which hre used 
in calculation, are tabular sines. But the proportion will be 
the same, if the sines be adapted to any other radius. (Art. 
119.) 

Theorem IL 
144* In a plane triangle, 

As THE SUM of any TWO OF THE SIDES, 

to their difference ; 

So is the tangent of half the sum of the 

OFFOSITE angles ; 
To THE tangent OF HALF THEIR DIFFERENCE. 

Thus tlie sum of AB and AC (Fig. 25) is to their differ- 
ence ; as the tangent of half the sum of ttie angles ACB and 
ABC, to the tangent of half their difference. 

Demonstration, 

Extend CA to G, making AG equal to AB ; then CG is 
the sum of the two sides AB and AC. On AB, set off AD 
equal to AC ; then BD is the difference of the sides ABand AC. 

The sum of the two angles ACB and ABC, is equal to the 
,sum of ACD and ADC ; because each of these sums is the 
supplement of CAD. (Art. 79.) But, as AC=AD by con- 
struction, the angle ADC=sACD. (Euc. 5. 1.) Therefore 
ACD is half the sum of ACB and ABC. As AB=AG, the 
anglj AGB=ABG or DBE. Also GCE or ACD=ADC= 
BDE. (Euc. 15. 1.) Therefore, in the triangles GCE and 
DBE, the two remaining angles DEB and CEG are equal ; 
(Art. 79.) So that CE is perpendicular to BG. (Euc. Def. 
10. 1.) If then CE is made radius, GE is the tangent of GCE, 
(Art* 84.) that is, the tangent of half the sum of the angles op'- 
posite to AB and AC. 

If from the greater of the two angles ACB and ABC, there 
be taken ACD their half sum ; the remaining angle ECB 
will be their half difference. (Alg. 341 .) The tangent of this 
angle, CE being radius, is EB, that is, the tangent of half 
the difference of the angles opposite to AB and AC. We have 
then, 

12 
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CG sstbe sum of die sides AB and AC ; 

DB=their difierence ; 

GE=the tangent of half the sum of the opposite angles ; 

EB=stbe tangent of half their difTerence. 

But, by similar triangles, 
CG:DB::GE:EB. Q. E. D. 

Theorem Itl. 

]46. If upon the longest side of a triangle, a perpendicu] 
lar be drawn from the opposite angle ; 

As THE LONGEST SIDE, 
To THE SUM OF THE TWO OTHERS ; 
So IS THE DIFFERENCE OF THE LATTER, . 
To THE DIFFERENCE OF THE SEGMENTS MADS BY 
THE PERPENDICULAR. 

In the triangle ABC, (Fig. 26.) if a perpendicular be drawn 
from C upon AB ; 

AB : CB+CA::CB— CA : BP-PA.* 

Demonslratioru 

Describe a circle on the centre C, and with the radius EC* 
Through A and C, draw the diameter LD, and extend BA 
to H. Then by Euc. 35, 3, 

ABxAH=ALxAD 

Therefore, 

AB: AD::AL: AH 

But AD=CD4-CA=CB+CA 
And AL=CL-CA=CB-CA 
AndAH=HP-PA=BP-PA (Euc. 3. 3.) 

If then, for the three last terms in the proportion, we sub- 
stitute their equals, we have, 

AB : CB+CA::CB-CA : PB-PA 

1 46. It is to be observed, that the greater segment is next 
the greater side. If BC is greater than AC, (Fig. 26.) PB is 

* See note F. 
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greater than AP. With the radios AC, describe the arc AN. 
The s^ment NP=: AP. (Euc. 3. 3.) But BP is greater than 

NP. 

147. The two segments are to each other, as the tangents 
of the opposite angles, or the cotangents of the adjacent an- 
gles. For, in the right angled triangles ACP and BCP, 
(Pig. 36.) if CP be made radios, (Art. 126.) 

R:PC::Tan ACP: AP 

R:PC::TanBCP:BP 

Therefore, by equality of ratios, ( Alg. 384.*) 
Tan ACP : AP: :Tan BCP : BP 

That is, the segments are as the tangents of the opposite 
angles* And the tangents of these are the cotangents of the 
anries A and B. (Art. 89.) 

Cor* The greater segment is opposite to the greater an-^ 
gle* And of the angles at the base, the less is next the 
greater side* If BP is greater than AP, the angle BCP is 
greater than ACP ; and B is less than A. (Art. 77.) 



.148. To enable us to find the sides and angles of an ob- 
lique angled triangle, three of them must be given. (Art. 1 1 4.) 

These may be, either 

1* Two angles and a side, or 

2* Two sides and an angle apposite one of them, or 

3* Two sides and the included angle, or 

4. The three sides. 

The two first of these cases are solved by theorem 1, f Art* 
143*) the third by theorem II, (Art. 144*) and the fourth by 
theorem III, (Art. 145.) 

149. In making the calculations, it must be kept in mind, 
that the greater side is always opposite to the greater angle, 
(Eoc. 18, 19. 1.) that there can be only one obtme angle in a 
triangle, (Art. 76.) and therefore, that the angles opposite tt> 
the two least sides must be acute* 

*Kttc. 11.5. 
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(w\SE J. 

150: Given, 
Two anglesy^and f . /. ^ ( '^^^ remainiDg angle, and 
A Bide, * > ^^ ^^^ I The other two sides. 

The third angle is found, bj merely subtracting the sum of 
the two which are given from 1 80°. (Art. 79.) 

The sides are found, by stating, according to theorem I, 
the following proportion ; 

As the sine of the angle opposite the given side, 
To the length of the given side ; 
So is the sine of the angle opposite the required side, 
To the length of the required side. 

* 

As a side is to be found, it is necessary to begin with a tab* 
vlar number • 

Ex. 1. In the triangle ABC (Fig. 27.) the side b is given 
32 rods, the angle A 56'' 2(y, and the angle C 49<* l(y, to find 
the angle B, and the sides a and c. 

The sum of the two given angles 56*> 20'+49^ 10'=105» 
30'; which subtracted from 180^, leaves 74^ SO' the angle B. 

Then, 

^^■■^■■■- {iScic" 

Calculation by Ic^ritbms* 

As the Sine of B 74^30' a- c. 0.01609 

To the side i 32 1.50515 

So is the Sine of A 56° 20' 9.92027 



To the side « 27.61 1.44151 



As the Sine of B 74° 30' a. c. 0.01 609 

To the side 6 . 32 1.50515 

So is the Sine of C 49° lO' 9.87687 

T« the side c 25.13 1.40011 
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The anihmetical cotnpUment used in the first term here, 
maybe found, in the usual way, or by taking out the cosecant 
of the giren angle, and rejecting 1 from the index. (Art. 113.) 

Ex. 2. Given the side b 71, the angle A 107'' 6' and the 
angle C 27^ 40' ; to find the angle B, and the sides a and c. 
The angle B is 45<' 14'. Then 
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When one oTTH^ gtV^h aisles m4Mimfni6r%n this example, 
the sine of its supplement is to be taken from the tables. (Art. 
99.) 



Case If. 

151. Given 
wo sides, an< 
An opposite an 



Two sides, and ^ « a ^ $ ^^^ remaining side, and 

gle, S ^^ ^^^ { The other two angles. 



One of the required angles is found, by beginning with a 
side, and| according to theorem I, stating the proportion. 

As the side opposite the given aagle, 
To the sine of that angle ; 
So is the side opposite the required angle, 
To the sine of that angle. 

The third angle is found, by subtracting the sum of the oth- 
er two from 1 80^ ; and the remaining side is found, by the 
proportion in the preceding article. 

152. In this second case, if the side opposite to the given 
angle be shorter than the other given side, the soiutioa will 
be amUguous. Two different triangles may be formed, each 
of which will satisfy the conditions of the problem. 

Let the side 6, (Fig. 28.) the angle A, and the length of 
the side opposite this angle be given. With the latter for ra- 
dius, (if it be shorter than 6,) describe an arc, cutting the line 
AH in the points B and B'. The lines BC and B'C will be 
equal. So that, with the same data, there may be formed 
two different triangles, ABC and AB'C. 
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There will be the same ambiguity id the numerical calcu- 
lation. The answer found by the proportion will be the sine 
of an angle* But this may be the sine, either of the acute 
angle AB'C, or of the' obtwe angle ABC. For, BC being 
equal to B'C, the angle CB'B is equal to CBE'. Therefore 
ABC, which is the supplement of CBB' is also the supplement 
of CB'B. But the sine of an angle is the same, as the sine 
of its supplement. (Art. 90.) The result of the calculation 
will, therefore be ambiguous. In practice however, there 
will generally be some circumstances which will determine 
whether the angle required is acute or obtuse. 

If the side opposite the given angle be longer than the 
other given side, the angle which is subtended by the latter, 
will necessarily be acute. For there can be but one obtuse 
angle in a triangle, and this is always subtended by the long- 
est side. (Art. 149.) 

If the given angle be obtuse, the other two will, of course, 
be acute. There can, therefore, be no ambiguity in the so- 
lution. 

Ex. 1. Given the angle A^Fig. 21.) 35* 20', the oppo- 
site side a 50, and the side 6 70; to find the remaini/ig side, 
and the other two angles. 

To find the angle opposite to 6, (Art. 151.) 

a:Sin A::6 :SinB 

The calculation here gives the acute angle AB'C 54^3' 50". 
and the obtuse angle ABC ISd"" 56' 10''. If the latter be 
added to the angleat A 35'' SO', the sum will be IGP 16' 10", 
the supplement of which 18^ 43' 50" is the angle ACB. 
Then in the triangle ABC, to find the side c=AB, 

SinA:a::SinC: c=27.76 

If the acute angle AB'C 54'' 3' 50' be added to the angle 
at A 35® 20', the sum will be 89^ 23' 50", the supplement of 
which 90<' 36' 1 0" is the angle ACB'. Then, in the triangle 
AB'C, 

Sin A : CB': :Sin C : AB'=86.45 

Ex. 2. Given the angle at A 63"" 35' (Fig. 29.) the side 
b 64, and the side a 72 ; to find the side c, and the angles B' 
and C. 
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a : Sin A: :ft : Sin B=:52*» 45' 25" 
Sin A :a::SinC : c=72.05 

The sam of the angles A and B is 1 16^ 20^ 25'^ the sup* 
plement of which 63^ 39' 35" is the angle C. 

In this example the solution is not anibiguouM^ because the 
side opposite the given angle is longer than the other given 
side* 

Ex. 3. In a triangle of which the angles are A, B, and C, 
and the opposite sides a, 6, and c, as before ; if the angle A 
be 121° 4(y, the opposite side a 68 rods, and the side b 47 
rods ; what are the angles B and C, and what is the length of 
the side c ? Ans. B is 36° 2' 4", C 22° 1 V 56", and c 30.3. 

In this example also, the solution is not ambiguous, because 
the given angle is obtuse. 



Case Ilh 



153. Given 



Two sides, and ^ to find 5 ^l*® ''^"^^^"'"g side, and 

The included angle, > ( The other two angles. 

In this case, the angles are found by theorem IK (Art* 
144.) The required side may be found by theorem I. 

In making the solutions, it will be necessary to observe, 
that by subtracting the given angle from 1 80°, the sum of the 
other two angles is found ; (Art. 79.) and, that adding half 
the difference of two quantities to their half sum gives the greats 
er quantity^ and subtracting the half difference from the half 
sum gives the less. (Alg. 341.) The latter proposition may 
be geometrically demonstrated thus ; 

Let AE (Fig. 32.) be the greater of two magnitudes, and 
BE the less. Bisect AB in D, and make AC equal to BE* 
Then 

AB is the sum of the two magnitudes ; 

CE their difference ; 

DA or DB half their sum ; 

DE or DC half their difference ; 
But DA+DE=AE the greater magnitude ; 
And DB - DE=BE the less. 

Ex. l..In the triangle ABC (Fig. 30.) the angle A isgiv- 
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en 36^ 14' the side b 39, and the side c 53; to find the an* 
gles B and C, and the side a. 

The sum of the sides b and c is 53+39=92, 
And their difference 53— 39 = 1 4, 

The sum of the angles B and C=180°-26° 14' =153° 46' 
And half the mn of B and C is IS"" 52f 

Then, by theorem H, 
{b+c) : (ft-c)::Tani(B+C) : Tan K^^C) 

To and from the half sum TG"* 53' 

Adding and subtracting the half difference 33 8 50 

We have the greater angle 110 1 50 

And the less angle 43 44 10 



As the greater of the two given sides is c, the greater an- 
gle is C, and the less angle B. (Art. 149.) 

To find the side a, bj theorem f, 
SinB:6::SinA:a=24-94 

Ex. 2. Given the angle A lOP 30' the side b 76, and the 
side c 109 ; to find the angles B and C, and the side a. 

B is 30° 5?!', C 47° 32V, and a 144.8. 

Case IV. 

154. Given the three sides, to find the angles. 

In this case, the solutions may be made, by drawing a per- 
pendicular to the longest side, from the opposite ane;le. 'This 
will divide the given triangle into two right angled triangles. 
The two segments may be found by theorem lil. (Art. 145.) 
There will then be given, in each of the right angled trian- 
gles, the hypothenuse and one of the legs, from which the 
angles may be determined, by rectangular trigonometry. 
(Art. 1 35.) 

Ex. 1. In the triangle ABC (Fig. 31.) the side AB is 39, 
AC 35, and BC 27. What are the angles ? 

Let a perpendicnlar be drawn from C, dividing the long* 
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est side AB into the two segments AP and BP. Then bj 
theorem III, 

AB : AC+BC: lAC-BC : AP-BP 



As the longest side 

To the sum of the two others 

So is the difference of the latter 



39 a. c. 8.40894 

62 1.79239 

B a90309 



To the difference of the segments 1 2.72 1.1 0442 

The greater of the two segments is AP, because it is next 
the side AC, which is greater than BC. (Art. 146.) 

To and from half the sum of the segments 19.5 

Adding and subtracting half their difference, (Art. 153.) 6.36 

We have the greater segment AP 25.86 

And the less BP 13.14 



Then, in each of the right angled triangles APC and BPC, 
we have given the hypotbenuse and base ; and by art 1 35, 

AC : R: :AP : Cos A=42^ 21' 57" 
BC : R; :BP : Cos B«60^ 52' 42" 

And subtracting the sum of the angles A and B from 180% 
we have the remaining angle ACB=376^ 45' 21". 

El. 2. If the three sides of a triangle are 78, 96, and 104 ; 
what are the angles ? 

Ans. 45^ 41' 48", 61^ 43* 27", and 72« 34' 45". 

ExampUa for Practkem 

1. Given the angle A 54'' 3(y, the angle B 63"" 10', and the 
side a 164 rods ; to find the angle C, and the sides b and c* 

2. Given the angle A 45^ 6' the opposite side a 93, and the 
side & 108 ; to find the angles B and C, and the side c» 

3. Given the angle A 67^ 24', the opposite side a 62, and the 
side & 46 ; to find the angles B and C, and the side c* 

4. Given the angle A 1 27"^ 42', the opposite side a 381, and 
the side 6 1 84 ; to find the angles B and C, and the side c. 

13 
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5. Given the side b 58, the aide c 67, and the included an- 
gle Ass 36^ ; to find the angles B and C, and the side a. 

6. Given the three sides, 631 9^68, and 546; to find the angles* 

155. The three theorems demonstrated in this section, 
hare been here applied to oblique angled triangles only. But 
they are equally applicable to right angled triangles. 

Thus, in the triangle ABC, (Fig. 17.) according to theo- 
rem I, (Art. 143.) 

SinB:AC::SinA:BC 

This is the same proportion as one stated in art. 134, ex- 
ceptthat, in the first term here, the sine o/B is substituted for 
radius. But, as B is a right angle, its sine is eqiuil to radius, 
(Art. 95.) 

Again, m the triangle ABC, (Fig. 21.) by the same theorem ; 

Sin A :BC::SinC: AB 

This is also one of the proportions in rectangular trigo- 
nometry, when the bypothenuse is made radius. 

The other two theorems might be applied to the solution 
of right angled triangles. But, when one of the angles is 
kn€wn to be a right angle, the methods explained in, the pre- 
ceding section, are much more simple in practice.* 

• ForthAapplicatioiiofTngoiiometry to the Mensural ioa of Heig:hts sod 
Dittanoai, aee NaTigation and Sarreyin^. 



SECTION V. 



GEOMETRICAL CONSTRUCTION OF TRIANGLES, 

BY THE PLANE SCALE. 



Art, 



' 156 npO facilitate the construction of geometrical 
' -^ figures, a number of graduated lines are put 
upon the common two feet scale ; one side of which is call- 
ed the Plane Scale, and the other side, Ounter^s Scale. The 
most important of these are the scales of e^tia/jNir^^, and the 
line o{ chords. In forming a given triangle, or any other riebt 
lined figure, the parts which must be made to agree with the 
conditions proposed, are the lineSf and the ongleBm For the 
former, a scale of equal parts is used ; for the latter, a line of 
chords* 

] 57. The line on the upper side oC^h^ plane scale, is di- 
vided into inches and tenths of an inch. Beneath this, on the 
left hand, are two diagonal scales of equal parts,* divided into 
inches and half inches, by perpendicular lines. On the lar- 
ger scale, one of the inches is divided into tenths, by lines 
which pass obliquely across, so as to intersect the parallel lines 
which run from right to left. The use of the oblique lines is 
to measure hundredths of an inch, by inclining more and 
more to the right, as they cross each of the parallels. 

To take ofT, for instance, an extent of 3 inches, 4 tenths, 
and 6 hundredths ; 

Place one foot of the compasses at the intersection of the 
perpendicular line marked 3 with the parallel line marked 6, 
and the other foot at the intersection of the latter with the 
oblique line marked 4, 

The other diagonal scale is of the same nature. The di* 
visions are smaller, and arc numbered from left to right. 

158. In geometrical constructions, what is often required, 
is to make a figure, not equal to a given one, but only similar. 
Now figures are similar which have equal angles, and the 

* These lines are not represented in the pitte, as the learner is supposed to 
bate the scale before bim. 
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sides about the equal angles proportioned* (Euc. Def. 1. 6.) 
Thus a land surveyor, in plotting a field, makes the several 
lines in his plan to have the same proportion to each other, 
as the sides of the field. For this purpose, a scale of equal 
parts may be used, of any dimensions whatever. If the sides 
of the field are 2, 5, 7, and 10 rods, and the lines in the plan 
are 2, 5, 7, and 10 inches, and if the angles are the same in 
each| the figures are similar. One is a copy of the other, 
upon a smaller scale. 

So any two right lined figures are similar, if the angles are 
the same in both, and if the number of smaller parts in each 
side of one, is equal to the number of larger parts in the cor- 
responding sides of the other. The several divisions on the 
scale of equal parts may, therefore, be considered as repre- 
senting any measures of length, as feet, rods, miles. Sec. All 
that is necessary is, that the scale be not changed, in the con- 
struction of the same figure ; and that the several divisions 
and subdivisions be properly proportioned to each other. If 
the larger divisions, on the diagonal scale, are units, the smal- 
ler ones are tenths and hundredths. If the larger are tens, 
the smaller are umtViiTid tenths. 

159. In laying down an angle, of a given number of de- 
grees, it is necessary to measure it. Now the proper measure 
of an angle is an arc of a circle. (Art 74.) And the measure 
of an arc, where the radius is given, is its chord. For the 
chord is the distance, in a straight line, from one end of the 
arc to the other. Thus the chord AB (Fig. 33.) is a meas- 
ure of the arc ADB, and of the angle ACB. 

To form the line of chords, a circle is described, and the 
lengths of its chords determined for every degree of the quad- 
rant. These measures are put on the plane scale, on the line 
marked CHO. 

160. The chord of 60^ is equal to radius. (Art. 95.) In 
laying down or measuring an angle, therefore, an arc must 
be drawn, with a radius which is equal to the extent from 
to 60 on the line of chords. There are generally on the scale, 
two lines of chords. Either of these may be used ; but the 
angle must be measured by the same line from which the 
radius is taken* 

161. To mcAe an angle^ then, of a given number of de- 
grees ; From one end of a straight line as a centre, and with 
a radius equal to the chord of 60^ on the line of chords, de« 
scribe an arc of a circle cutting the straight line. From the 
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point of inlersectioDy extend the chord of the given number 
of degrees, applying the other extremity to the arc ; and 
through the place of meeting, draw ^he other line from the 
angular point. 

If the given angle is obtuse^ take from the scAle the chord 
of Aa(f the number of degrees, and apply it twice to the arc. 
Or make use of the chords of any two arcs whose svta is equal 
to the given number of degrees. 

A right angle may be constructed, by drawing a perpen- 
dicular without using the line of chords. 

£x. 1. To make an angle of 32 degrees. (Fig. 33.) With 
the point C, in the line CH, for a centre, and with the chord 
of 60^ for radius, describe the arc ADF. Extend the chord 
of 32^ from A to B ; and through B, draw the line BC. 
Then is ACB an angle of 32 degrees. 

2. To make an angle of 140 degrees. (Fig. 34.) On the 
line CH, with the chord of 60^, describe the arc ADF ; and 
extend the chord of 70^ from A to D, and from D to B. The 
arc ADB=70<>x2==:140.° 

On the other band, 

162. To measure an angle; On the angular point as a cen- 
tre, and with the chord of 60° for radius, describe an arc to 
cut the two lines which include the angle. The distance be- 
tween the points of intersection, applied to the line of chords, 
will give the measure of the angle in degrees. If the angle 
be obttue^ divide the arc into two parts. 

Ex.1. To measure the angle ACB. (Fig. 33.) Describe 
the arc ADF cutting the lines CH and CB. The distance 
AB will extend 32^ on the line of chords. 

2. To measure the angle ACB. (Fig. 34.) Divide the 
arc ADB into two parts, either equal or unequal, and meas- 
ure each part, by applying its chord to the scale. The sum 
of the two will be 140°. 

163. Besides the lines of chords, and of equal parts, on the 
plane scale ; there are also lines of natural sines^ tangents, and 
5ecan<j, marked Sin. Tan. and Sec, o( semitangents^ marked 
S. T. oflongitudef marked Lon. or M. L. ofrhumbs, marked 
Rhu. or Rum. &c. These are not necessary in trigonomet- 
rical constructions. Some of them are used in NavigjSition ; 
and some of them, in the projections of the Sphere. 

164. In Navigation, the quadrant, instead of being gradua- 
ted in the usual manner, is divided into eight portions, called 
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Rhunibi» The Rhumb Itne, on the scale, is a line of cbords, 
divided into rhumbs and quarter-rhumbs, instead of degrees. 

165. The line ot Longitude is intended to show the num« 
her ofgeoerapbical miles in a degree of longitude, at different 
distances irom the equator. It is placed over ihe line of 
chords, with the numbers in an inverted order : so that the fig* 
ure above shows the length of a degree of longitude, in any 
latitude denoted bj the figure below.* Thus at the equator, 
where the latitude is 0, a degree of longitude is 60 geographi* 
cal miles. In latitude 40, it is 46 miles ; in latitude 60, 30 
miles, &c 

166. The graduation on the line of secantt begins where 
the line of sines ends. For the greatest sine is only equal to 
radius ; but the secant of the least arc is greater than radius* 

167*. The semitangents are the tangents of half the given 
arcs. Thus the semitangent of 20^ is the tangent of 10^. 
The line of semitangents is used in one of the projections of 
the sphere. 



168. In the construction of triangles, the sides and angles 
which are given^ are laid down according to the directions in 
arts. 158, 161. The p^nis required ^re then measur^, ac* 
cording to arts. 158, 162. The following problems corres- 
pond with the four cases of oblique angled triangles ; (Art. 
148.) but are equally adapted to right angled triangles. 

169. Prob. 1. The angles and one side of a triangle being 
given ; to find, by construction, the other two sides. 

Draw the given side. From the ends of it, lay off two of 
the given angles. Extend the other sides till they intersect; 
and then measure their lengths on a scale of equal parts. 

Ex. 1. Given the side b 32 rods, (Fig. 27.) the angle A 
56'' 20^, and the angle C 49^ 10 ; to construct the triangle, 
and find the lengths of the sides a and c. 

Their lengths will be 25 and 27^. 

2. In a right angled triangle, (Fig. 17.) given the hypoth- 
enuse 90, and the angle A 32^ 20^, to find the base and per- 
pendicular. 

The length of AB will be 76, and of BC 48. 

* Sometinea the liDe of loogitude is placed wukr the line of efaoidi. 
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S. Given the side AC 68, the angle A 124^, and the angle 
C 37^: to construct the triangle* 

170. Prob. II. Two sides and an npponte angle being gir- 
en, to find the remaining side, and the other two angles. 

Draw one of the given sides ; from one end of it, lay off 
the given angle ; and extend a line indefinitely for the required 
side. From the other end of the first side, with the remain- 
ing given side for radius, describe an arc cutting the indefinite 
line. The point of intersection will be the end of the requir- 
ed side. 

If the side opposite the given angle be less than the other 
given side, the case will be ambiguous. (Art. 162.) 

Ex. 1. Given the angle A eS^'SS' (Fig. 29.) the side b 32, 
and the side a 36. 

The side AB will be 36 nearly, the angle B 52^ 45^' and 
C 63^ 39f «« . 

2. Given the anele A (Fig. 28.) 36^ 2Xy ; the opposite side 
a 25, and the side b 35. 

Draw the side b 35, make the angle A 36^ 20'^ and extend 
AH indefinitely. From C with radius 26, describe an arc 
cutting AH in B and B'. Draw CB and CB', and two trian- 
gles will be formed, ABC and AB'C, each corresponding 
with the conditions of the problem. 

3. Given the angle A 116^ the opposite side a 38, and the 
side i 26 ; to constract the triangle. 

171. Prob. III. Two sides and the included angle being 
given ; to find the other side and angles. 

Draw one of the given sides. From one end of it lay off 
the given angle, and draw the other given side. Then con- 
nect the extremities of this and the first line. 

Ex. 1. Given the angle A (Fig. 30.) 26'' 14', the side b 
78, and the side c 106; to find B, C, and a. 

The side a will be 50, the angle B 43<' 44', and C 110^ 2.' 

2. Given A 86'^, b 6$, and c 83 ; to find B, C, and a. 

172. Prob. IV. The three sides being given; to find the 
aneles. 

Draw one of the sides, and from one end of it, with an ex- 
tent equal to the second side, describe an arc. From the 
other end, with an extent equal to the third side, describe a 
second arc cutting the first ; and from the point of intersec- 
tion draw the two sides. (Euc. 22. 1.) 

Ex. 1. Given AB (Fig. 31.) 78, AC 70, and BC, 54 ; to 
find the angles. 
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The angles will be A 42^ 22", B 60'' 52|\ and C 76o 45^. 

2. Given, the three sides 58, 39, and 46 ; to find the an- 
gles. 

173. Any right lined figure whatever, whose sides and an- 
gles are given, may be constructed, by laying down the sides 
from a scale of equal parts, and the angles from a line of 
chords. 

Ex. Given the sides AB (Fig. 35.) r=20, BC::r22, CD=: 
30, DE=12; and the angles B=102°, 0=130% DssI08% 
to construct the figure. 

Draw the side AB=20, make the angle B^102^, draw 
BC=22, make C = 130°, draw CD=30, make D=108% 
draw DE=12, and connect E and A. 

The last line EA may be measured on the scale of equal 
parts ; and the angles £ and A, by a line of chords. 
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SECTION VI. 



DESCRIPTION AND USE OP GUNTER*S SCALE. 



A 174 A^ expeditious method of solving the prob- 
lems in trigonometiy, and making other loga- 
rithmic calculations, in a mechanical way, has been contrived 
hj Mr. Edmund Gunter. The logarithms of numbers, of 
sineSy tangents, Sic. are represented by lines. By means of 
these, multiplication, division, the rule o( three, involution, 
evolution, &c. may be performed much m|ri|M|pidly, than in 
the usual method by figures. ^^^ 

The logarithmic lines are generally placed on one side only 
of the scale in common use. They are, 

A line of artificial Sines divided into Rhun^s^ and mark* 

ed S. R. 

A line of artificial TangeniSt do. T. R. 

A line of the logarithms of numbers, Num. 

A line of artificial Sines, to every degree, SIN. 

A line of artificial Tangents, do. TAN. 

A line of Versed Sines, V. S. 

To these are added a line of equal parts, and a line of Me- 
ridional Paris, which are not logarithmic. The latter is used 
in Navigation. 

The Line of Numbers. 

175. Portions of the line of Mmbers, are intended to rep« 
resent the logarithms of the natural series of numbers 2, 3, 4, 
5, &c. 

The logarithms of 10, 100, 1000, be. are 1, 2, 3, be. 
(Art. 3.) 

If then, the log. of 10 be represented by a line of 1 foot ; 
the log* of 100 will be repres'd by one of 2 feet ; 
the log. of 1000 by one of 8 feet ; 

the lenetbsof the several lines being proportional to the cor- 
responding logarithms in the tables. Portions of a foot will 
represent the logarithms of numbers between I and 10; 

14 
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and portions of a line 2 feet long, the logarithms of numbers 
between 1 and 100. 

On Ganter's scale, the line of the logarithms of numbers 
begins at a brass pin on the left, and the divisions are num- 
bered 1, S, 3, &c* to another pin near the middle. From this 
the numbers are repeated, 2, 3, 4, tac. which may be read 
20, 30, 40, &c. The logarithms of numbers between 1 and 
10 are represented by portions of the first half of the line ; 
and the logarithms of numbers between 10 and 100, by por- 
tions greater than half the line, and less than the whole. 

176. The logarithm of 1, which is 0, is denoted, not by 
ony eictent of line, but by sl point under 1, at the commence- 
ment of the scale. The distances from this point to diJBfer- 
ent parts of the line, represent other logarithms, of which 
the Jigures plj^^over the several divisions are the natural 
numbers. F^^ne intervening logarithms, the intervals be- 
tween the figures, are divided into tenths, and sometimes in- 
to smaller portions. On the right hand half of the scale, as 
the divisions which are numbered ^re tens^ the subdivisions 
are units. 

Ex. 1 . To take from the scale the logarithm of 3.6 ; set 
one foot of the compasses under 1 at the beginning of the 
scale, and extend the other to the 6th division after the first 
figure 3. 

2. For the logarithm of 47 ; extend from 1 at the begin- 
ning, to t^e 7th subdivision after the second figure 4.* 

1 77. It will be observed, that the divisions and subdivi- 
sions decrectse^ from left to right; as in the tables of logO" 
rithmSf the differences decrease. The difference between 
the logarithms of 10 and 100 is no greater, than the differ- 
ence between the logarithms of 1 and 10. 

1 78. The line of numbers, as it has been here explained, 
furnishes the logarithms of all numbers between 1 and 100» 

And if the indices of the logarithms be neglected, the same 
scale may answer for all numbers whatever. For the deci' 
mat part of the logarithm of any number is the same, as that 
of the number multiplied or divided by 10, 100, Sic. (Art. 
14.) In logarithmic calculations, the use of the indices is to 
determine the distance of the several figures of the natural 
numbers from the place of units. (Art 11.) But in those 
cases in which thp logarithmic liae is commonly used, it will 

* If Um compasaes iriU not reach the distance required ; first open them so 
u to tain ^hafff or any pait of the dittance, and then the remaining part. 
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not generally be difficult to determine the local value of the 
figures in the result. 

179. We may, therefore, consider the point under 1 at the 
left hand, as representing the logarithm of 1, or 10, or 100 ; 
or yV) or TTiT) &c- f^^ the decimal part of the logarithm of 
each of these is 0. But if the first i is reckoned 10, all the 
succeeding numbers must also be increased in a tenfold ra- 
tio ; so as to read, on the first half of the line, 20, 30, 40, bp. 
and on the other half, 200, 300, Sic. 

The whole extent of the logarithmic line, 
18 from 1 to ICO, or from 0«1 to 10, 

or from 10 to 1000, or from 0.01 to 1, 

or from 100 to 10000, Szc. or from 0.001 to 0.1, be. 
Different values m^ on difierent occasions, be assigned to 
the several numbers ffid subdivisions maPfejfl.on this line* 
But for any one caiculat'ron, the value miKrem^n the same* 
Ex. Take from the scale 365. '^^^^ 

As this number is between 10 and 1000, let the 1 at the 
be|;inningof the scale, be reckoned 10. Then, from this 
pomt to the second 3 is 300 ; to the 6th dividing stroke is 
60 ; and half way from this to the next stroke is 5. 

180. Multiplication, divisioni &c. are performed by the 
line of numbers, on the same principle, as by common loga* 
rithms. Thus, 

To multiply by this line, add the logarithms of the two 
factors ; (Art. 37.) that is, take off, with the compasses, that 
length of line whipk represents the logarithm of one of the 
factors, and appl/ this so as to extend forward from the end 
of that which represents the logarithm of the other factor. 
The sum of the two will reach to the end of the line repre- 
senting the logarithm of the product. 

Ex. Multiply 9 into 8. The extent from 1 to 8, added to 
that from 1 to 9, will be equal to the extent from 1 to 72 th^ 
product. 

181. To divide by the logarithmic line, siAtract the loga- 
rithm of the divisor from that of the dividend; (Art. 41.) that 
is, take off the logarithm of the divisor, and this extent seC 
back from the end of the logarithm of the dividend, will reach 
to the logarithm of the quotient. 

Ex. Divide 42 by 7. The extent from 1 to 7, set back 
from 42, will reach to 6 the quotient. 

182. Involution is performed in logarithms, by multiplying 
the logarithm of the quantity into the index of the power ; 
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(Art. 45.) that is, by repeating the logarithms as many times 
as there are units in the index. To involve a quantity on the 
scale, then, take in the compasses the linear logarithm, and 
doybU tt, treble t/, &c. according to the index of die proposed 
power. 

Ex. 1. Required the square of 9. Extend the compas- 
ses from 1 to 9. Twice this extent will reach to 81 the 
square.. 

2. Required the cube of 4. The extent from 1 to 4, re* 
peated three timea^ will reach to 64 the cube of 4. 

1 83. On the other hand, to perform evolution on the scale ; 
take half, one thirds &c. of the logarithm of the quantity, ac* 
cording to the index of the proposed root. 

Ex. 1. Required the sauare root <^49. Half the extent 
from 1 to 49, wyMach from 1 to 7 wSb root. 

3. Requiij^jjHpcilbe root of 27. One third the distance 
from 1 to 277^^^tend from 1 to 3 the root. 

1 84. The Rule of Three may be performed on the scale, 
in the same manner as in logarithms, by adding the two mid- 
dle terms, and from the sum, subtracting the first term. {Ari* 
52.) But it is more convenient in practice to begin by sab- 
tracting the first term from one of the others. If four quan- 
tities are proportional, the quotient of the first divided by the 
second, is equal to the quotient of the third divided by the 
fourth. (Alg. 364.) 

Thus if a : 6 : :c : rf, then ^as^ and -=»j* (Alg. 880.) 

But in logarithms, subtraction takes the place of diviaioB ; 
so that, 

log. a — log. ia^log. c— log.d. Or log. a — log. c=^log.b — log.cT. 
Hence, 

185. On the scale, the difference between the first and $t* 
cond terms of a proportion^ is equal to the difference between 
the third and fourth* Or, the difierence between the first and 
third terms, is equal to the difierence between the second 
and fourth. 

The difference between the two terms is taken, by extend- 
ing the compasses from one to the other. If the second 
term be greater than the first ; the fourth must be greater' 
than the third ; if less, less. (Alg. 395.*) Therefore if the 
compasses extend forward from left to right, that b, from a 

•Eac. 14. 5. 
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less number to a greater, from the first term to the second ; 
they must also extend forward from the third to the fourth. 
But if they esteud backward^ from the first term to the sec* 
ood ; they must extend the same way^ from the third tft the 
fourth. 

Ex. ]. In the proportion 3 S 8: :12 : 33, the extent from 
3 to 8, will reach from 1 2 to 32 ; Or, the extent from 3 to 
13, will reach from 8 to 33. 

3. If 54 yards of cloth cost 48 dollars^ what will 18 yardy 

cost? 64 :48::i8 : 16 * ' 

The extent from 54 to 48, will reacl^ backwards from 1 8 
to.6. ^ 

3. If 63 gallons of wine cost 81 ^jjB^s, wQ^ will 3jig^- 
Ions cost ? 63 : 81 : : 351k # % 

The extent from 63 to 81, will reachirom 35 to 45. .' 




Tht Line of Sines. 
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186. The line on Gunter's scale marked SIN. is a line of 
logarithmic sines, made to correspond with the line of num- 
bers. The whole extent of the line of numbers, (Art. 179.) 
18 from 1 to 100, iriMwe logs, are 0.00000 and 2.00000, 
or from 10 to 1000, whose logs, are 1.00000 and 3.00000, 
or from 100 to 10000, whose logs, are 2.00000 4.00000, 

t the difference of the wdices of ttie two extreme logarithms 

A being in each case 3. 

9 Now the logarithmic sine of 0<* 34' 32 ' 41'" is 8.00000 

And the sine of SO'' (Art. 95.) is 10.00000 

Here also the difierence of the indices is 3. If then the 
point directly beneath one extremity of the line of numbers, 
be marked lor the sine of 0^ 34' 33^' 41'"; and the point be- 
neath the other extremity, for the sine of 90^ ; the interval 
may furnish the intermediate sines ; the divisions on it being 
made to correspond with the decimal part of the logarithmic 
sines in the tables.* 

* To reprtsent the ainei leu thao 34' 9T 4V'*, the scale mu«t be extended 
en the left indefinitely. For, ai the sine of an are approaches to O, its log^a- 
rithm, whioh is nefraUre, increases without limit (Art. 15.) 
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The first dividing stroke in the line of Sines is generally at 
0° 40^, a little farther to the right than the beginning of the 
line of Numbers. The next division is at 0^ 50' ; Sien be- 
gins (he numbering of the degrees, 1, 2, 3, 4, &c. from left to 
right. 

The line of Tangents* 

187. The first 45 degrees on this line are numbered from 
left to right, nearly in the same manner as on the Une of 
Sines. 

The logarithmic tangent of 0* 34' 22'' 35'" is 8.00000 
And the tangen^^5^X^'t- ^^0 At '^ 10.00000 
The differenMHOkejIlndices bein JBi 45 degrees will 
reach 4o the eJ KJt iMMBe. For those above 45^ the scale 
oug^ to be comNMmiuch farther to the right. But as this 
wouM be inconvenient, the numbering of the degrees, after 
reaching 45, is carried back from ri^t to left. The same 
dividing stroke answers for an arc and its camplementj one 
above and the other below 45^. For, (Art. 93. Proper. 9.) 

tan;R::R:cot 

In logarithms, therefore, (Art. 184.) 
tan — R=R— cot. 

That is, the difference between the tangent and radius, is 
equal to the difference between radius and the cotangent: in 
odier words, one is as much greater than the tangent of 45^, 
as the other is less. In taking, then, the tangent of an arc 
greater than 45^, we are to suppose the distance between 45 
and the division markea with a given number of degrees, to 
be added to the whole line, in the same manner as if the line 
were continued out. In working proportions, extending the 
compasses back^ from a less number to a greater, must be 
considered the same as carrying them forward in other cases. 
See art. 1 85. 

Trigonometrical Proportions on the Scale. 

188. In working proportions in trigonometry by the scale ; 
the extent from the first term to the middle term of the same 
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4 

cet • cot t-fR^ 
!!• cot {a - 6)=s cot 6— cot a 

r 

220. i. By comparing the expressions for the sines, ani^ 
cosines, with those for the tangents and cotangents, a great . 
variety of formulas may be obtained. Thus the tangent of ^ 
the sum or the difference of two arcs, may be ^pressed in ^ 
terms of the cotangent. ^^ 

Putting radius «=1, we have (Art 93, 220.) 

1 cot&4-cot g 

I. tan (a+6)=^^^ (a+6)'*cota cot 6- 1 

1 cotb— ottA 

II. tan (a-6)=^ji:j)=^^;^^^ 

By art 208, 

* sin (a+A) sin gcos 6+sin h cos a 
; sin (a — h) sin a cos b — sin icos a 

Dividing the laslMe^||^^lMHBiC^ in the first place 
by cos a cos 6, as W 4|iHP||Pi^ ^y ^^^ ^ ^'° ^> ^® 
have ^* 

sii^V^) tan a + tan ft cot A+cot a 




suMi'^o) tana— tan 6 cot 6 — cot a 



In a similar manner, dividing the expressions for the co- 
sines, in the first place by sin 6 cos a, and then by sin a cos 
&, we obtain 

cos^g+i) cotA — tana cota*— tanA 
COS (a— 6) cot 6+ tan a cot a+tan h 

Dividing the numerator and denominator of the expres- 
.sion foir the tangent of a, (Art. 218.) by tan |a, we have 

» 

2 

tana— cot ^a -tan \a 

These formulae nmy be multiplied almost indefinitely, by 
combining the expressions for the sines, tangents, &c. The 
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p= j: » 



3 



This gives the length of the perpendictUar, in terms of the - 
sides of the triangle. But the area is equal to the product 
of the base into half the perpendicular height. ^(Alg. 518.) 
that is, 

Here we have an expression for the area, in terms of the 
sides. But this may be reduced to a form much better' 
adapteS to arithmetical computation. It will be seen, that 
the quantities 4b2c«, and (6* +c*-a«)« are both squares^ 
and that the whole expression under th4/ radical sign is the 
difference of these squares. But the difference of two squares 
is equal to the product of the sum and difference of their 
roots. (Alg. 235.) Therefore 4fr*c> -(6»+c«-o«)« maybe 
resolved into the two factors, 

J 2ic+(6«+c*-a>) which is equal to (6+c)«— tf^ 
I 2ftc-(6»+c« -<|P) which is equal to a«-.(6-c)» 

Each of these also, as will be seen in the expressions on 
the right, is the di^fference of two squares ; and may, on the 
same principle, he resolved into factors, so that, 

C (l,+c)» - a« :^(b+c+a) X (J+c - a) 
^a«-(A-c)»=(a+6-c)x(a-.i+c) 

, Substituting, then, these four factors, in the place of the 
quantity which has been resolved into them, we have, 

S==iv^(6+c+a)X(6+c~a)x(a+6-c)x(a-6+c) 



* The ezpresuon for the perpendicalar is the same, when one of the angles 
uo6AiM,aAinFig.24. het AD=:d. 

Thena«=:6«+c«+2cdf. (Euc. 12.2.) Andd^ ^ 

Therefore d' = — ^ = ^ \^ ^ (AI.219.) 

^ 2c fiifl above a 

17 
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Here it will be observed, that all the three sides, a^ b^ and 
c, are in each of these factors. 

Let h^s^l{a+b+c) half the sum of the sides. Then 
S='/hX(h-a)X(h-b)x{h-c) 

m 

323. For finding the area of a triangle, then, when the 
three sides are giTen, we have this general rule ; 

From half the sum of the sides^ subtract each side severally ; 
^ multiply together the half sum and the three remainders ; and 
* extract the square root of the product, . 
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SECTION VIU. 



COMPUTATION OF THE CANON. 



Art 223 TP^^^ trigonometrical caDon is a set of tables 

-^ containing the sinesv cosines, tangents, &c. 
to every degree and minate of the quadrant. In tbe com- 
putation of these tables, it is common to find, in the first 
place, the sine and cosine of one minute} and then, by suc- 
cessive additions and multiplications, tbe sines, cosines, kc. 
of the larger arcs. For this purpose, it will be proper to 
begin with an arc, whose sine or cosine is a known portion 
of the radius. The cosine of 60^ is equal to half radius. 
(Art. 96. Cor.) A formula has been given, (Art 210.) by 
which, when the cosine of an arc is known, tbe cosine of 
half that arc may be obtained. 

By successive bisections of GO^, we have the arcs 
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By formula II, art. 210, 



cos i«=\/iR«+iRx CO* a 

If the radius be 1, and if as60^, h^2Xf^ eaBl5^ &c. ; then 

cos b^cos iaas'/i+i Xis=0.8660S54 
COS c^cos ^»v^|+ico« 6=0.9669258 
cos d^cos |c=\/i+ico» cso.9914449 
cos e=^cos id:=:^^/^+icos rjfs:0.9978589 
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Proceeding in this manner, by repeated extractions of the 
square root, we shall find the cosine of 

0^ 0' 52" 44"' 3"" 46'"'' to be 0.99999996732 



And the sine (Art. 940=\/l—co5« =0.0002556634(5 

This, however, does not give the sine of one minute exact- 
ly. The arc is a little less than a minute. But the ratio of 
very small arcs to each other, is so nearly equal to the ratio 
of their sines, that one may be taken for the other, without 
sensible error. Now the circumference of a circle is divided 
into 21600 parts, for the arc of V ; and into 24576, for the 
arc of 0° 0' 52" 44'" 3"" 45'"" 

Therefore, 
21600 : 24576: '.0.00025566346 : 0.0002908882. 

which is the sine of 1 minute very nearly.* 



And the cosine =\/l -5t»* =0.9999999577 

224. Having computed the sine and cosine of one minute, 
we may proceed, in a contrary order, to find the sines and 
cosines of larger arcs. 

Making radius =1, and adding the two first equations in 
art. 208, we have 

*m(a+6)+W?i(a— 6)=25m a cos b 

Adding the third and fourth, 

cos{a+b)+cos{a—b)=^^cos a cos b 

Transposing sin{a^b) and co*(a — 6) 

I. sin{a + i) = 2«n a cos b— sin{a — b) 
II. cos{a+b)=^2cos acosb — cos{a —6) 

If we put 6=1', and a^V^ 2', 3', &c. successively, we 
shall have expressions for the sines and cosines of a series of 
arcs increasing regularly by one minute. Thus, 

* See note H. 
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«m(l'+l')=2«n V Xcos l'—«nO ^0.0005817764, 
«n(2'+r)=2«w2'Xco* 1'— Wn 1 '=0.0008726645, 
sinlsf + l')=2«n 3' X cos V-sin 2'=0.001 1635526, 

co*(l'+l')=2co« 1' Xcoj? I'-cos =09999998308 
cojf(2'+l')=2co5 2'Xco5 l'-co5 1' =0.9999996 192 
co*(3'+l')=2co5 3' Xco* 1' —COS 2' =0.9999993230 

The constant multiplier here, cos V is 0.9999999577, which 
is equal to 1—0.0000000423. 

225. Calculating, in this manner, the sines and cosines 
from 1 minute up to 30 degrees, we shall have also the sines 
arid cosines from 60^ to 90 • For the sines of arcs between 
0^ and 30°, are the cosines of arcs between 60° and 90^. And 
the cosines of arcs between 0° and 30°, are the sines of arcs 
between 60 and 90°. (Art. 104.) 

226. For the interval between 30° and 60°, the sines and 
cosines may be obtained by subtraction merely. As twice 
the sine of 30° is equal to radius ; (Art. 96.) by making a= 
S0°, the equation marked I, in article 224 will become 

rin(30°+6)=co* b - m(30° - A) 

And putting i=r, 2', 3', &c. successively, 

sin{3(P r)=^cos l'--m(29° 59') 
(30*» 2')=co* 2' - «n(29«> 58') 
(30^ 3')=co5 3'— m(29° 570 
&€. &c. 

If the sines be calculated from 30° to 60°, the cosines will 
also be obtained. For the sines of arcs between 30^ and 45% 
are the cosines of arcs between 45° and 60°. And the sines 
of arcs between 45° and 60°, are the cosines of arcs between 
30° and 45°.* (Art. 96. 

227. By the methods which have here been explained, the 
natural sines and cosines are found. 

The logarithms of these, 10 being in each instance added 
to the index, will be the artificial sines and cosines, by which 
trigonometrical calculations are commonly made. (Art. 
102, 3.) 

228. The tangents^ cotangents j secants, and cosecants^ are 
easily derived from the sines and cosines. By art. 93; 

^ Soft note I. 
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R : co$::tan : sin COS : R::Rl set 

R : sin: :cot : cos sin t RllRt cosec 

Therefore, 

RXsin _ /?« 

The tangciit«~^^ The secwt^^^ 

RXcos R* 

The cotangcdtsa: — : — The cosecfinr^^tn 

Or, if the computations are made by logarithms^ 

The tangent=10+5tn— CO*, The secant = 20— co*, 
The cotangent =s i o+cos — sin. The cosecantssSO— Wn. 



SECTION li. 



PARTICULAR SOLUTIONS OF TRIANGLES * 



A oQ« ANT triangle whatever may be solred, by 
Art. 231. J^ ^^^ theorems in sections III. IV. But 

there are other methods, bj which, in certain circumstances, 
the calculations are rendered more expeditiousi or more accu- 
rate results are obtained. 

The differences in the sines of angles near 90^, and in the 
cosines of angles near 0°, are so small as to leave an uncertain- 
ty of several seconds in the result. The solutions should be 
varied, so as to avoid finding a very small angle by its cosine, 
or one near 90^ by its sine. 

The differences in the logarithmic tangents and cotangents 
are least at 4£^i and increase towards each extremity of the 
quadrant. In no part of it, however, are they very small. In 
the tables which are carried to 7 places of decimals, the least 
difference for one second is 42. Any angle may be found 
within one second, by its tangent, if tables are used which are 
calculated to seconds. 

But the differences in the logarithmic sines and tangents, .. 
within a few minutes of the beginning of the quadrant, and in '« 
cosines and tangents within a few minutes of 90^, tlu^h they 
ure very large, are too unequal to allow of an exact determin- 
ation of their correspondmg angles, by taking proportional 
parts of the differences. Very small angles may be accurate- 
ly found, from their sines and tangents, by the rules given in 
a note at the end.t 

232. The following formulee may be applied to right angled 
triangles, to obtain accurate results, by finding the sine or tan- • 
gent of Aa(f an arc, instead of the whole. 

In the triangle ABC (Fig. 20, PI. II.) making AC radius, « 

AC ; AB::l :Cos A. 

By conversion, ( Alg. 989, B.) 

AC: AC-AB::l : l-CosA. 

* SimaooV, Woodhoiue'i, tttd Cagnoli'i Trigonometry. t See Note l(. * • 
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Therefore, 

AC-AB <|_ , , 

— ^jg— =li-C!osA=28in*|A. (Art. 210.; 

Or, 



Sin i A=x/^^~^" 
^ ^ 2AC 

Again, from the first proportion, adding and subtracting 

terms, (Alg. 389, 7.) 

AC+AB : AC-AB::l+Cos A : l-Co? A./ 

Therefore, 
AC-AB 1-CosA , „ 

AC+AB=T+C^^=^^°" ^^- (P^S^- ^20.) 

Or, 
_, ,^ AC~AB 
Tan iA=yAC+AB 

233. Sometimes, instead of having two parts of a right an- 
gled triangle given, in addition to the right angle ; we have 
only one of the parts, and the sum or difference of two others. 
In such cases, solutions may be obtained by the following 
proportions. 

By the preceding formulae, and Art. 140, 141, 
^ AC-AB 

^- Tan» iA=^^C+AB 

. 2. BC« =(AC~ AB) (AC+AB) 

Multiplying these together, and extracting the root, we 
have, 

TaniAxBC=AC-AB 

Therefore, 

I. Tani A: i::AC-AB:BC 

That is, the tangent of half of one of the acute angles, is to 
1 , as the difference between the hypothenuse and the side at 
the angle, to the other side. 

If, instead of multiplying, we divide the first-equation above 
by the second, we have 

Tan JA I 



BC ""AC+AB 
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Therefore, 

n, 1 : tan iA: : AC+AB : b6 

Again, in the triangle AJ3C, Fig. 20, 

AB :BC : l::tanA 

Therefore, 

AB+BC : AB-BC::i+tan A : l-tan A 

Or, 

1 '"-tan A 

AB+BC :AB-BC::l:y:p-^-^ 

By art. 218, one of the arcs being A, and the other 46^, the 
tangent of which is equal to radius, we baye, 

r«« . . ^ 1 — tan A 

Tan (45--A)-j:p^j;^ 

Therefore, 

III. 1 : tan (45*- A):: AB+BC : AB~BC. 

That is, unity is to the tangent of the difference between 
45* and one of the acute angles ; as the sum of the perpendic* 
olar sides is to their difference. 

Ex. 1. In a right angled triangle, if the difference of the 
bypothenuse and base be 64 feet, and the angle at the base 
33^1, what is the length of the perpendicular ^ 

Ans. 211. 

2. If the sum of the hypothenuse and base be 185.3, and 
the angle at the base 37*; what is the perpendicular.^ 

Ans. 62rf. 

3. Given the sum of the base and perpendicular 128.4, and 
the angle at the base 41 *i, to find the sides. 

1 : tan(45*— 41*}):: 128.4 : 8.4, the difference of the 
base and perpendicular. Half the difference added to, and 
subtracted from, the half sum, gives the base 68.4, and the 
perpendicular 60. 

4. Given the sum of the hypothenuse and perpendicular 
83, and the angle at the perpendicular 40*, to find the base. 

5. Given the difference of the hypothenuse and perpendic- 
ular I6«5, and the angle at the perpendicular 37^}, to find the 
base. 

6. Given the difiTerence of the base and perpendicular 35, 

and the angle at the perpendicular 27*|, to find the sides. 

18 
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f 

334, The following solutions may be applied to flie third 
and fourth cases of oblique angled triangles ; in one of which, 
two sides and the incladed angle are given, and in the other, 
the three sides. See pages G7 and 88. 

Case III. 

In astronomical calcalations, it h frequently the case, that 
two sides of a triangle are given by their logarithms By 
the following proposition, the necessity of finding the corres- 
ponding natural numbers is avoided. 

Theorem A. In any plane triangle^ oj the two sides ufhich 
include a given angle^ the less is to the greater ; as radius to 
the tangent of an angle greater than 45^ : 

And radius is to the tangent of the excess of this angle above 
45^ ; as the tangent of half the sum of the opposite angles^ to 
the tangent of half their difference 

In the triangle ABC, (Fig. 39.) let the sides AC and AB, 
and (he angle A be given. Through A draw DH perpendic- 
ular to AC. Make AD and AF each equal to AC, and AH 
equal to AB* And let HG be perpendicular to a line drawn 
from C through F. 

Then AC : AB: :R : Tan ACH 

And R :Tan(ACH- 45^): :Tan}(ACB+B):TanKACB - B) 

Demonstration. 

Ifithe right angled triangle ACD, as the acute angles are 
subtended by the equal sides AC and AD^ each is 45^* For 
the same reason, the acute angles in the triangle CAF are 
each 45^ Therefore, the angle DCF is a right an^le, the 
angles GFH and GHF are each 45^, and the line GH is equal 
to GF and parallel to DC 

In the triangle ACH, if AC be radius, AH which is equal 
to AB will be the tangent of ACH. Therefore, 

AC: AB::R:Tan ACH. 

In the triangle CGH, if CG be radius, GH which is equal 
to FG will be the tangent of HCG. Therefore, 

R : Tan (ACH-45<>): :CG : FG. 
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Audi as GH and DC are parallel, (Euc. i. 6.) 
CG:FG::DH:FH. 

But DH is, by construction, equal to the sum^ and FH to 
the difference of AC and AB. And by theorem II, [Art 144.] 
the sum of the sides is to their diflference ; as the tangent of 
half the sum of the opposite angles, to the tangent of half 
their difference. Therefore, 

R : Tan (ACH-45°): :Tani(ACB+B) : Tan J(ACB^B) 

Ex* In the triangle ABC, (Fig. 30,) ^iven the angle A= 
36<» 1 4', the side AC=:=39, and the side ABs53. 

AC 39 1.5910646 R 10. 

AB 53 1 •7242759 Tan 8^ 39' 9" 9.1823381 

R 10. Tan i(B+C)76*53' 10.6326181 



Tan53^39'9"10.133fill3 Tan'i(Bwp^C)33^8'50'' 9.8149562 



The same result is obtained here, as by theorem II, p. 75. 

To find the required side in this third case, by the then* 
rems in section IV, it is necessary to find, in the first place, 
an angle opposite one of the given sides. But the required 
side may be obtained, in a different way, by the following 
proposition. 

Treobem B. In a plane triangle^ twice the product of any 
two sides f is to the difference between the stan of the squares of 
those sideSf and the square of the third side^ as radius to the 
mtsine of the angle included between the two sides* 

In the triangle ABC, (Fig. 23.) whose sides are a, 6, and c. 

26c I 6^+c«-a«::R : Cos A 

For in the right angled triangle ACD, 6 ; if : : R : Cos A 
Multiplying by 2c, 2bc : 2i2c : : R : Cos A 

But, by Euclid 13. 2, 2(fc=r6«+c» -a» 

Therefore, 26c : 6» +c« - a« : : R : Cos A. 

The demonstration is the same, when the angle Arf s obtuse^ 
as in tfie triangle ABC, (Fig. 24«) excepi-^iat «' is greater 
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334. The following solations may be applied to (he third 
9Lnd fourth cases of oblique angled triangles ; in one ofwhicbi 
two sides and the included angle are given, and in the other, 
the three sides. See pages 87 and 88. 

Case IIL 

In astronomical calculations, it is frequently the case, that 
two sides of a triangle are given by their logarithms By 
the following proposition, the necessity of 6nding the corres- 
ponding natural numbers is avoided. 

THEORfiM A. Jn any plane triangle^ oj the two sides which 
include a given angle^ the less is to the greater ; as radius to 
the tangent of an angle greater than 45° : 

And radius is to the tangent of the excess of this angle above 
45° ; as the tangent of half the sum of the opposite angles^ to 
the tangent of half their difference 

In the triangle ABC, (Fig. 39.) let the sides AC and AB, 
and the angle A be given. Through A draw DH perpendic- 
ular to AC. Make AD and AF each equal to AC, and AH 
equal to AB. And let HG be perpendicular to a line drawn 
from C through F. 

Then AC : AB: :R : Tan ACH 
And R :Tan(ACH- 45^): :Tan}(ACB+B):TanKACB - B) 

Demonslration» 

Ifi the right angled triangle ACD, as the acute angles are 
subtended by the equal sides AC and AD9 each is 45^« For 
the same reason, the acute angles in the triande CAF are 
each 45°. Therefore, the angle DCF is a right an^le, the 
angles GFH and GHF are each 45^, and the line GH is equal 
to GF and parallel to DC 

In the triangle ACH, if AC be radius, AH which is equal 
to AB will be the tangent of ACH. Therefore, 

AC: AB::R: Tan ACH. 

In the triangle CGH, if CG be radius, GH which is equal 
to FG will be the tangent of HCG. Therefore, 

R : Tan (ACH-45*): iCG : FG. 
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And, as GH and DC are parallel, (Euc. ^, 6.) 
CG:FG::DH:FH. 

But DH is, by construction, equal to the sunif and FH to 
the difference of AC and AB. And by theorem II, [Art. 144.] 
the sum of the sides is to their difference ; as the tangent of 
half the sum of the opposite angles, to the tangent of half 
their diflference. Therefore, 

R : Tan (ACH-45^): :Tan i(ACB+B) : Tan J(ACB.^B) 

Ex. In the triangle ABC, (Fig. 30,) ^iven the angle A= 
26<> 14', the side AC=:39, and the side >!lB=:53. 

AC 39 1.5910646 R 10. 

AB 53 1.7242759 Tan 8^ 39' 9" 9.1823381 

R 10. Tan i(B+C)76*53' 10.6326181 



Tan 53^ 39*9" 10. 13321 13 Tan'i(B-^C)33''8'50" 9.8149562 



The aame result is obtained here, as by theorem II, p. 75. 

To find the required side in this third case, by the theo* 
rems in section IV, it is necessary to find, in the first place, 
an angle opposite one of the given sides. But the required 
side may be obtained, in a difierent way, by the following 
proposition. 

Theorek B« In a plane triangle^ twice the product of any 
too sides f is to the difference between the stun of the squares of 
those sideSf and the square of the third side^ as radius to the 
oosine of the angle included between the two sides* 

In the triangle ABC, (Fig. 23.) whose sides are a, 6, and c. 

26c J 4*+c« -a« : :R : Cos A 

For in the right angled triangle ACD, 6 : i<: : R : Cos A 
Multiplying by 2c, 36c : 2i2c : : R : Cos A 

But, by Euclid 13. 2, 2dc=s6* +c» -a« 

Therefore, 26c J 6« +c« - a« : : R : Cos A. 

The demonstration is the same, when the angle Aris Muse^ 
as ID the triangle ABC, (Fig. 24.) ezcept-t^t «' is greater 
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234. The foIlowiDg solutions may be applied to the third 
9Lnd fourth cases of oblique angled triangles ; in one of which, 
two sides and the included angle are given, and in the other, 
the three sides. See pages 87 and 88. 

Case IIL 

In astronomical calculations, it is frequently the case, that 
two sides of a triangle are given by their logarithms By 
the following proposition, the necessity of finding the corres- 
ponding natural numbers is avoided. 

Theorem A. In any plane triangle^ of the two sides tphkh 
include a given angle^ the less is to the greater ; as radius to 
the tangent of an angle greater than 45^ : 

And radius is to the tangent of the excess of this angle above 
45^ ; as the tangent of half the sum of the opposite angles^ to 
the tangent of half their difference 

In the triangle ABC, (Fig. 39.) let the sides AC and AB, 
and the angle A be given. Through A draw DH perpendic- 
ular to AC. Make AD and AF each equal to AC, and AH 
equal to AB. And let HG be perpendicular to a line drawn 
from C through F. 

Then AC : AB: :R : Tan ACH 
And R :Tan(ACH- 45°): :Tani(ACB+B):Tani(ACB - B) 

Demonstration. 

Ill the right angled triangle ACD, as the acute angles are 
subtended by the equal sides AC and ADj each is 45°. For 
the same reason, the acute angles in the trianele CAF are 
each 45^. Therefore, the angle DCF is a right an^le, the 
angles GFH and GHF are each 45% and the line GH is equal 
to GF and parallel to DC 

In the triangle ACH, if AC be radius, AH which is equal 
to AB will be the tangent of ACH. Therefore, 

AC: AB::R:Tan ACH. 

In the triangle CGH, if CG be radius, GH which is equal 
to FG will be the tangent of HCG. Therefore, 

R : Tan (ACH-45«): :CG : FG. 
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And, as GH and DC are parallel, (Eqc. :2. 6.) 

CG:FG::DH:FH. 

But DH is, by construction, equal to the sunij and FH to 
the difference of AC and AB. And by theorem II, [Art. 1 44.] 
the sum of the sides is to their difference ; as the tangent of 
balfthesamof the opposite angles, to the tangent of half 
their difference* Therefore, 

R : Tan (ACH-45*'): :Tan i(ACB+B) : Tan J(ACR^B) 

Ex. In the triangle ABC, (Fig. 30,) fi;iven the angle Acr 
^e*" 14', the side AC=:S9, and the side AB=:53. 

AC 39 1.5910646 R 10. 

AB 53 1.7242759 Tan 8** 39' 9" 9.1823381 

R 10. Tan i(B+C)76»53' 10.6326181 



Tan 53^ 39' 9" 10. 13321 13 Tan'i(B^C)33^8'50" 9.8149562 



The same result is obtained here^ as by theorem II, p. 75. 

To find the required side in this third case, by the theo* 
rems in section Iv, it is necessary to find, in the first place, 
an angle opposite one of the given sides. But the required 
side may be obtained, in a different way, by the following 
proposition. 

Treobem B« In a plane triangle, twice the product of am^ 
ino aides, is to the difference between the sttm of the squares oj 
those sides, and the square of the third side, as radius to the 
0osine of the angle included between the two sides* 

In the triangle ABC, (Fig. 23.) whose sides are a, b, and c. 

26c : 6*+c«-a«::R : Cos A 

For in the right angled triangle ACD, 6 : d: : R : Cos A 
Multiplying by 2c, 9bc : 2dc: :R : Cos A 

But, by Euclid 13. 2, 2dc=s6« +c« -o« 

Therefore, 26c : ft * +c« - a* : : R : Cos A. 

The demonstration is the same, when the angle Ais obtuse, 
as in the triangle ABC, (Fig. 24«) exc«pt-t^t «' is greater 
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334. The following solutions may be applied to the third 
9Lnd fourth cases of oblique angled triangles ; in one of which, 
two sides and the included angle are giFeb, and in the other, 
the three sides. See pages 87 and 88. 

Case IIL 

In astronomical calculations, it is frequently the case, that 
two sides of a triangle are given by their logarithms By 
the following proposition, the necessity of finding the corres- 
ponding natural numbers is avoided. 

Theorem A. In any plane triangle^ oj the two sides which 
include a given angle^ the less is to the greater ; as radius to 
the tangent of an angle greater than 45^ : 

And radius is to the tangent of the excess of this angle above 
45^ ; as the tangent of half the sum of the opposite angles^ to 
the tangent of half their difference 

In the triangle ABC, (Fig. 39.) let the sides AC and AB, 
and the angle A be given. Through A draw DH perpendic- 
ular to AC. Make AD and AF each equal to AC, and AH 
equal to AB* And let HG be perpendicular to a line drawn 
from C through F. 

Then AC : AB: :R : Tan ACH 
And R :Tan(ACH- 45^): :Tani(ACB+B):TanKACB • B) 

Demonstration. 

Ifi the right angled triangle ACD, as the acute angles are 
subtended by the equal sides AC and AD, each is 45°. For 
the same reason, the acute angles in the triangle CAF are 
each 45^. Therefore, the angle DCF is a right an^le, the 
angles GFH and GHF are each 45^, and the line GH is equal 
to GF and parallel to DC 

In the triangle ACH, if AC be radius, AH which is equal 
to AB will be the tangent of ACH. Therefore, 

AC : AB::R: Tan ACH. 

In the triangle CGH, if CG be radios, GH which is equal 
to FG will be the tangent of HCG. Therefore, 

R : Tan (ACH-45«): iCG : FG. 



OF TRIANGLES. 131 

And, as GH and DC are parallel, (Euc. :2. 6.) 
CG:FG::DH:FH. 

But DH is, by construction, equal to the sum^ and FH to 
the difference of AC and AB. And by theorem II, [Art. 144.] 
the sum of the sides is to their difTerence ; as the tangent of 
half the sum of the opposite angles, to the tangent of half 
their difference* Therefore, 

R : Tan (ACH-45°)::Tan i(ACB+B) : Tan ^(ACR^B) 

Ex. In the triangle ABC, (Fig. 30,) ^iven the angle As= 
Se^" 14', the side AC==39, and the side ABr=:53. 

AC 39 1.5910646 R 10. 

AB 53 1.7242759 Tan 8° 39' 9" 9.1823381 

R 10. Tan i(B+C)76«53' 10.6326181 



Tan53''39'9"10.133fill3 Tan'i(B^C)33°8'50" 9.8149562 



The tame result is obtained here, as by theorem II, p. 75. 

To find the required side in this third case, by the theo* 
rems in section I v , it is necessary to find, in the first place, 
an angle opposite one of the given sides. But the required 
side may be obtained, in a different way, by the following 
proposition. 

Trcobem B. In a plane triangle^ twice the product of any 
two sides, is to the difference between the sum of the squares of 
those sides^ and the square of the third side, as radius to the 
sosine of the angle included between the two sides* 

lu the triangle ABC, (Fig. 23.) whose sides are a, i, and c. 

26c:4*+c«-o«;:R: Cos A 

For in the right angled triangle ACD, 6 $ d: : R : Cos A 
Multiplying by 2c, 3&c : 2i2c: :R : Cos A 

But, by Euclid 13. 2, 2cfc=s6«+c» -a» 

Therefore, 2ic : 6« +c« - a« : : R : Cos A. 

The demonstration is the same, when the aogle Arts obtuse^ 
as in the triangle ABC, (Fig. 24«) oxcepl-'l&it a* is greater 
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than &■+«" ; ('Euc* 12. 2.) so that the cosioe of A is nega^ 
five. See art* 194. 

From this theorem are derived ezpressioos, both for the 
aides of a triangle, and for the cosines of the angles. Con* 
verting the last proportion into an equation, and proceeding 
in the same manner with the other sides and angles, we have 
the following expressions; 



•For the angles. For the sides. 

6»+c»— «» r ^,, 26c Cos A\ 

a= v^(J« +c* g I 

_ . 2ac Cos B 

b' 



Cos AsrR X 



Cos B=sR X 



Cos C=Rx 



2Sc 
a2-fc2-6« 



2ae 



2ab 



:zac v/os a\ 

. 2a6CosC\ 
~v/(o*+i*- gr f 



These formuls »re useful, in many trigonometrical investi- 
gations; but are not well adapted to logarithmic computa- 
tion. 

Case IV. 

When the three sides of a triangle are given, the angles 
may be found, by either of the followingtheorems ; in which 
a, 6, and c are the sides, A, B, and C, the opposite angles, 
and A=half the sum of the sides. 



Theorem C. «s Sin B 



SR — — — -_^_— 
Sin A= -^ •A(*-fl)(A -6X* -«) 

2R 



ae 
2R 



v/A(A-«){A-4)(*-c 



Sin C= ~j v' A(A-a)(A-6)(A-«) 



The quantities under the radical sign are the tame in all 

the oquBtions. 

In the triangle ACD, (Fig. 2S.) 
R : A : : Sin A : ;>. Therefore, Sin A X&sR Xp. 

But .-:iiiEEEiE±fE2i.'(Art m. p. t«.) 

^ 2c 
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TbiSy by tbe reductians in page 106, becomes 

V'2Ax2(*~a)X2(A-6)x2(A-^c) 

Substituting this value of j>, and reducing, 

2R 

Sin A«-j^^/A(i-aX*-i)(A-c) 

The arithmetical calculations may be made, by adding the 
logarithms of the factors under the radical sign, dividing the 
sum by 2, and to the quotient, adding the logarithms of radi- 
us and 2, and the arithmetical complements of the logarithms 
of h and c. (Arts. 39, 47, 59.) 

Ex. Given asl34,isia8, and esBO, to find A, B, and C. 
For the angle A. For the angle B. 

h 161 log. 3.2068260 ia9965063 

A-a 27 log. 1.4313638 a 134 a. e. 7.8728963 

A-6 53 log. 1.7242759 c 80 m.c 8.0069100 

h^e 81 log. 1.9084850 

Sin B. 9.9063106 



2)7.2709506 
*3.635^53 B=:53»4f9" 



RX2 log. 10.3010300 



For the angle C' 



13.9365053 13.9365053 

6 108 a. c 7.0665762 « 134 a. c. 7.8728962 

e 80 a. c. 8.0969100 h 109 a. n. 7.9665762 



Sin A. 94MI99916 SinC. 9.7759767 

A=i89»38^3r C=:36®39'20r' 

^ s ^. « -» (A— a)(A— e) 
THSoavM D. < Sin iB= RV^^ j^ 

By art. 210, 2 Sin'iAaR* -R xeof A. 
Substituting for eoi A^ its value, as given in page 132, 

2Sin«iA==R»>R«x ^^ 

^Thnh the logarithm of tlie«r«a of the triaogle. (Art 222.) 
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PARTICULAR SOLUTIONS 



ButR«=R« X 2g^. And-R> X t^tz — =R« X 



Therefore 2Sin4A=R« X 



26c ""^^ ^ «6c 
•26c+<i«— 6»— c« 



2 



abe 



But2*c+o»— 6»-e»=o»-(*-c)»=(a+i-c)(a-6+c) 
(Alg. 235.) 

Piitting then h=\(a+b+c), reducing, and extracting, 

Sin i A=Rv/ j;^ 

Ex. Given a, 8, and c, as before, to find A and B. 
For the angle A. For the angle B. 

h-b 53 1.7242759 A-o «7 1.4313638 

A— c 81 1.9084850 h-e 81 1.9084850 

b 108 a. c. 7.9665762 a 134 a. c. 7.8728952 

e 80 a. c 8.U969100 c 80 a. c. a0969l00 



SiniA 



2)19.6962471 
9.8481235 



2)19.3096540 
Sin ^B 9.6548270 



A=:89"38'3r 



B=53" 42' 9'' 



Cos iA=R/-^^ 

Theorem E. ^ ^os iB=R^^^^^^ 

' ac * 

CosiC=R/-^^ 

By art. 210, 2Co8«iA=R«+Rxcos A, 

Substituting and reducing, as in the denaonstration of the 
last theoreoQi 



2Co8«iA=R* X 



26c+6«+c«--.a» 



=R«x 



(6+c+a)(6+c-a) 



26c """ ^ 26c 

Patting &=^(a+64-c) reducing and extracting, 

Cos iA=R^-4^ 
Ex* Given the sides 134, 108, 80; to find B and C. 
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!^or the angle B. 

k 161 2.2068259 

/*-6 53 1.7242769 

a 134 a. c. 7.8728952 

c 80' a. o. 8.0969100 



For the angle C. 

h 161 2.2068259 

Ai— e 81 1.9084850 

a 134 a. c. 7.8728952 

b 108 a. c 7.9665762 



2)19.9009070 
Cos iB 9.9504536 

8=53* 42' 9" 



2)19.9547823 
Cos^C 9.9773911 

0=36* 39' 20" 



Theorem F* 



lT.nJC-Rv<<'-°«*-'* 



k{h-c) 

The tangent is equal to the product of radius and the sine, 
flivided by the cosines. (Art. 216.) By the last two theorems, 
then, 



cos i|J\ 
Thati8,TaniA=Rv' ^^^__^j 



be 



be 



Ex. Given the sides as before, to find A and C* 
For the angle A. For the angle ^. 

^-6 53 1.7242759 h—a 27 1.4313638 

fi^e 81 1.9084850 h-b 53 1.7242759 

h-a 27 a. c. 8.5686362 h--e 81 a. o. 8.0915150 

A 161 a. o. 7.7931741 h 161 a. c. 7.7931741 



TaniA 
A=89»38'31'' 



2)19.9945712 
9.9972856 



Ta&)C 

0=36" 39' 20" 



2)19.0403288 
9.5201644 



The three last theorems give the angle required, without 
Hmbiguiiy. For the half of any angle must be less than 90.^ 

Of these different methods of solution, each has its advan- 
tages in particular cases. It is expedient to find an angle, 
sometimes by its sine, sometimes by its cosine, and some- 
times by its tangent. 

By the first of the four preceding theorems marked C, D, 
E, and F, the calculation is made far the sine of the whole an- 
gle ; by the others> for the nne, cosine, or tangent^ of half the 
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angle. For finding an angle near 9CP, each of the three last 
theorems is preferable to the first. In the example aboye, A 
would have been uncertain to several seconds, by theorem C, 
if the other two angles had not been determined also. 

But for a very small angle, the first method has an advan- 
tage over the others. The third, by which the calculation is 
made for the cosine of half the required angle, is in this case 
the most defective of the four. The second will not answer 
well for an angle which is almost ISO''. For the half of this 
is almost 90^ ^ and near 90^, the dififerences of the sines are 
Tcrjr small- ^ 



NOTES. 



Note A. Page 1. 



npHE name Logarithm is from >^oc raiiOf and ^^p^^g num- 
ber. Considering the ratio of a to 1 as a singiU ratio, 
that of a' to 1 is a duplicate ratio, of a* to 1 a triplicate ra* 
tio, &c. (Aig. 354.) Here the exponents or logarithms 3, 3, 
4, &c. show how many times the simple ratio is repeated as a 
factor^ to form the compound ratio. Thus the ratio of 100 
to i, is the square of the ratio of 10 to 1 ; the ratio of 1000 
to 1, is the cube of the ratio of 10 to I, be. On this account, 
logarithms are called the measures of ratios ; that is of the 
ratios which different numbers bear to unity. See the In- 
troduction to Huttoo^s Tables, and Mercator's Logarithndo- 
Technia, in Masseres' Scriptores Logaritbmici. 



NoTC B. p. 4« 

If 1 be added to -.09691, it becomes 1 —'09691, which is 
equal to +'90309. The decimal is here rendered positive, 
by subtracting the &guresfrom 1. But it is made 1 too great. 
This is compensated, by adding — 1 to the integral part of 
the logarithm. So that —2 -.09691 = — 3+ -90309. 

In the same manner, the decimal part of any logarithm 
which is wholly negative, may be rendered positive, by sub- 
tracting it from ],and adding —1 to the index. The 8ub« 
traction is most easily performed, by taking the right hand 
significant figure from 10, and each of the other figures from 
9. (Art. 55.) 

On the other band, if the index of a logarithm be negative, 
while the decimal partis positive ; the whole may be render- 
ed negative, by subtracting the decimal part from 1, and ta- 
king — 1 from the index. 
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Note C. p. 7. 

It 18 common to define logarithms to be a series of Dum- 
bers ID arithmetical prc^ressioD, corresponding with another 
series in geometrical progression. This is calculated to per* 
plex the learner, when, upon opening the tables, he finds that 
the natural numbers, as they stand there, instead of being in 
gtomelrical^ are in arithmetical progression ; and that the log- 
arithms are not in arithmetical progression. 

It is true, that a geometrical series may be obtained, by 
taking out, here and there, a few of the natural numbers ; 
and that the logarithms of these will form an arithmetical se« 
ries. But the definition is not applicable to the whole of the 
numbers and logarithms, as they stand in the tables. 

The supposition that positive and negative numbers have 
the same series of logarithms, (p. 7.) is attended with some 
theoretical difficulties. But these do not affect the practical 
rules for calculating by logarithms. 



Note D. p. 43. 

To revert a scries, of the form 
x=^an+bti^ 4"cn' +dn* +en* +&c» 

that is, to find the value of n, in terms of x, assume a series, 
with indeterminate co-efficients, (Alg. 490. i.) 

Let n=Ax+Bx«+Ca:»+Da?*+E»«+&c. 

Finding the powers of this value of n, by multiplying the 
series into itself, and arranging the several terms according 
to the powers of a; ; we have 

n»«=A«x«+2ABx»+2AC> ,+2BC > ^so-fcr 

+ B« 5 * +2AD 5 * "^^• 

n»= A»x»+3A»Ba;* +3A«C> ^ .. 



+3AB= 

A*x« +4A»Bx«+&c. 
>i*«5 A*x*+&c. 



n* = 



NOTES. 
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Substituting these values, for n and its powers, in the first 
series above, we have 

aA x+aB ) ,+aC ) + oD^ + aE 1 
+iA« 5 * +26ABf «•+ 26AC j +26BC 
+ cA^ ) + 6B» >^a?*+26AD 
T?=< +3cA«B I +3cA«C }«* 

+ JA* J +3cAB» 

+4dA»B 
+ cA*J 

Transposing x, and making the co-efficients of the several 
powers of x each equal to 0, we have 

aA - 1 =0, 

aB+6A«=0, 

aC+24AB+cA»=0, 

aD+2ftAC+6B* +3cA«B+dA« =0, 

aE+2ABC+26AD+3cA»C+3cAB« +4dA»B+eA« =0. 



And reducing the equations, 



A=^ 



T 



B«- — 

a' 



C= 



D=- 



2i*— ac 



56»— 5a*c+a«d 



E=i 



14&4_21ai'c+3a*c*+6a'ftd— a'e 



These are the values of the co-efficients A, B, C, &c. in 
the assumed series 

n=A«+B»»+Cx +D«*+Eaj»+&c. 
Applying these results to the logarithmic series. (Art. 



66 



Applying 
. p. 43 J 



n=n— in«+|n'— in*+in*+&c# 
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in which 

we have, in the inverted series 
n==Aa?+Ba;«+Ca;»+D«*+Ex"+ &c. 

A=f«i D= ^ 



2-3.4 



2.3 2.3.4.5 

Therefore' 

2 ^2.3 ^2.3.4 ^2.3-4.5 ^^ 



Note E. p. 50* 

According to the scheme lately introduced into France, of 
dividing the denominations of weightSy measures, be. into 
tenths, hundredths, &c. the fourth part of a circle is divided 
into 100 degrees, a degree into 100 minutes, a minute into 
100 seconds, &c. The whole circle contains 400 of these 
degrees ; a plane triangle 200. If a right angle be taken 
for the measuring unit ; degrees, minutes, and seconds, may 
be written as decimal fractions. Thus 36® 5' 49"' is 0.360549. 

10j=9® ) 
According to the French division ^ 100' s=:54' > English. 

1000''==324'' ) 



Note F. p. 82. 

If the perpendicular be drawn from the angle opposite the 
longest side, it will always fall within the triangle ; because 
the other two angles must, of course, be acute. But if one 
of the angles at the base be obtuse^ the perpendicular will fall 
znihout the triangle, as CP, (Pig. 38.) 

In this case, the side on which the perpendicular falls, is 
to the sum of the other two ; as the difference of the latter, 
to the sum of the segments made by the perpendicular. 
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The demonstration is the same, as in the other case, ex- 
cept that AH=BP+PA, instead of BP- PA. 

Thus in the circle BDHL (Fig. 38.) of which C is thecen- 
tre, 

ABXAH— ALXAD ; therefore AB : AD::AL : AH. 

But AD=CD+CA«CB+CA 
And AL=CL-CA=:CB-CA 
And AH=HP+PA=BP+PA 

Therefore 

AB : CB+Ca::CB-CA : BP+PA. 

When the three sides are gi^en, it may be known whether 
one of the angles is obtuse. For any angle of a triangle is 
obtuse or acute, according as the square of the sine subtend- 
ing the angle is greater^ or /e95,than the sum of the squares of 
the sides containing the angle. (Euc. 12, 13. 2.) 

• 

Note G. p. 104. 

Guoter's Sliding Ride is constructed upon the same prin- 
ciple as his scale, with the addition of a slider, which is so 
contrived as to answer the purpose of a pair of compasses, in 
working proportions, multiplying, dividing, he. The lines on 
the Jixed part are the same as on the scale. The slider con* 
tains two lines of numbers, a line of logarithmic sines, and a 
line of logarithmic tangents. 

To mvitipltf by this, bring 1 on the slider, against one of 
the factors on the 6xed part ; and against the other factor on 
the slider, will be the product on the fixed part. To divide, 
bring the divisor on the slider, against the dividend on the 
fixed part ; and against 1 on the slider, will be the quotient 
on the fixed part. To work 9i proportion^ bring the first term 
on the slider, against one of the middle terms on the fixed 
part ; and against the other middle term on the slider, will be 
the fourth term on the fixed part. Or the first term may be 
taken on the fixed part ; and then the fourth term will be 
found on the slider. 

Another instrument frequently used in trigonometrical con- 
•tmctions, is 
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The Sector* 

This consists of two equal scales, moveable about a poiot 
as a centre. The lines which are drawn on it are of two 
kinds ; some being parallel to the sides of the instrument, 
and others diverging from the central point, like the radii of 
a circle. The latter are called the double lines, as each is 
repeated upon the two scales. The iingU lines are of the 
same nature, and have the same use, as those which are put 
upon the common scale ; as the lines of equal parts, of chords, 
of latitude, &c« on one face ; and the logarithmic lines of 
numbers, of sines, and of tangents, on the other. 

The double lines are 

A line of Lines^ or equal parts, marked Lin. or L. 

A line of Chords, Cho. or C* 

A line of natural Sifuff, Sin. or S* 

A line of natural Tangents to 45°, Tan. or T. 

A line of tangents above 45% Tan. or T. 

A line of natural Secants j Sec. or S. 

A line oi Polygons^ Pol. or P. 

The double lines of Chords^ ofsines^ and o{ tangents to 45^, 
are all of the same radius ; beginning at the central point, 
and terminating near the other extremity of each scale ; 
the chords at 60*, the sines at 90°, and the tangents at 45°. 
(See art. 95.) The line of lines is also of the same length, 
containing ten equal parts which are numbered, and which 
are again subdivided. The radius of the lines of secants, 
and of tangents above 45% is about one fourth of the length 
of the other lines. From the end of the radius, which for 
the secants is at 0, and for the tangents at 45% these lines 
extend to between 70° and 80^. The line of polygons is 
numbered 4, 5, 6, be. from the extremity of each scale, to- 
wards the centre. 

The simple principle on which the utility of these several 
pairs of lines depends is this, that the sides of similar triangles 
are proportional. (Euc 4. 6.) So that sines, tangents, &c. 
are furnished to any radius^ within the extent of the opening 
of the two scales. Let AC and AC (Fig. 40.) be any pair of 
lines on the sector, and AB and AB' equal portions of thes€ 
lines. As AC and kO are equal, the triangle ACC is isos- 
celes, and similar to ABB'« Therefore, 

AB:AC.vBB':CC'. 
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Distances measured from the centre on either scale, as 
AB and AC, are called lateral distances. And the distances 
between corresponding points of the two scales, as BB' and . 
CO are called transverse distances. 

Let AC and CC be radii of two circles* Then if AB be 
the ohord, sine, tangent, or secant, of any number of degrees 
in one ; BB' will be the chords sine, tangent, or secant, of 
the same number of degrees in the other. (Art. 119.) Thus, 
to find the chord of 30 , to a radius of four inches, open the 
sector so as to make the transverse distance from 60 to 60, 
on the lines of chords, four inches ; and the distance from 
30 to 30, on the same lines, will be the chord required* To 
find the sine of 28^, make the distance from 90 to 90, on the 
lines of sines, equal to radius ; and the distance from 28 to 
38 will be the sine* To find the tangent of 37% make the dis- 
tance from 45 to 45, on the lines of tangents, equal to radius ; 
and the distance from 37 to 37 will be the tangent. In find- 
ing secants, the distance from to must be made radius. 
(Art. 201.) 

To lay down an angle of 34®, describe a circle, of any con- 
venient radius, open the sector, so that the distance from 60 
to 60 on the lines of chords shall be equal to this radius, and 
to the circle apply a chord equal to the distance from 34 to 
34. (Art. 161.) For an angle above 60% the chord of half 
the number of degrees may be taken, and applied twice on 
the arc, as in art. 161. 

The line o( polygons contains the chords of arcs of a circle 
which is divided into equal portions. Thus the distances 
from the centre of the sector to 4, 5, 6, and 7, are the chords 
of I, }, ii and 4 of a circle, The distance 6 is the radius. 
(Art. 95.) This line is used to make a regular polygon, or to 
inscribe one in a given circle. Thus, to make a pentagon 
with the transverse distance from 6 to 6 for radius, describe a 
circle, and the distance from 5 to 5 will be the length of one 
of the sides of a pentagon inscribed in that circle. 

The line of lines is used to divide a line into equal or pro* 
portional parts, to find fourth proportionals, he. Thus, to 
divide a line into 7 equal parts, make the length of the given 
line the transverse distance from 7 to 7, and the distance 
from 1 to 1 will be one of the parts. To find | of a line, 
make the transverse distance from 5 to 5 equal to the given 
line ; and the distance from 3 to 3 will be | of it. 

In working the proportions in trigonometry on the sector, 
the lengths of the sides of triangles are taken from the line 
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of lines, and (he degrees and minutes from the lines of siues, 
tangents, or secanti. Thus in art. 135, ex. 1, 

35 t R::t6 : Sin 48^ 

To find the fourth term of this proportion bj the sqctor, 
nnake the lateral distance 35 on the line of lines, a transverse 
distance from 90 to 90 on the lines of sines ; then the lateral 
distance 26 on the line of lines, will be the transverse dis- 
tance from 48 to 48 on the lines of sines. 

For a more particular account of the construction and uses 
of the Sector, see Stone's edition of Bion on Mathematical 
Instruments, Hutton^s Dictionary, and Robertson's Treatise 
on Mathematical Instruments. 



Note H. p. 124. 

The errour in supposing that arcs less than 1 minute are 
proportional to their sines, can not affect the first ten places 
of decimals. Let ABand AB' (Fig. 41.) each equal 1 min- 
ute. The tangents of these arcs BT and B'T are equal, as 
are also the sines BS and B'S. The arc BAB' is greater 
than BS+B S, but less than BT+BT. Therefore BA is 
greater than BS, but less than BT : that is, the difference be- 
tvjeen the sine and the arc is less than the difference between the 
sine and the tangent. 

Now the sine of 1 minute is 0.00029088821 G 
And the tangent of 1 minute is 0.000290888204 

The diffcrenre Is 0.000000000012 



The difference between the sine and the arc of 1 minute 
is less than this ; and the errour in supposing that the sines 
of r, and of 0* 52" 44"' 3''" 45"'" are proportional to their 
arcs, as in art. 223, is still less. 



NoTK 1. p. 125. 

There arc various ways in which sines and cosines may be 
moro expeditiously calculated, than by the method which is 
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f;iven here^ Bat as we are already supplied with accurate 
rigonometrical tables, the computation of the cano^n is, to 
the great bodj of our students, a subject of speculation, rath- 
er than of practical utilitj. Those who wish to enter into a 
minute examination of it, will of course consult the treatises 
in which it is particularly considered. 

There are also numerous formulae of verification^ which 
are used to detect the errours with which any part of the cal- 
culation is liable to be affected. For these, see Legendre's 
and Wood house's Trigonometry, Lacroix's Differential Cal- 
culus, and particularly Euler's Analysis of Infinites. 

Note K. p. 1 27. 

The following rules for finding the sine or tangent of a very 
small arc« and, on the other hand, for finding the arc from its 
sine or tangent, are taken from Dr. Maskelyne's Introduction 
to Taylor's Logarithms. 

To find the logarithmic sine of a very small arc. 

From the sum of the constant quantity 4.6855749, and the 
logarithm of the given arc reduced to seconds and decimals, 
subtract one third of the arithmetical complement of the log- 
arithmic cosine. 

To find the logarithmic tangent of a very small arc. 

To the sum of the constant quantity 4.6855749, and the 
logarithm of the given arc reduced to seconds and decimals^ 
add two thirds of the arithmetical complement of the logarith- 
mic cosine. 

To find a small arc from its logarithmic sine. 

To the sum of the constant quantity 5.3144251, and the 
given logarithmic sine, add one third of the arithmetical com- 
plement of the logarithmic cosine. The remainder diminish- 
ed by 10, will be the logarithm of the number of seconds in 
the arc. 

To find a small arc from its logarithmic tangent. 

From the sum of the constant quantity 5.3144251, and the 
given logarithmic tangent, subtract two thirds of the arithmet- 
ical complement of the logaritlimic cosine. The remainder 
diminished by 10, will be the logarithm of the number of sec- 
onds in the arc. 

For the demonstration of these rules, see Woodbouse's 
Trigonometry, p. 189. 
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A TABLE OF 



NATURAL SINES AND TANGENTS ; 



TO EVERY TEN MINUTES OF A DEGREE. 



IF the given angle is less than 45^ look for the title 
of the column, at the top of the page ; and for the de- 
grees and minutes, on the Uflm But if the angle is be* 
tween 45^ and 90^, look for the title of the column, at 
the bottom ; and for the degrees and minutes, on the 
rigM. 
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NATURAL SINES AND TANGENTS 



ibth: 



"S 



rmr 



0* 



I 



.r 



a 

10 
20 
30 
40 
60' 



line 



0' 
10 
20 
30 
40 
1® 60' 

2° 0' 
10 
20 
30 
40 

2® 50' 



0' 
10 
20 
30 
40 
60' 

O' 
10 
20 
30 
40 
50' 



6^ 0' 
10 
20 
30 
40 

6* 60' 



|D. M. 



0.0000000 
0029089 
0068177 
00b7266 
0116363 
0145430 

0.0174524 
0203608 
0232690 
OQ.31769 
0290847 
0319922 

0.0348996 
0378066 
0407131 
0436194 
0466253 
0494308 

0.0523360 
0662406 
0581448 
0610485 
0639617 
0668644 

C0697666 
0726680 
0756689 
0784691 
0813687 
0842576 

0.0871667 
0900632 
0929499 
0968468 
0987408 
1016351 



1 nne^ent I Cotangent 



IJ.OOOOOOO 
0029089 



Infinite 
343.77371 



0068178 171.88540 



0087269 
0116361 
0146464 

0.0174661 
0203660 
0232763 
0261859 
0290970 
0320^86 

0.0349208 
0378336 
0407469 
0436609 
0465757 
0494913 

0.0624078 
0563251 
0682434 
0611626 
0640829 
0670043 

0.0699268 
0728605 
0767765 
0787017 
0816293 
0848683 

0.0874887 
0904206 
0933640 
0962890 
0992257 
1021641 



Cosine Cotangent 



11458865 
85.939791 
68.750087 

57.289962 
49.103881 
42.964077 
38.188459 
34.367771 
31.241677 

28.636253 
26.481600 
24.541758 
22.903766 
21.470401 
20.205653 

19.081137 
18.074977 
17.169337 
16.349856 
16 604784 
14.924417 

14.300666 
13.726738 
13.196883 
12.706205 
12.260606 
11.826167 1 

1 1 .430052 
11.059431 
10.711913 
16.385397 
ia078031 
9.7881732 



Tangent 



Cosine 



1.0000000 
0.9999958 
9999831 
9999619 
9999323 
9998942 

0.9998477 
9997927 
9997292 
9996673 
9995770 
9994881 

0.9993908 
9992851 
9991709 
9990482 
9389171 
9987775 



90** O' 
50 
40 
30 
20 

89*^ 10 

89^ 
60 
40 
30 
20J 

88** W 



88* 



87* 



O' 
50 
40 
30 
20 
10' 



0.9986296 


87** 


0' 


99847:^1 




50 


9983082 




40 


9981348 




30 


9979630 




20 


9977627 


86** 


10' 


0.9975641 


86** 


O' 


9973669 




50 


9971413 




40 


9969173 




30 


9966849 




20 


9964440 


85^ 


10' 



0.9961947 
9950370 
9966708 
9953962 
9961 132 
9948217 



Sine 



85** 







50 




40 




30 




20 


84** 


10 


D. 


■"»-. 
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D.M. 


Sine 1 Tangent. 


Cotangent 


Cosine 


D.M. 


^ 




&" 0' 


0.1045285 


0.1061042 


9 6143645 


0.9946219 


84^ 0' 






10 


J074210 


1080462 


9.2563035 


9942136 


50 




( 


20 


1103126 


1 109899 


9.0098261 


9938969 


40 




1 


30 


1132032 


1139366 


8.7768874 


9935719 


30 






40 


1160929 


1168832 


8.6556468 


9932384 


20 




1 


6O60' 


1189816 


1198329 


8.3449568 


9928065 


830 10' 




■ 


r 0' 


0.121869S 


0.1227846 


8.1443464 


0.9925462 


83^ 0' 




r 


10 


1247660 


1267384 


.7.9630224 


9921874 


50 




1 
1 


20 


1276416 


1286943 


7.7703606 


9918204 


40 






SO 


1S06262 


1316625 


7.5967541 


9914449 


30 




- 


40 


1334096 


1346129 


7.4287064 


9910610 


20 






7^ 5o 


1362919 


1376767 


7.2687255 


9906687 


82** 10' 






8<> 0' 


0.1391731 


0.1404086 


7.1153697 


0.9902681 


Bi? (y 




1 


10 


1420631 


1436084 


6.9682336 


9898590 


50 






20 


1449319 


1464784 


6.8269437 


9894416 


40 






SO 


1478094 


1494610 


6.6P11562 


9890159 


30 






40 


• 1506867 


1624262 


6.5606538 


9886817 


20 






8** 50' 


1536607 


1564040 


6.4348428 


9881392 


81^ 10' 






9^ 0' 


0.1564S46 


0.1683844 


6.3137515 


0.987688S 


sr 0' 






10 


1593069 


1613677 


6-1970279 


9872291 


50 




_ 


20 


1621779 


1643537 


6.0844381 


9867616 


40 






30 


1660476 


1673426 


5.9767644 


9862856 


SO 






40 


1679169 


1703344 


6.8708042 


9858013 


20 






9^ 50' 


1707828 


1733292 


5.7693688 

• 


9853087 


80** 10' 






10* 0' 


0.1736482 


0.1763270 


% 

5.6712818 


0.9848078 


80° O' 






10 


1766121 


1793279 


5.5763786 


9842985 


50 






20 


1793746 


1823319 


5.4845052 


9837808 


40 






SO 


1822366 


1863390 


5.3965172 


9832549 


30 






40 


1860949 


1883495 


5.S092793 


9827206 


20 






10^ 60' 


1879628 


1913632 


6.2256647 


9821781 


79° lO' 




f • 


11^ O' 


0.1908090 


0.1943803 


6.1445540 


0.9816272 


79° 0' 


! 




10 


1936636 


1974008 


6.0658352 


9810680 


50 




• 


20 


1966166 


2004248 


4.9894027 


9805006 


40 






30 


1993679 


2034523 


4.9151570 


9799247 


30 






40 


2022176 


2064834 


4.8480046 


9793406 


20 


' 




11*^ 60' 


2050656 


2095181 


4.7728568 


9787483 


78° lO' 




L 


D. M. 


Cosine 


Cotangent Tangent | 


Sine 


D. M. 


1 



1M> 



NATURAL SINES AND TANGENTS. 



TOT 


Sine 


Tangent 


Cotangent 


Cosine 


"6."sr 


12° 0' 


0.2079117 


0.2126666 


4.7046301 


0.9781476 


78^ 0' 


10 


2107661 


2166988 


4.6382467 


9775387 


60 


.20 


2136988 


2186448 


4.6736287 


9769216 


40 


30 


2164396 


2216947 


4.5107086 


9762960 


30 


40 


2192786 


2947485 


4.4494181 


9756623 


20 


12° 60' 


2221168 


2278063 


4.3896940 


9760203 


77° 10 


13° 0' 


0.2249511 


0.2308682 


4.3314759 


0.9743701 


77° 0' 


10 


2277844 


2339342 


4.2747066 


9737116 


60 


20 


2306169 


2370044 


4.2193318 


9730449 


40 


30 


2334464 


2400788 


4.1662998 


9723699 


30 


40 


2362729 


2431675 


4.1125614 


9716867 


20 


13° 50' 


2390984 


2462405 


4.0610700 


9709963 


76° 10' 


14° 0' 


0.2419219 


0.2493280 


4.0107809 


0.9702967 


76° 0* 


10 


2447433 


2524200 


.3.9616518 


9696879 


60 


20 


2475627 


2566166 


3.9136420 


9688719 


40 


30 


2503800 


2686176 


3 8667131 


9681476 


30 


40 


2631952 


2617234 


3.8208281 


9674152 


20 


14° 50' 


2660082 


2648339 


3.7759519 


9666746 


76° 10' 


15° O' 


a2688190 


a2679492 


3.7320508 


0.9659!K8 


75^ 0' 


10 


2616277 


2710694 


36890927 


9651689 


60 


20 


2644342 


2741946 


3.6470467 


9644037 


40 


30 


2672384 


2773245 


3.6058836 


. 9636305 


30 


40 


2700403 


2804597 


3.5656749 


9628490 


20 


15° 60' 


2728400 


2836999 


3.5260938 


9620594 


74° 10' 


16° 0' 


0.2756374 


0.2867454 


3.4874144 


0.9612617 


74^ O 


10 


2784324 


2898961 


3.4496120 


9604558 


50 


20 


2812251 


2930521 


3.4123626 


9596418 


40 


30 


2840163 


2962136 


3.3759434 


9688197 


30 


40 


2868032 


2993803 


3.3402326 


9579896 


20 


16° M 


2896887 


3026627 


3.3052091 


9571612 


73° 10' 


17° 0' 


0.2923717 


0.3067307 


3.2708626 


0.9663048 


73° a 


10 


2961622 


3089143 


3.2371438 


9664602 


50 


20 


2979303 


3121036 


3.2040638 


9646876 


40 


30 


3007068 


3152988 


3.1715948 


9537170 


30 


40 


3034788 


3184998 


3.1397194 


9528382 


20 


17^ 60^ 


3062492 


3217067 


3.1084210 


9619514 


72° IC 


/d. m. 


Cosine 


Cotangent 


Tangent 


Sine 


D. M. 



NATURAL SINES AND TANGENTS. 
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^ 



I), fyf. 


bine 


"Tanpent 


Cotangent 


Cosine 


r>. M. 


18° 0' 


0.3090170 


0.3249197 


3.0776835 


0.9510665 


72° 0' 


10 


3117822 


t 3281387 


3.0474915 


9601536 


60 


20 


3146448 


3313639 


3.0178301 


9492426 


40 


30 


3173047 


3345963 


2.9886860 


9483237 


30 


40 


3200(319 


3378330 


2.9600422 


9473966 


20 


18° bO' 


3228164 


3410771 


2.9318886 


9464616 


71° 10' 


19° 0' 


0.3265882 


0.3443276 


2.9042109 


0.9165186 


71° 0' 


10 


3283172 


3476846 


2.8769970 


9446675 


50 


20 


3310634 


3508483 


2.8502349 


9436086 


40 


30 


3338069 


3541186 


2.8239129 


9426415 


30 


40 


3365475 


3573956 


2.7980198 


9416666 


20 


19° 5(y 


. 3392862 


3606796 


2.7726448 


9406835 


70° 10' 


20° 0' 


0.3420201 


0.3639702 


2.7474774 


0.9396926 


70° 0' 


10 


3447521 


3672680 


2.7228076 


9386938 


60 


20 


3474812 


3706728 


2.6986264 


9376869 


40 


30 


3502074 


3738847 


2.6746216 


9366722 


30 


40 


3529306 


3772038 


2.6610867 


9356496 


20 


20O 50' 


3666608 


3806302 2.6279121 


9346189 


69° 10' 


21° O' 


0.3583679 


0.3838640 


2.6050891 


0.9S368CM 


69^ 0' 


10 


3610821 


3872063 


2.5826094 


9325340 


50 


20 


3637932 


S906541 


2.5604649 


9314797 


40 


30 


3665012 


3939105 


2.6386479 


9304176 


30 


40 


3692061 


3972746 


2.6171607 


9293476 


20 


21<^ 60' 


3719079 


4006465 


2.4969661 


9282696 


68° 10' 


22° 0' 


0.3746066 


0.4040262 


2.4750869 


0.9271839 


68° 0' 


10 


3773021 


4074139 


2.4545061 


9260902 


60 


20 


3799944 


4108097 


2.4342172 


9249888 


40 


30 


3826834 


4142136 


2.4142136 


9238795 


30 


40 


3853693 


4176267 


2.3944889 


9227624 


20 


220 60 


31580618 


4210460 


2.3760372 


> 9216376 


67° 10' 


23^ 0' 


0.390731 1 


0.4244748 


2 3668524 


0.9205049 


67° 0' 


10 


3934071 


4279121 


2.3369287 


9193644 


60 


20 


3960798 


4313579 


2.3182606 


9182161 


40 


30 


3987491 


4348124 


2.2998425 


9170601 


30 


40 


4014150 


4382756 


2.2816693 


9158963 


2d 


23° 50 


4040775 


4417477 


2.2637357 


9147247 


ee"" lOi 


D. M. ] Cosine 


Cotangient 


Tangent 


Sine 


D. M. 



L 
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NATURAL SINES AND TANGENTS, 



D. M. 


Sine 


Tancrent 


Cotangt^nt 


Cosine 


D. M. 


24° (y 


0.4067366 


0.4452287 


2.2460:^68 


0.9136465 


66° 0' 


10 


4093923 


4487187 


2.2286676 


» 9123584 


60 


20 


4120445 


4522179 


2.2113234 


9111637 


40 


30 


4146932 


4557263 


2.1942997 


9099613 


30 


40 


4173385 


4692439 


2.1774920 


9087511 


20 


24° 50' 


4199801 


4627710 


2.1608958 


9075333 


650 10' 


25° 0' 


0.42261 83 


0.4663077 


2.1445069 


0.9063078 


650 0' 


10 


4252528 


4698539 


2.1283213 


9060746 


50 


20 


4278838 


4734098 


2.1123348 


9038338 


40 


30 


4305111 


4769755 


2.0965436 


9025863 


30 


40 


4331348 


4805512 


2.0809438 


9013292 


20 


25** 50' 


4357548 


4841368 


2.0666318 


9000654 


64«> l(y 


26° 0' 


0.438371 1 


0.4877326 


2.0503038 


0.8987940 


64° 0^ 


10 


4409838 


4913386 


,2.0352566 


8975151 


50 


20 


4435927 


4949549 


2.0203862 


8962286 


40 


30 


4461978 


4985816 


2.0056897 


8949344 


30 


40 


4487992 


5022189 


1.99H637 


8936326 


20 


26° 50' 


4613967 


5058668 


1.9768060 


8923234 


es"" i(f 


27^ 0' 


0.4539905 


0.5095254 


1.9626106 


0.8910066 


63° 0' 


10 


4565805 


5131950 


1.9485772 


8896822 


50 


20 


4591665 


5168755 


1.9347020 


8383603 


40 


SO 


4617486 


5205671 


1.9209821 


8870108 


30 


40 


4643269 


5242698 


1.9074147 


8856639 


20 


2r 50' 


4669012 


5279889 


1.8939971 


8843096 


620 ic 


28° 0' 


0.4694716 


0.6317094 


1.8807266 


0.8829476 


62° 0* 


10 


4720380 


5354465 


1 8676003 


8816782 


60 


20 


4746004 


5391953 


1.8546169 


8802014 


40 


30. 


4771588 


6429557 


1.8417709 


8788171 


30 


40 


4797131 


546728 1 


1.8290628 


8774254 


20 


280 50' 


4822634 


5605126 


1.8164892 


. 8760263 


61° 10' 


29° 0' 


0.4848096 


0.5643091 


1.8040478 


0.8746197 


6I0 0' 


10 


4873517 


5581179 


1.7917362 


8732068 


60 


20 


4898897 


5619391 


1.7795524 


8717844 


40 


30 


4924236 


5657728 


1.7674940 


8703657 


30 


40 


4949532 


5696191 


17556690 


8689196 


20 


29^ 50' 


4974787 


6734783 


1.7437463 


8674762 


600 10' 


D. M. 


Cosine 


Cotangent 


Tangent 


Sine D. M.I 



..J 



\ 



NATURAL SINES AND TANGENTS 
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-WW. 



30° (f 
10 
20 
30 
40 

30^ 60' 

3r 0' 
10 
20 
30 
40 

31** 50' 



Sloe 



Tangent 



32** 0* 
10 
20 
30 
40 

Si? M 

SHo C 



0.5000000 
5026170 
6060298 
6076384 
6100426 
6126425 

0.6150381 
6176293 
6200161 
6224986 
6249766 
5274602 

0.5299193 
6323839 
6348440 
6372996 
6397607 
6421971 

0.6446390 



10 6470763 

20 6496090 

30 1 6619370 

401 6543603 



33^ 60^ 

S4« O' 
10 
20 
30 
[ 40 
34* 60^ 

36^ W 
10 
20 
30 
40 

36^ 601 



D. M. 



6667790 

0.6691929 
6616021 
6640066 
6664062 
6688011 
6711912 

0.6736764 
6769668 
6783823 
5807030 
6830687 
6864294 



0.5773603 
6812353 
6851335 
6890460 
6929699 
6969084 



CotRDjeenrj Cosine / D. M^ 



1.7320508 

1.7204736 

1.7090116 

1.6976631 

1.6864261 

1.6752988 



0.8660264 60"" 0^ 



1. 



8645673 

8631019 

8616292 

8601491 

8586619 



0.6008606 1.6642795 



6048266 
6088067 
6128008 
6168092 
6208323 

0.6248694 
6289214 
6329883 
6370703 
6411673 
6462797 

0.6494076 
6686611 
6677103 



1.6533663 
1.6425576 
1.631 85 J 7 

1.62124^9 
1.6107417 

1.6003345 
1.5900238 
1.6708079 
1.6696866 
1.5596562 
1.5497155 

1.6398660 
1.5301023 
1.5204261 



0.8571673 
86666j>5 
8641564 
8626402 
8611167 
8495860 

0.848048 1 
8465030 
8449508 
8433914 
8418249 
8402513 



69* 



50 
40 
30 
20 
W 



^9"" iy 

60 
40 
30 
20 
58** lO' 

68° 0' 
50 
40 
30 
20 

67° 10' 



0.8386706 67° 0' 



6618856 1.6108352 
666076911.6013282 



6702846 

0.6746086 
6787492 
6830066 
6872810 
6916726 
6968813 

0.7002076 
7046616 
7089133 
7132931 
7176911 
7221075 



Cosine Cotangent 



1.4919039 

1.4825610 
1.4732983 
1.4641147 
1.4560090 
1.4459801 
1.4370268 

1.4281480 
Ml 93427 
1.4106098 
1.4019483 
1.3933571 
1.3848353 

Tangent 



8370827 
8354878 
8338868 
8322768 
8306607 

0.8290376 
8274074 
8257703 
8241262 
8224761 
8208170 

0.8191620 
8174801 
8158013 
8141156 
8124229 
8107234 



56' 



66' 



Sine 



55' 



50 
40 
30 
20 
10' 

0' 
50 

40 
30 
20 
10' 



65° 


0' 




60 




40 




30 




20 


64° 


10 


D. 


A 



21 



L 



154 



NATURAL SINES AND TANGENTS. 



b. M. 


Sine Tangent. 


Cotangent 


Cosine 


£). A." 


36° O' 


0.5877853 


0.7265425 


1.3763819 


0.8090170 


64° 0' 


10 


5901361 


7309963 


1.3679959 


8073038 


60 


20 


5924819 


7354691 


1.3596764 


8055837 


40 


30 


5948228 


7399611 


1.3514224 


8038569 


30 


40' 


5971586 


7444724 


1.3432331 


8021232 


20 


S60 50 


5994893 


7490033 


1.3351075 


8003827 


630 10' 


37^ 0' 


0.6018150 


0.7535541 


1.3270448 


• 

0.7986856 


63° O' 


10 


6041356 


7581248 


1.3190441 


7968816 


60 


20 


60645 1 1 


7627157 


{.3111046 


7951208 


40 


SO 


6087614 


7673270 


1.3032264 


7933533 


30 


40 


61 10666 


7719689 


1 .2954057 


7915792 


20 


37^ 50' 


6133666 


7766118 


1.2876447 


7897983 


62° 10' 


38° O' 


0.6156615 


,0.7812856 


1.2799416 


,0.7880108 


62° O' 


10 


6179511 


7859808 


1 .2722957 


7862166 


50 


20 


6202355 


7906976 


1.2647062 


7844157 


40 


30 


6225146 


7954359 


1.2671723 


7826082 


30 


40 


6247885 


8001963 


1.2496933 


7807940 


20 


38° 50' 


6270571 


8049790 


1 .2422685 


7789733 


51° 10' 


39* 0' 


6293204 


0.8097840 


1.2348972 


0.7771460 


61° (3f 


10 


6315784 


8146118 


1.2276786 


7763121 


50 


20 


6338310 


8194625 


1.2203121 


7734716 


40 


SO 


6360782 


8243364 


1.2130970 


7716246 


SO 


40 


6383201 


8292337 


1.2059327 


7697710 


20 


39° 50 


6405566 


8341547 


1.1988184 


T679110 


60° lO' 


40° 0' 


0.6427876 


0.8390996 


1.1917636 


0.7660444 


50° 0' 


10 


6450132 


8440688 


1.1847376 


7641714 


50 


20 


6472334 


8490624 


1.1777698 


7622919 


40 


30 


6494480 


8540807 


1.1708496 


7604060 30 


40 


6516572 


8591240 


1.1639763 


7686136 20 


40° 50' 


6538609 


8641926 


1.1671496 


7666148 


49° 10' 


41° 


6560590 


0.8692867 


1.1603684 


0.7647096 


49° 0' 


10 


6582516 


8744067 


1.1436326 


7627980 


60 


20 


6604386 


8796528 


1.1369414 


7608800 


40 


30 


6626200 


8847263 


1.1302944 


7489667 


30 


40 


6647959 


8899244 


1.1236909 


7470251 


20 


41° 50' 


666966 1 


8951506 
Cotangent 


1.1171305 


7460881 


48° 10* 


(D. M. 


Cosine 


Tangent 


Sine 


D. M. 
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0. M. 


Sine 


Tangent 


Cotangent 


Cosine 


D. M^ 




42° 0' 


0.6691306 


0.9004040 


1.1106125 


7431448 


48° O' 




10 


6712895 


9066861 


1.1041365 


7411953 


50 




20 


6734427 


9109940 


1.0977020 


7392894 


40 




30 


6765902 


9163312 


1.0913086 


7372778 


30 




40 


6777820 


9216969 


1.0849654 


7863090 


20 




42° 60' 


6796681 


9270914 


1.0786428 


7888345 


47° 10 


• 


43° 0' 


0«6B 19984 


0.9325151 


1.0728687 


0.7318537 


47° 0* 




10 


6841229 


9879683 


1.0661341 


7298668 


60 




20 


6862416 


9484513 


1.0599381 


7278786 


40 




30 


6883646 


9489646 


1.0687801 


7253744 


30 




40 


6904617 


9545083 


1 .0476598 


7283690 


20 




48° W 


6925630 


9600829 


1.0416767 


7218674 


46° i(y 




44° 0' 


0.6946584 


0.9656888 


1.0856803 


0.7198398 


46° 0' 




10 


6967479 


9713262 


1.0295203 


7173161 


50 




20 


6988315 


9769966 


1.0285461 


7152868 


40 


■ 


30 


7009098 


9826973 


1.0176074 


7132504 


80 




40 


7029811 


9884816 


1.0117088 


7112086 


20 




44° 50^ 


7050469 


9941991 


1.0058848 


7091607 


46° 10' 


_. 


45° 0' 


0.7071068 


1.0000000 


1.0000000 


0.7071068 


45° 


D. M. 


Cosine 


Cotangent^ Tangent ^ Sine 


D. M 



The Secants and Cosecants^ which are not inserted in this 
table, may be easily supplied. If 1 be divided by the cosine 
of an are, the quotient will be the secant of that arc. (Art 
328.) And if 1 be^ divided by the sine, the quotient will be 
the cosecant. 
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Thk following short Treatise contains little more than an 
application of the principles of Geometry^ to the numerical 
calculation of the, superficial and solid contents of such 
figures as are treated of in the Elements of Epclid» As the plan 
proposed for the work of which this number is a part, does not 
admit of introducing rules and propositions which are not 
demonstrated ; the particular consideration of the areas of 
the Conic Sections and other curves, with the contents of 
solids produced by their revolution, is reserved for succeed- 
ing parts of the course. The student would be little profited 
by applying arithmetical calculation, in a mechanical way^ to 
figures of which he has not yet learned even the definitions. 
But as this number may iail into the hands of some who will 
not read those which are to follow, the principal rules for 
conic areas and solids, and for the gauging of casks, are given, 
without demonstrations, in the appendix. Those who wish to 
take a complete view of Mensuration, in all its parts, are re« 
ferred to the. valuable treatise of Dr* Hutton on the subject. 
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SECTION I. 



AREAS or FlOmUCS BOmiDKD BT RIGHT IJNE& 



^1 nPHE fellowiDg definitions, which are nearly the 
* * -^ fame as in £uclid| are inserted here for the con- 
venience of reference* 

L Fouf^idtd figures btve dififerent names, according to the 
relative position and length of the sides. A faraUdogram has 
its opposite sides eqaal and parallel ; as ABCD. (Fig. 2.) A 
reeUMgh^Ofriffit parallelogram^ has its opposite sides equal, 
and all its angles right angles; as AC. (Fig 1.) A square 
lias all its sides equal, and all its angles right angles ; as AB 
GH. (Fig. S.) A rAom&itf has all its sides equal, and its an- 
gles oblique: as ABCD. (Fig. 3.) A rhomboid has its op- 
posite sides equal, and its angles oblique ; as ABCD. (Fig. 
2.) A trapexoid has only two of its sides parallel ; as ABCD. 
(Fig. 4.) Any other four sided figure is called a trapezium. 

11. A figure which has more than four sides is called a 
foltfgon. A regular polygon has all its sides equal, and all 
Hb angles equal. 

IIL The height of a triangle is the length of a perpendicu- 
lar, drawn from one of the angles to the opposite side; as 
CP. (Fig. 5.) The height of a four-tided figure is the per* 
pendicular distance between two of its parallel sides ; as CP. 
(Fig. 4.) 

IV. The area or euperficial contents of a figure is the space 
contained within the line or lines by which the figure is 
bounded. 

2. in calculating areas, some particular portion of surface 
is fixed upon, as the measuring unit, with which the given 
figure is to be compared. This is commonly a squate; as a 
square inch, a square foot, a square rofl, &ec. For this rea- 
son, determining the quantity of surface in a iigure is called 
sguariwitf or finding its quadrature ; that is, finding a square 
or number of squares to which it is equal. 

2 



2 MENSURATION OF 

3. The ifiperfieial unit has generally the same name, as 
tbe linear unit which forms the side of the square. 

The side of a square inch is a linear inch ; 
of a square foot, a Ibear foot ; 
of a square rod, a linear rod, be. 

There are some superficial measures, however, which have 
no corresponding denominations of length. The acre, for 
instance, is not a square which has a line of the same name 
for its side. 

The following tables contain the linear measures in com- 
mon use, with their corresponding square measures. 

Linear Meoiures. ' Square Mtoiurea. 

12 Inches =1 Foot. 144 Inches =^1 Foot. 

3 Feet =1 Yard. 9 Feet »l Yard. 

6 Feet =1 Fathom. 36 Feet =1 Fathom. 

16^ Feet ==1 Rod. 272^ Feet ==! Rod. 

S\ Yards ^\ Rod. 30| Yards =1 Rod. 

4 Rods 5=1 Chain. 16 Rods —1 Chain. 
40 Rods =1 Furlong. 1600 Rods »1 Furlong.. 

320 Rods =1 Mile. 102400 Rods »1 Mile. 
An acre contains 160 square rods, or 10 square chains. 

By reducing the denominations of square measure, it will 
be seen that 

1 iq. miles640 acres»s1 03400 ro<ls=27878400 ft.»401 4489600 iDohes. 
1 AcrenIO obiiiii»r.l6l) r o d t i ■■1 36 60 fMta46978640 inobM. 



The fundamental problem in the mensuration of superfi- 
cies is the very simple one of determining the area of a right 
parallelogram. The contents of other figures, particularly 
tliose which are rectilinear, may be obtained by finding par- 
allelograms which are equal to them, according to the princi- 
ples laid down in EucUd. 
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To find the urea of a PAaALLCLOGaAM, tfiuire, rAomitit, or 

rhomboid. 

4. MULTIPLY TaG LSSQTB ST THE PERFCNDIClTLAIi HEIGHT OK 
BREADTH. 

« 

It is evident that tbe number of $quure inches in tbe par- 
allelogram AC (Fig. 1.) is equal to the number of linear inches 
in the length Ad, repeated as many times as there are 
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iocbes in the breadth BC. For a more particular illustration 
of this, see Alg. 51 1— 514. 

The oblique paralleif^iam or rhomboid ABCD (Fig. 9.) 
is equal to the right -parallelogram GHCD. ^uc. 36. K) 
The area, therefore, is equal to the length AB maltipli<ed 
into the perpendicular height HC. And.the rhombus ABCD 
(Fig. 3.) is equal to the parallelogram ABGH. As the sides 
of a sputre are all equal, its area is found, by multiplying <me 
Qfihe sides inio Uitlf. * 

Ex. 1 • How many square feet are there in a floor S3| feet 
long, and 18 feet broad ? Ans. 23^X 18s433. 

2k What are the^^on tents of a piece of ground which is 66 
feet square ? Alf6.^ 43^6 sq« feet=16 sq. rods. 

' 3. How many square feet are there in the four sides of a 
room which is 22 feet long, 17 feet broad, and 1 1 feet high?. 
I Ans. 858. 

• Art* 5. If the sides and ingles of a parallelogram are givei^ 
the perpendicular height may be easily found by trigonome- 
try. Thus CH (Fig. 3.) is the perpendicular of a right 
angled triangle, of which BC is the hypbthenuse. Then 
(Trig. 134.) 

R:BC::SinB:CH. 

The area is obtained by multiplying CH thus found, into 
the length AB. 

Or, tp reduce the two operations to one, 

As radius, ^ 

To the sine of any angle of a parallelogram ; 

So is the product of the sides including that angle, 

To the area of the parallelc^ram. 

• 

Fhr <Ae area=»ABxCH (Fig. 3.) But CH= J22^^!lI 

Therefore, 

Th€ ana^^^^^^^^^ OrR : SinBnAB X BC : the area. 

R 

Ex. If the side AB be 58 rods, BC 43 rods, and the angle 
B 63^, what is the area of the parallelogram ? 
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A$ radius 

To the sine of B 
( So 19 the product of AB 
I Into BC (Trig. 39,) 

To the area 



63^ 

58 

43 



lO^OOOOO 
9<^496e 
K76343 
163325 



3170.5 iq*rod« 3.33656 



ia 67 foett and one of ibo 
Am. 4293.7 feet. 



2. If the side of a rhombos 
angles 73^, what is the area ? 

6. WboD the dimensions are given in feet and iocheSi the 
Diultiphcation may be conveniently perfomsed by tbe arith- 
metical rule of DuoJecimolf; inwhicneach inferior denom- 
ination is one twelfth of tbe next higher. Conaiderifig a foot 
as the measuring urn/, a prime is the twelfth part of a foot i 
1 second, tbe twelfth part of a prime, &c. It is to be ob- 
served, that, in measures of lengthy inchei ara/rinuf; but in 
Sfwerficial measure they are secondsm In both, a prime is -^ 
Of a foot. But y*T of a square foot is a parallelogram a foot 
long and an inch broad. The twelfth part of this is a square 
inch, which is y\^ of a square foot. 

Ex. 1. What is the surface of a board 9 feet 5 inches, by 
3 feet 7 inches. 

r 

9 5' 
2 7 



T8 10 
^ 5 11 

34 3 11 ", or 34 feet 47 toches. 



S. How many feet of glass are there in a window 4 feet 1 1 
inches high, and 3 feet 5 inches broad 1 

Ans. 1 6F. 9* 7", or 1 6 feet 1 1 5 inches. 

7. If the area and one, side of a parallelc^ram be given, the 
other side may be found by dividing the area iy the given tide* 
And if the area of a ^^tiars be given, the side may be found 
by exiracting the equate root qfthe area. This is merely re* 
versing the rule in art. 4. See Aig. 520, 531. 

Ex. 1. What is the breadth of a piece of doth which is 36 
yds. long, and which contains 63 square yds. Ans. 1 } yds. 



PLANE SURFACES. ^ 

2. What 18 the side of a aqiure piece of bud containing 
289 square rods ? / V C ^"^ ^ / 

3. How many yards ^f carpeting U yard wide, will cover 
a floor SO feet long and ^3^ broad ? 

Ans. 30X8aifeeta=lOX7Ja75 yds. And 76-+.U«60. 

4. What is the side of a square which is equal to a paral- 
lelogram 936 feet long and 104 broad ? f j \\ ^ / 

5. How many panes ef 8 by lO.ghm are there, in a win- 
dow 5 feet high, and 2 fe^t 8 inches broad ? Q_ h >^ 

PBOBLBX !!• 

4 

To Jind the area of a xmAHOLB. 
8. Rbli L Muwipw on «id« »t haw ras pbbpen- 

PICULAR FMOH THB OPPOaiTB AKOIfB. Of, multiplv half tfat 

side by the perpeodicuhr. Or, multiply the whole side by 
die perpendicular, and take half the product* 

Theaieaof the triangle ABC (Fig. 5.) is equal toiPC.X 
AB, because a parallelogram of the saoM base and liei^ht is 
equal to PC X AB, (Art. 4.) ind by Buc. 41. 1, the triangle 
is hatf the parallelogram. 

Ex. I. If AB (Fig. 5.) be 66 feet, and PC 31.8, what is 
the area of the tnangle ! Ans. 10 1 4 square feet, 

2. What is the surface of a triangular board, whose base 
is S feet 2 inches, and perpendicular height 2 feet 9 inches! 

Ans. 4F. 4' 3", or 4 feet 61 inches. 

9. If two sides of a triangle and the included angle, are 
given, the perpendicular on one of these sides may be easily 
found by recUngular trigonometry. And the area may be 
calculated in the sam# manner as the area of a paraUeiogram 
in art. 5. In the triangle ABC (Fig. 2.) 

R:BC::SinB:CH 

And necause the triangle i/Kalf the parallelogram of the 
same base and height. 
As radius, 

To the sine of any angle of a tnaneie 5 
So is the product of the sides including that angle. 
To twice the area of the triangle. ( Art. 6.) 
Ex. If AC (Fig. 5.) be 39 feet, AB 65 feet, and the angle 
at A 53° r 48", what is the area of the triangle ? 

Ans. 1014 square feet. 
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9. 6. If one side and the angles are given ; then 

As the product of radius and the sine of the angle opposite 
thegiven side,* 
T^ the product of the sih^s of the two other angles ; 
So is the square of thp given side. 
To twice tne area 5>f the triangle. 

If PC (Fig. 5«)^ perpendicular to AB. 

R :Sin B::BC : CP 
SinACB:Sih A::AB:BC 
Therefore (Alg. 390, 382.) : 
JR X Sin ACB : Sin A X Sin B :: AB X BC : CPxBC: : 

AB' : ABxCP=twice the area of the triangle. 

% 

m 

Ex. If one side of a triangle be 57 feet, 'and the angles at 
the ends of this side 50^ and 6(P, what is the area ? 

Ans. 1 147 sq. feet. 

10. If the sides only of a triangle are givei^ an- angle maj 
be found, by oblique triganonetry, Case IV^ and £en the 
perpendicular and the area mayibecalculated«;-' " Bot the area 
may be more directly obtained, by the following method. 

Rule IL When the three sides are given, from ha^iheir 
Stan stAtract each side severaUvjmultipfy together the half stem 
and the three remainders^ and extract the square root of the 
product* 

If the sides of the triangle are a^ b^ and c, and if Ashalf 
their sum, then 

The area=%/Ax(A-a)X(A-A)x(A-c) 

For the demonstration of this rule, see Trigonometiy, 
Art. 221. 

If the calculation be made by logarithms^ add the loga- 
rithms of the several factors, and half their sum will be Uie 
logarithm of the area. (Trig. 39, 47.) 

Ex. I. In the triangle ABC (Fig. 5.) given the sides a 52 
fset, b 39, and c 65 ; to find the side of a square which has 
the same area as the triangle. 

i(a+6+c)=:A=78 A- 6=39 

A-a=26 A— c=13 

Then the area^v^TS X^i X39X 13=1014 square £feet. 
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B7 logarithms. ^ 

The half sum 3=78 1.89209 

First remainder =26 1.41497 

Second do. ^39 1 .59 1 06 

Third do. =13 l.tl394 



3)6.01306 

The area required =1014 2)3.00603 

Side of the square =31 .843 (Trig. 47) 1 .60301 

3. If the sides of a triangle are 134, 108, and 80 rods, what 
Ts the area? Ans. 4319. 

3. What is the area of a triangle whose sides are 371, 264^ 
and22dfeet? ^i .. o^ V -T - j ^ 

11. In an equilateral triangle, one of whose sides is a, the 
expression for the area becomes 

v'Ax(A-a)x(A-a)x(A-a) 

^ut as A =|a, and A— tf=|a — a=|a, the area is 

•|aXlaXiaXlo=V'^=iaV3 (Alg. 271.) 

That is, the area of an equilateral triangle is equal to \ the 
square of one of its sides, multiplied into the square root of 3, 
which is 1.798. 

Ex. 1. What is the area of a triangle whose sides are 
each 34 feet.^ Ans. 500^ feet. 

2. If the sides of a triangular field are each 100 rods, how 
many acres does it contain ? v . 

PROBLEM III. 

To find the area of a trafezoid. 

|t^ HVLTIFLY HALF THE SUM OF THE PARALLEt. SIDES IHTO THEIR 
PERPtfnoIcmJkR DISTAIICE. 

The area of the trapezoid ABCD (Fig. 4.) is equal to half 
the sum of the sides AB and CD, multiplied into the perpen- 
dicular distance PC or AH. * For the whole figure is made 
up of the two triangles ABC and ADC ; the area of the first 
of which is equal to the product of half the base AB into 
the perpendicular PC, (Art. 8.) and the area of the other is 
equal to the product of half the base DC into the perpendic- 
ular AH or PC. 
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Ex. IfAB (F\g. A.) be 46 feet, BC 81, DC 38, and the 
tngle B70*, what is the area of the trapezoid f 

R : BC::SinB : PC»8fr.l3. And 42x29.13»1223f 

2. What are the conteota of a field which has two parallel 
sides 65 and 38 rods, disuot from each other 27 rods ? 

To find the artaofa TfurcsiuM, arofanirregular poltqos. 

13. Divide tbe whole fiovrb nrro trunoles, by drawino 

•UGONALS, ARD FWD TBE SUM OF THE AREAS OF THESE TRIANGLES. 
(Alg. 619.) 

If the perpendiculars in two triandes fall opon tbe $ame di^ 
U^nalf the area of tbe trapesiuro formed or the two trian* 
gles, is equal to half the product of the diagonal into the sum 
of the perpendiculars. 

Thus the area of the trapesium ABCH (Fig. 6.) is 
ABHxAL+iBlIxCM»^BHx(AL4-CM) 
Ex. In the irregular polojgon ABCDH (Fig. 6.) 

(BHss96 CALssfi.S 

if the diagonals < r>ij m t^d (be perpendiculars < CMss:9.4 

{CH»33, r »- (DN«7.S 

Tbe aiMs 18X14.6 +16 X7.3sr. 379.6 

14. If tbe diagonals of a IrajreEiiiffiare given, the area may 
be found, nearly in the same manner as the area of a paral- 
lelogram in Art. 5, and the area of a triangle in Art. 9. 

In the trapesium ABCD (Fig. 8.) the sines of the four an- 
gles at N, the point of intersection of the diagonals, are all 
«qua1. For the two acute angles are $uppltment$ of the other 
two, and therefore have the same sine. (Trig. 90.) Put- 
ting, then, Sin N for tbe sine of each of these angles, the 
areas of tbe four triangles of which tbe trapesinm id com- 
posed, are given by the following proportions; (Art 9.) 

fBNxAN: 2 area ABN . 

» ♦ q;.. w. . J BNxCW : 2 area BCN 
n • 9m SH..< p5xCN tiarea CDN 

[DNxAN: 2 area ADN 



4.^j 
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Aad by idditioo, (A]g. 888, Cor. I.*) 

R:SinN::BNxAN+BNxCN+DNxCN+DNxAN:2 
area ABCD. 

The 3dterin=(AN+CN)x(BN+DN)=ACxBD, by 
the figure. 

Therefore, R : Sin N : : AC X BD : 2 area ABCD. That is, 

• As Radius, 
Tq the siue of the angle, at the intersection of the di« 

agoqals of a ttaipeiium ; 
So is the product of the diagonals, 
To twice the area of the trapezium. 

It i» evident that this rule is applicable to a parallelogram^ 
as well as to a trapezium. 

If the diagonals intersect at right angles^ the sine of N is 
equal to radius ; (Trig. 95.) apd therefore the product of the 
diagonals is equal to twice the area, (Alg. 3954) 

Ex* 1. If the two diagonals of a trapezium are S7 and 63, 
and if they intersect at an angle of 54^ what is the area of 
the trapezium f Ans* 938. 

2. If the diagonals are 85 and 93, and the angle of inter- 
section, 74^, what is the area of the trapezium ? 






14. ft. When a trapezium can be inscribed in a circle^ the 
area may be found by either of the following rules. 

K MuUiply together any two adjacent sidee^ and also the 
two other sides ; then vntMplv half the stun of these products 
Jy the sine of the angle included hy either of the pairs of sides 
multiplied together* 

Or, 

11. From half the sum of all the sides ^ subtract each side 
severally f multiply together tk^Jsa^ Mtm and the four remain- 
derSf and extract the square root of the product* 

If the sides are a, i, c, and d ; and if Ashalf their sum ; 



The area = •(A-a)X(&-6)X(A— c) X(A-rf) 

* Eadid % 6. Cor. t Eao. 14. 5. 
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If the trapezium ABCD (Fig. 33) cao be inscribed in a 
circle, the sum of the opposite angles BAD and BCD is 180^ 

iEuc. 32. 3 ) Therefore the me of BAD is equal to that of 
JCD or PCD. 

If ^ssthe sine of either of these angles, radius being 1, and if 

AB=tf, BC=i, CD5=:c, AD«d;- 
The triangle BAD^^iady.8, And BCD^ibcXs; (Art. 9.) 

Therefore, 
I. The area of ABCD^i{ad+bc)X8. 

To obtain the value of «, in terms of the sides of the tra* 
pezium, draw DP and DP' perpendicular to BA and BC. 

Then Rad. : ill AD : DP: :CD : DP. 

Also AP»==AD« -DP«,and CF«=CD» -DF«. 

So that*5K£^^^5^==*And 5 AP-/5^=^^ 

r> . ^ ^ (BP=AB-AP=a— rfv^T^ 
Butbythefigm^e^gp^g(j^^jp,^j^^^^ 

And BP" +DP* =DB" =^BPH"DP* 



That is a» — Sarf/l -5«+d»=6«+2ic\/l -»«+c« 
Reducing the equation, we have 

5»ssi —2 — . , . ^, - V — ^» and 



v'(2arf+26c)«- (6«+c«— a» - d*)« 

2ad+26c 

Substituting for s in the 6rst rule, the value here founds we 
have the area of the trapezium, equal to 



J-v/(2ad+2ftc)»-(6»+c«-a« «d«)« ^ " 

The expression under the radical sign is the diiflference of 
two squares, and may be re8olved,'as in Trig. 221, into the 
factors _^ 

(6+c*-o-^' X(a+d'-*-e") 
and these again into 
(a+6+c-d)(ft+c+d-a)(a+«+d-c)(a+d+c~6) 
If then Aashalf the sum of the sides of the trapezium, 
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11. The area=V(A-a)x(A-6)X(A-c;)X(A-d) 
If one of the sidesj^as dj is supposed to be diminished, titt-lt 
is reduced to nothing ; the figure becomes a triangle^ and the 
ezpriession for the area is the same as in art 10* See Hut* 
ton's Mensuration. 

FBOBixM tr. 

To find the area, of a regulab polygon. 
16. Multiply oivb ov rrs sides irto halt its perpendicular dis» 

TIHCB from the CENTRE, AND TmS PRODUCT OITO THE NUMBER OF Sa>BS. 

A regulcir polygon contains as manj equal triangles as the 
figure has sides. Thus the hexagon ABDFGH (Fig. 7.) 
contains six triangles^ each equal to ABC. The area of one 
of them is equal to the product of the side AB^ into half the 

!)erpendicular CP ^Art. 8.) The area of the whole, there- 
ore, is equal to this product • multiplied into the number of 
sides. 

Ex.1. What is the area of a regular octagon, in which 
the, length of a side is 60, and the perpendicul^ from the 
centre 72.426 T An# 1 73p2, 

2. What is the area of a regular decagon whose sides are 
46 each, and the^perpendicular 70.7867? ' 

16. If only the length and number of sides of a regular 
polygon be given, the perpendicular from the centre may be 
. easily found by trigonometry. The periphery of the circle 
in which the polygon is inscribed, is divided into as many 
equaLparts as the polygon has sides. (Euc. 16. 4. SchoK) 
Tne arc, of which one of the sides is a chord, is therefore 
known ; and of course, the angle at the cientre subtended by 

this arc* 

Let AB (Fig. 7.) be one side of a regular polygon, in- 
scribed in the circle ABDG. The perpendicular CP bisects 
the line AB, and the angle ACB. (Euc. 3. 3.) Therefore 
BCP is the same part of 360^ which BP is of (he perimeter 
of the polygon. Then,- in the right angled triangle BCP, if 
BP be radius, (Trig. 122.) 

R : BP : :Cotan BCP : CP. That is, 
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As Radius, 

To half of one of the sides of the poljgon ; 
So is the cotangent of the opposite angle. 
To the perpendicular from the centre. 

Ex. ] • Tf the side of a regular hexagon (Fig. 7.) be 3S 
inches, what is the area? 

The angle BCP=ti of S6(f^3(f. Then, 

R : 19: :Cot 30* : 32.909=:CP, the perpendicular. 

And the area= 10X3^2.909X6=3751.6. 

2. What is the area of a regular decagon #hose sides are 
each 63 feet ? Ans. 39576. 

17. From the proportion in the preceding article, a table 
of perpendiculars and areas may be easily formed^ for a series 
of polygons, of which each side is a unit. Putting R=If 
(Trig. 100.) and ns=the number of sides, the proportion be* 
comes 

360 
1 : i'-'Ootr^ I the perpeniieuiar. 

360 
So that, the perp.^c^Cot-^ 

And the area is equal to half the product of the perpen* 

dicular into the number of sides. (Art* 16.) 

Thus, in the trigon, or equilateral triangle, the perpendicu- 

360^ 
lar=J Cot-g-=J Cot 60^=^0.2886762. -^ / , 

And the areas0.43S0127. 

360^ 
In the tetragon or square, the perpendiculars | Cot— g~ 

s^ Cot. 45^s0.5. And the areas l. 

In this manner, the following table is formed, 10 which the 
side of each polygon is supposed to be a unit. 
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A TABLE OF REGULAR POLTGON& 



JVames 



Trigon 

Tetragon 

Pentagon 

Hexagon 

Heptagon 

Octagon 

Nonagon 

Decagon 

Uodecagon 

DodecagonI 



Side$.\AngUs.\Perpendictdars. j Areas, 



3 


60» 


4 


4S« 


5 


36<» 


6 


SO* 


7 


26| 


8 


22i 


9 


SO" 


10 


18<» 


11 


16/t 


12 


lfi» 



0.2886752 
0.5000000 
0.6881910 
0.8660254 
1.0382601 
1.2071069 
K3737385 
1.5388418 
1.7028439 
1.8660252 



0.4330127 
1.0000000 
1.7204774 
2.5980762 
3.6339124 
4.8284271 
6.1818242 
7.6942088 
9.3656399 
11.1961524 



By this table may be calculated the area of any other 
regular polygon, of the same number of sides with one of 
these. For the areas of similar polygons are as the squares of 
their homologous sides. (Euc. 20, 6.) 

To find, then, the area of a regular polygon, multiply the 
square of one of its sides hy the area of a similar polygon of 
which the side is a unit. 

Ex. I* What is the tret of a regular decagon whose sides 
are each 102 rods.^ Ans. 80050.5 rods. 

9» What is the area of t regMlar dodecagoo wh^ae sides 
are Mck 8? feet ? 
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THE QUADRATURE OF THE CIRCLE AND ITS PARTS. 



A»T. 18. DefuiUian I. A ^'^^.^^ » \ U'"" »»o'"'5H 

*^ by a line which is equally dis* 

tant in all its parts from a point within called the centre. 

The bounding line is called the circumference or periphery. 

An arc is any portion of the circumference. A semi*circle 

is balf| and a quadrant one-fourth, of a circle. 

II. A Diameter of a circle is a straight line drawn through 
the centre, and terminated both ways by the circumference.^ 
A Radiui is a straight line extending from the centre to the 
circumference. A Chord is a straight line which joins the 
two extremities of an arc. 

III. A Circular Sector is a space contained between an arc 
and the two radii drawn from the extremities of the arc. It 
may be le$$ than a semi-circle, as ACBO, (Fig« 9.) ot greater^ 
as ACBD. 

IV. A circular Segment is the space contained between an 
are and its chord, as ABO or ABD. (Fig. 0.) The chord 
is sometimes called the baee of the segment. . The height of 
a segmiBnt is the perpendicular from the middle of the base to 
the arc, as PO. (Fig. 9.) 

V. A Circular Zone is the space between two parallel 
chords, as A6HB. (Fig. 15.) It is called the middle zone, 
when the two chords are equal. 

VI. A Circular Ring is the space between the peripheries 
of two concentric circles, as AA' BB'. (Fig. 13.) 

VII. A Lwie or Crescent is the space between two circu* 
lar arcs which intersect each other, as ACBD. (Fig. 14.) 

19. The Squaring of the Ctrcle is a problem yrhich has ex- 
ercised the ingenuity of distinguished mathematicians for 

* Wallit^t Alg«bra« Le Oeodre's Geometry, Book iv. tad NoU vr. Hat- 
ton'fl MoDBaration, Honeloj^ TrigonooMtry, Book i, Sec. 3 ; lotrodoctioii 
to Ealer'i AntlTtii of loAiiitM, London PhiL Tnni. VoL vi. No. ^6, lXyi. ^ 
476y Lxxxpr. p. tVtf and Hottoo^ abralgoMat af do. VoU ii. p. 647. 
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MENSURATION OF THE CIRCLE. 16 

many ceoturies. The result of their efforts has been only 
an approximation to the value of the area. This can be 
carried to a degree of exactness far beyond what is necessary 
for practical purposes. 

20. If the drcumferenee of a circle of given diameter were 
known^ its area could be easily found. For the area is equal 
to the product of half the circumfesence into half the diam* 
eter. (Sup. Euc 5, 1.*) But the circumference of a circle 
has never been exactly determined. The method of approx- 
imating to it is by inscribing and circumscribing po/yjfoiM, or 
by some process of calculation which is, in principle, the 
same. The perimeters of the polygons can be easily and 
exactly determined. That which is circumscribed is greateTf 
and that which is inscribed is {««, than the periphery of the 
•hrcle ; and by increasing the number of sides, the difference 
of the two polygons may be made less than any given quan< 
tity. (Sup. Euc. 4, 1.) 

21. The side of a hexagon inscribed in a circle, as AB, 
(Fig. 7.) is the chord of an arc of 60% and therefore equal 
to the radius. (Trig. 95.) ' The chord of half this arc, as 
BO, is the side of a polygon of 12 equal sides. By repeat- 
edly bisecting the arc, and'finding the chord, we may obtain 
the side of a polygon of an immense number of sides. Or 
we may calculate the me, whibh will be half the chord of 
double the arc ; (Trig. 82, cor.) and the tangent, which will 
be half the side of a similar drcumteribed polygon. Thus 
the sine AP (Fig. 7.) is half of AB, a side of the inscribed 
hexagon ; and the tangent NO is half of NT, a side of the 
circumscribed hexagon. The difference between the sine 
and the arc AG is less, than jhe difference between the sine 
and the tangent. In the section on the computation of the 
canon, (Trig. 223.) by 12 successive bisections, beginning 
with 60 degrees, an arc is obtained which is the ttItt of the 
whole circumference. 

The eoeine of this, if radius be 1, is found to be .99999096782 
The sine is .00025566346 

iinB 
And the tangent f=^^^ (Trig. 228.) a.00025566347 



The diff. between the sine and tanpnt is only .00000000001 
And the difference between the sme and the are is still less. 

• Id thia masDer, the SuppUmmt to Pliq(f<m*tEue!id h referred to in (bit 
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Taking thea •000$U5663465 for the length of the arc, mul- 
tiplying by 24567, and retaining 8 places of decimaU, we 
have .6,28318531 for the whole circamferencei the radius 
being 1. Half of this, 

3.14159265 

is the circumference of a circle whose radius is ^, nnd diam- 
eter 1. 

22. If this be multiplied by 7, the prod'uct is 21.99+ or 
22 nearly. So that,. 

Diaro : Circum: :7 : 22, nearly. 

If 3. HI 59265 be multiplied by 113, the product is 
354.9999+, or 355, very nearly. So that, 

Diam t Circum! : 113 ; 355, very nearly. 

The first of these ratios was demonstrated by Arcbi^nedes! 

There are various methods, principally by infinite series 
and fluxions, by which the labour of carrying on the approx- 
imation to the periphery of a circle may be very much 
abridged. The calculation has been extended to nearly 150 
places of decimals.* But four or five places are sufficient 
for most practical purposes. 

After determining the ratio between the diameter and the 
circumference of a circle, the following problems are easily 
solved. 



rROBLEM 1. 

^ ^ To find the circumverence of a circle from itf diameter. 

MtnUTIPLTTKS DIAKETBR By3, 141^9.'(' 

Or, 

Multiply the diameter bu 22 and divide the product by 7. 
Or, multiply the diameter by 355, and divide the product by 
113. (Art. 22.) 

Ex. I. If the diameter of the earth be 7930 miles, what 
is the circumference f Ans. 2491 28 miles. 

2. How many miles does the earth move, in revolving 
round the sun; supposing the orbit to bea circle whose dtr 
ameter is 190 million miles f Ans. 596,992,100. 

* See note A. 

t In manj eases, 3.1416 will be suffieienllj eecarmte. 



1 
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THE CIRCLE. 17 

What is the cireumrerence of a circle whose diameter is 
769843 rods? , 






PBOBLEM II. 

To find the biameter of a drelejirom its eircumfsrence. 

24. DiTIDE THE CIECUMFERBNCB BT 3. 14159. 

Or, 

Multiply the eireuntferenee by 7, and divide the product by 22. 
Or, multiply the circurofereoce by 113, and divide the pro- 
duct by 355. (Art. 22.) 

Ex. 1. If the cireumrerence of the sun be 2,800,000 
miles, what is his diameter f Ans. 891,267. 

3. What is the diameter of a tree which is S\ feet round f /' 

25. As multiplication is more easily performed than division, 
there will be an advantage in exchanging the diviior 3.14159 
for a multiplier which will give the same result. In the pro- 
portion 3.14159 : l::Circum : Diam. 

to find the fourth term, we may divide the second by the 
first, and multiply the quotient into the third. Now 1-f. 
3.14159=0.31831. If then the circumference of a circle 
be multiplied by .31831, the product will be the diameter.* 

Ex. I. If the circumference of the moon be 6850 miles, 
what is her diameter f Ans. 2180. 

2. If the whole extent of the orbit of Saturn be 5650 mil- 
lion miles, bow far is be from the sun ? . f/ 

3. If the periphery of a Wheel be 4 feet 7 inches, what is 
its diameter. . . 

PROBLEM III. 

To find the length of an arc of a circle^ 

26. Ai 360^, to the number of degrees in the arc; 

So is the circun^erenee of the cirdej to the length of the arc* 

The circumference of a circle being divided into 360^, 
(Trig. 73.J it is evident that the length of an arc of any less 
number ol degrees must be a proportional part of the whole« 

* See Note B. 
4 
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fix« What ift tlie length ofao arc of 16^, in a circle whose 
radius is 50 feet ? 

The circumference of the circle is 314.159 feet. (Art. 28.) 

Then 360 : 16: 1314,159 : 13.96 feet. 

• • ■ 

3. If we are 95 millions of miles from the sun, and if the 
earth revolves round it in 365} days, how far are we carried 
in 24 hours f Ans. 1 million 634 thousand .miles* 

27. The length of an arc i^ay also be found, by multiply- 
ing the diam,eter into the nMmiber of d^eet in the. arc, and 
this product into .008726^, which is the. length of one de- 
gree, in a circle whose diameter is 1. For 3J4159-t*3009 
0.0087SS6. And in different circles, the circumfeyenf es, and 
of course the degrees, are as the diameters* (Sup« Euc. 8, 1.) 

Ex. 1. What is the length of ap arc of 10° 15' in a circle 
whose radius is 68 rods f Ans. 1J9L165roda. 

3* If the circumference of the earth be 34913 miles, what 
is the length of a degree at the equator f 

28. The length of aq arc is frecmeptlr requirf d» when the 
nuv^er of degrees is not given. But if the radius of t&e cir* 
cle, and either the chord or the height of tbe. i^c, be known ; 
the number of degrees may be easily found* 

Let AB (Fig. 9.; be the chord, and' PO the height, of the 
arc AOB. As the angles at P are right angles, and AP is 
equal toBP; (Art 18. Def. 4.) AO is equal to BO. (Euc. 
4,1.) Then 

BP is the ttiitf, CP the coirioe,. } tt ir^u Ar\t> 

OP the v€ned sine, and BO the chord \ ^f *«ir,the arc AOB. 

And in the right angled triangle CBP, 

rn • li . . 5 BP : Sin BCP or BO 
!/» . n. . ^ (3p , tj^,3BCP or BO 

Ex. 1. If the radius CO (FJg. 9.) s25, and the chord 
AB=43 3; what is the length of the arc AOB i 

CB : R: :BP : Sin BCP or B0=:60'» very nearly. 
Tbe circumference of the circle =r3. 14159x503= 157.08. 

» 

And 360<» :60»::157.08t 264B=rOB.Theref(ireAOB=5S.36. 

2. What is the length of an arc whose chord is 216^ in a 
circle whose radius is 1 25 ? Ans. 26 1 .8. 



4 



i 



THE CIRCLE^ ^' 19 



89« If only die chord and the he^ki of an arc 1m gireli, 
I the radius of the circle may be foundi and theo the length of 

the arc. 

If BA (Fig 90 be the€hord, and PO the height of the arc 
AOB, then (Euc. 35.3.) 

BP' BP" 

W*= Qjp • And DO=OP+DP=*OP+^p • 

That is, the diameter is equal to the height of the arc, + 
the square of half the chord divided by the height. 

The diameter being found, the length of the arc may be 
calculated by the two preceding articles. 

Ex. 1. If the chord of an arc be 17S.2, and the height £0, 
what is the length of the arc ? 

The diameter ^^60+-^ ^200. The arc contains ISO*; 

(Art. 86.) and its length is 209,44. (Art. 26.) 

2. What is the length of an arc whose chord is l^SO, and 
height 45 ? Ans. 160.8.^ 



PnOBLtM IV. 

To find ike arxa of^ circle. 

30. MuLTIPtT THE SQUARE OF THE DIAtfi^TER BY THE OECIHAtB 

.7854. 

Or, 

MuLTIPIiT HALF THE DIAMETER INTO HALF THE ClBCUlf- 

FERENCB. Or, multiply the whole diameter into the whpte 
circumference, and take ^ of the product. 

The area of a efarcle is equal to the product of half the 
diameter into half the circumference; (Sup. Euc. 5, 1.) or 
which is the same thing, \ the product of the diameter and 
circumference. If the diameter be 1, the circumference i» 
S.l4t50; (Art. 23.) one-fourth of which is 0.7854 nearly. 
But the areas. of different circles are to, each other, at the 
equaret of their diameters. (Sup. Euc. 0, l.f) The area of 
any circle, therefore, is equal to the product of the square 

• Sm nota C. t Eoolid 2, 19. 
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of its diafneter into 0.7854, which is the area, of a circle 
whose diameter is 1* 

Ex. !• What is the area of a circle whose diameter is 62S 
feet? Aos. 304836 square feet. 

2. How many acres are there io a circular island whose 
diameter is 124 rods f Ans. 75 acres, and 76 rods. 

3. If the diameter of a circle be 113, and the circumfer- 
ence 355 f what is the area? Ans. 10029. 

4. How many square yards are there in a circle whose 
diameter is 7 feet ? 

31. If the circumfertftef of a circle be given, the area may 
be obtained, by 6rst finding the diameter; or, without finding 
the diameter, by multiplying the square of the circumference 
by .07958. 

For, if the circumference of a circle be 1, the diameter 
=l-r^.l41593=:0.31831 ; and i the product of thb into the 
circumference js .07958 the area. But the. jureas of differ^ 
ent circles, being as the squares of their diameters, are also 
as the squares of their circumferences. (Sup. Euc. 8. 1.) 

Ex. 1. If the circumference of a circle be 136 feet, what 
Is the area f Ans. 1472 feet. 

2. What is the surface of a circular fish-pond, which is 10 
rods in circumference ? 

32. If the area of a circle be given, the diameter may be 
found, by dividing the area by .7854, and extracting the 
square root of the quotient. 

This is reversing the rule in art. 30. 

Ex. 1. What is the diameter of a circle whose area is 

380.1336 feet? Ans. 380.1336-^.7854=484. Andv^484=:22. 

2. What is the diameter of a circle whose area is 19.635 ? 

33. The area of a circle, is to the area of the circum- 
scribed square ; as .7854 to 1 ; and to that of the inscribed 
square as .7854 to |. 

Let ABDF (Fig. 10.) be the inscribed square and LMNO 
the circumscribed square, of the circle AJBDF. The area 

of the circle is equal to AD ' X .7854. (Art. 3 ) B ut t he are a 

of the circumscribed square (Art. 4.) is equal to ON' := AD *. 
And the smaller square is half of the larger one* For the 
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latter conttios 8 equal triangles, of which the former contains 
only 4. 

Ex. What is the area of a square inscribed in a circle 
whose area is 159? Ans. .7854 : j: :]59 : 101.22. 



PROBLRM Y. 

To find the area of a sbctok of a arcU. 

34. MVLTVLT THE RADIVS nTO HHJ* THE Ui^OTH OF THB AftC, 

Or, 

As 360, to the inrMBER or deorees nr the arc ; 

So IS the area of the circle, to the area of the sector. 

It is evident, that the area of the sector has the same ratio 
to the area of the circle, which the length of the arc has to 
the length of the whole circumference ; or which the number 
of degrees in the arq has to the number of degrees in the cir- 
cumference. 

Ex. 1. If the arc AOB (Fig. 9.) be 120<>, and the diam- 
eter of the circle 236 ; what is the area of the sector AOBC.'' 

The area of the whole chrcleis40115. (Art. 30.) 

And 360<> : 120<>: :40115 : 133711, the area of the sector. 

2. What is the area of a quadrant whose radios is 621 f 

3. What is the aifea of a semi-circle whose diameter is 328 f 

4. What is the area of a sector which is less than a semi- 
circle, if the radius be 15, and the chord of its arc 12 f 

Half the chord is the sine of 23<' S4'| nearly. (Art. 28.) 

The whole arc, then, is 47* 9^^ 

The area of the circle is 706.86 

And 360» : 47'' Vi: : 706.86 : 92.6 the area of the sector. 

5. If the arc ADB (Fig. 9.) be 240 degrees, and the radius 
of the circle US, what is the area of the sector ADBC ? 



P&OBLBM iri. 

To find the area of a sBonNT of a drcU. 
35. FniD the area of the sector wmcB has the sake arc, 

AND also THB area OF THE TRXAROLX FORMED BY THE CBOfUD OF 

the seomeit aud the rado op thb sector. 
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TbeNv iv the sBOMEirr be less nun ▲ sEW-cnicij^ sinitKACT 

TBE AREA OF THE TRIAKOLE FROM THE AREA OF THE SECTOR. BlTT^ 
IF THE SEGMEITT BE GREATER THAIT A SEMI-CIRCLE, ADD THE AREA 
OF THE TRIANGLE TO THE AREA OF THE SECTOR. 

If the triangle ABC (Fig. 9.) be taken from the sector 
AOBC, it is evident the difference will be the segment AOBP, 
less than a semi-circle* And if the same triangle be added 
to the sector ADBC, the sum will be the segment ADBP, 
greater than a semi-circle. 

The area of the trkuigla (Art. 6.) is equal to the product 
of half the chord AB into CP which is the difference be- 
tween the radiua and PO the bei|ht of the segment. Or 
CP IS the cosine of half the arc BuA. If this eosine, and 
the chord of the segment are not giTOO, they may be ibend 
from the arc and the radius. 

Ex. 1. If the arc AOB (Fig. 9.) be 120<', and the radius 
of the circle be 113 feet, what is the area of the segment 
AOBP? 

In the right angled triangle BCP^ 
R : BC: :Sin BCO : BP»97.86, half the ebocd. (Art. 28.) 

The cosine PC=^CO (Trig. 96, Cor.) ^SQ'.S 

The area of the sector AOBC (Art. 34.) ^ 1337I.67 
The area of the triangle ABC«BP xPC == 9I28.97 

The area of the segment, therefore, = 7842.7 



2. If the base of a segment, less than a semi-circle, be 10 
feet, and the radius of the circle 12 feet, what is the area of 
•the segment ? 

The arc of the segment contains 49| degrees. (Art. 28.^ 
The area of the sector s=6 1 .89 (Art. 34.) 

The area of the triangle =54.64 

And the area of the segment s 7.35 square feet. 

3. What is the area of a circular segment, whose height is 
19.2 and base 70.^ Ans. 947.8«. 
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4. What is the area of the segmeiit ADBP, (Fig^. 9.) if the 
1>as«AB be 195.7^ and the Height PD 169.9? 

Ao8. 32272.* 

36.' The area of any figure which is bounded partly by 
arcs of ciEcles, and partly by right hoee^ nay be balcalated, 
by finding the^areaaof the segmenta under the area, and then 
the area, of the rectilinear space between the chords of the 
arcs and the other right lines. 

Thus the Gothic arch ACB,_(Figt 11.) contains the two 
segments ACH, BCDi and the. plane triangle ABC 

£x. If AB (Fig. 110 iiellO, eachof die MiMs^A'C and 



BC 
10 



D 100, and the heightof eaobof tbes«gmentsiACB,BCD 
•435 ; what is the area of the ijrhole figtire ? 

The areas of tie two segmenu^are 140i| 

The area^of tb« triao^ > ABC isv 4MMr 

And the whole figure is 4Mf7.4 



To find the area <^a (^rtudar zonb* 
37< Frob the area of the whole circle, subtract the two 

9E6MEffT8 OF THE SIDES. 0« THE ZONE. 

If from the whole circle (l^ig. 12.) there be taken the two 
segments ABC and DFH, there will remain the zone 
ACDH. 

rOr, the area of the zone may be foundi by subtracting the 
segment ABC from the segment HBD: Or, by addine the 
two small Segments 6AH and VDC to the trapezoid ACDH. 
See art 36. ... 

Tht latter method is rather the most expeditious in prac- 
lice, as the two segments. at. tbe^nd of the zone are.efuoi. 

Ex. 1. What is the area of the zone ACDH, (Fig. 12.) if 
AG is 7;7i^ DH 6«99, and the diameter of the circle 8 i 

* Tot Um method of finding the areas of segment! by a te6le, lee pete D. 
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The area of the whole circle is 00.26 

of the segment ABC 17.32 
of the segment DFH 9.82 
of the zone ACDH 23-12 



2» What is the area of a zone, one side of which is 23.26, 
and the other side 20.8, in a circle whose diameter is 24 f 

Ans. 208* 

38. If the dumeter of the circle is not given, it may be 
found from the sides and the breadth of the zone* 

Let the centre of the circle be at O. (Fig* 12,) Draw 
ON perpendicular to AH, NM perpendicular to LR, and 
HP perpendicular to AL. Then 

ANs|AH, (Euc. 3. 3.) MN=^(LA+RH) 
LMx=|LR, (Euc. 2. 6.) PA»LA-RH. 

The triangles APH and OMN are similar, because the 
sides of one are perpendicular to those of the oth^r, each to 
each. Therefore 

PH:PA::MN:MO 

MO being found, we have ML— MO=OL. 

And the radius CO=VoL«+CL«. (Euc. 47. K) 

Ex. If the breadth of the zone AODH (Fig. 12.) be 6.4, 
and the sides 6.8 and 6 ; what is the radius of the circle ?• 

PA=3.4-" 3*0.4. And MN=i(3.4+3)=3.2. 

Then 6.4 : 0.4: :3.2 : 0.2==MO. And 3.2- 0.2=:3»QL 

And the radius C0= V3« +(3.4) • =4.534. 



PROBLEM Tin. 

Tojind the area of a lvnc or erefceiU. 

* 39. Fnm thqb difference of tbe two seomerts wmcs are be- 
tween THE ARCS OF TBE CRESCENT AND FTS CHORD. 

If the segment ABC (Fig. 14.) be taken from the seg- 
ment ABD ; there will remain the lune or crescent ACBD. 

Ex. If the chord AB be 88, the height CH 20, and the 
height DH 40 ; what is the area of the crescent ACBD f 
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Hht $nu of the Mgmtnt ABD is SMft 

of tbe segment ABC 1S20 

of the crescent ACBD 1 478 



PROBLSH IX. 

I 

To find the ar§a of a mino, included between the peripheries 

of two concentric circles. 

40. Fua> THK pimBBifci or the abmab of the two cacus^ 

Or, 

Multiply the product of tbe sum and dffference of tbe two 
diameters by .7854. 

Tbe area of the ring (FSg. 18.) is evidently equal to the 
difference between tbe areas of tbe two circles AB and A'B^ 

But tbe area of each circle is equal to tbe square of its 
diameter multiplied into .7854. (Art. 30.) And tbe diffkr- 
enre of these squares is equal to tbe product of the sum and 
difference of the diameters. (Alg. 236.) Therefore the 
area of the ring is equal to the product of the sum and differ-^ 
ence of tbe two diameters multiplied by .7854. 

Ex. 1. If AB (Fig. 13.) be 321, and A'B' 106, what is the 
area of the ring ? 

Ans. (221 ' X.7854)*-(106' X.7854)a8953S. 

S. If the diameters of Saturn's lamr ring be 205,000 and 
190,000 miles, bow mdny square miles are there on one side- 
of tbe ring .^ 

Ans. 395000,X 1<»000 X .7854s=:4.fi63,495,000^ 



PBOMISCeOUS EXAMPLES OF AREAS. 

Ex. I. What is the expense of paving a street 20 rods 
long, and 2 rods wide, at 5 cents for a square foot ? 

Ans. 544| dollars. 



^ 
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S. If ao equilateral triaoele cootain»as manf square feet 
18 there are inches in one of its sides ; what is the area of the 
triangle f 

Let x=B the number of square feet in^he area. 
Then rs^ the number of linear feet in one of the sides. 

And (Art. 11.) *=i\i2/ ^^^'=576^ ^^' 

476 
Reducing the equation, x^ -^=^^932.65 the area. 

3. What is the side of a square whose area is equal to 
that of a circle 452 feet in diameter ? 

Ans. v'(4S2)> X. 7854=^400.574. (Art. 30 and 7.) 

4. What is the diameter of a circle which is equal to a 
square whose side is 36 feet ? 

Ans. v^(S6)«-M).7854=:40.6217. (Art 4. and 32.) 

5. What is the area of a square inscribed in a circle whose 
diameter is 132 feet ? 

Ans. 8712 square feet. (Art. 33.) 

6. How much carpeting, a yard wide, will be necessary to 
cover the floor of a room which is a regular octagon, the sides 
being 8 feet each ? Ans. 34^ yards. 

7. If the diagonal of a square be 16 feet, what is the area ? 

Ans. 128 feet. (Art. 14.) 

8. If a carriage wheel four feet in diameter revolve 300 
times, in going round a circular green ; what is the area of the 
green f 

Ans. 4i54| sq. rods, or 25 acres, 3 qr^.* and 34| rods. 

0. What will be the expense of papering the sides of a 
room, at 10 cents a square yard ; if the room be 21 feet long, 
18 feet broad, and 12 feet highf anc) if there be deducted^ 
windows, each 5 feet by 3, two doors 8 feet by 4^, and one 
fire-place 6 feet by 4\ f Ans.- 8 dollars 80 cents. 

10. If a circular pond of water 10 rods in diameter be sur- 
rounded by a gravelled walk 8} feet wide ; what is thd srea of 
the walk .'^ Ans. 16| sq. rods. (Art. 40.) 
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IL ir CD (Fig. 170 the base of tlie isosceles tri«ngle 
VCD, be 60 feet, and the area 1200 feet ; and if there be cat 
off, by the line L6 parallel to CD, the triaogle VL6, whose 
area is 432 feet ; what are the sides of the latter triangle f 

Ans. SO, 30, and 36 feet. 

12. What is the are^ of an equilateral triangle inscribed in 
a circle whose diameter is 52 feet ? 

Ans. 878* 16 sq. feet. 

13*. If a circular piece of land is enclosed by a fencd, in 
which 10 rails make a rod in length; and if the field contains 
as many square rods, as there are rails in the fence; what is 
the value of the land at 120 dollars an acre f 

Ans. 942.48 dollars. 

14. If the area of the equilateral triangle ABD (Fig. 9.) 
be 219.5:375 feet ; what is the area of the circle C^DA, in • 
which the triangle is inscribed ? 

The sides of the triangle are each 22.5167. (Art. 11.) 
Aod the area of the circle is 530.93 

15. If 6 concentric circles are so drawn, that the space 
between the least or 1st, and the 2d is 21.2058, 

between the 2d and 3d 35.343,* 

between the 3d and 4tb 49.4802, 

between the 4th and 5th 63.6174, 

between the 5th and 6th 77.7546 ; 

what are the several diameters, supposing the longest to be 

equal to 6 times the shortest? 

Ans. 3, 6, 9, 12, 15, and 18. 
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SECTION 111. 



soups BOUNDED BV PLANE SURFACE& 



1 . , rk I A PRISM is a solid bounded 

Abt. 41. DEFmiiioH [. A by plane figures or faoes, t«o 

of which are parallel, similar, and equal ; aod^tbe others are 
parallelograiDs* 

II. The parallel plaoes are sometimes called the ba$es or 
ends ; and the other figures, the sides of the prism. The lat- 
ter taken together constitute the lateral surface, 

HI. A prism is right or obliquty according as the sides are 
petdendioular or oblique to the bases. 

IV. The height of a prism is the perpendicular distance 
i^tween the planes of the bss«s. In a riglic prism, there* 
fore, the height is equal to the length of one ofihe sides. 

V. A Purnllelopiped is a prism whose bases are parallelo- 
grams. 

Vie A Cube is a solid bounded by six equal squares. It 
is a right prhm whose sides and bases are all equal. 

VII. A Pyramid is a solid bounded by a plane figure call- 
ed the base, and several triangular planes, prooeejing from 
the sides of the base, and ell terminating in a single point. 
These triangles taken together constitute the lateral surface. 

Vin. A pyramid is regular^ if its base is a regular poly- 
gon. and if a line from the centre of the base to the vertex of 
the pyramid is perpendicular to the base. This line is called 
the axis of the pyramid. 

IX. "fhe height of a pyramid is the perpendicular distance 
from the summit to the plane of the base. In a regular pyra- 
mid, it is the length of the axis. 

X» The slant-height of a regular pyramid, is the distance 
from the «ummit to the middle of one of the sides of the base. 

XI. A frustum or trunk of a pyramid is a portion of the 
solid next the base, cut ofiT by a plane parallel to the base. 
The height of the frustum is the perpendicular distance of 
the two parallel planes. The slant'^hsighi of a frustum of a 
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regular pyramid, is the distance from tike middle of one of 
the sides of the base, to the middle of the corresponding side 
in the plane above* It is a line passing on the surface of the 
frustum, through the middle of one of its sides. 

XIL A Wedge is a solid of five sides, viz. a rectangular 
base, two rbomboidal sides meeting in an edge, and two tri- 
angular ends ; as ABHG. (F'lz io.) The base is ABCD, 
the sides are ABHG and DUHG, meeting in the edge GH, 
and the ends are BCH and ADG. The heigki of the wedge 
is a perpeodicular drawn from any point in the edge, to the 
plane of the base, as GP. 

Xlil. A Prismoid is a solid whose ends or bases are par- 
allel, but not similar, and whose aides are quadrilateral. It 
differs from a prism or a frustum of a pyramid, in having its 
ends dissimilar. It is a rt€iangular prismoid, when its ends 
are right parallelograms. 

XIV. A liuear tide or edge of a solid is the line of inter- 
section of two of the planes which form the surface. 

42. The common meoMuring iimV of solids is a cvhe^ whose 
sides are squares of the same name. The sides of a. cubic 
inch are square inches; of a cubic foot, square feet, &qu 
Finding the eapaeiijff boUJ^^^ of eolii caniente of a body, is 
€nding the number of cubic measures^ of some given denom- 
ination contained in the body. 

In solid ^neasure. 

1728 cubic inches =1 cubiefoot, 
27 cubic feet =£l cubic yard, 
4492| cubic feet »! cubic rod, 
38768000 cubic rods a=l cubic mile, 
S82 cubic inches ae 1 ale gallon, 
231 cubic inches s=:| wine gallon, 
^IS0A2 cubic inches aal boshel, 

1 cubic foot of pure water weighs 1000 
Avoirdupois ounces, or 82| pounds. 
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PBOBLBM !• 

To find the SOLIDITY of a pbibu^ 

43. Multiply the area of the base bt the heigiit. 

This is a general rule, applicable to parallelepipeds whether 
right or oblique, cubes, triangular prisms, &c. 

As surfaces are measured, by comparing them with a right 
parallelogram (Art. 3.) ; so soltds are measured^ by compar* 
ing tliem with a right paratlelopiped 

If ABCD (Fig. l.).be the base of a right parallelopiped, 
as a stick of timber standing erect, it is evident that the 
number of cifiic feet contained in one foot of the height, is 
equal to the number of square feet in the area of the base* 
And if the solid be of eny other height, instead of one foot, 
the contents must have the same ratio. For parallelopipeds 
of the same base are to each other as their heights. (Sup. 
Euc. 9. 3.) The solidity of a rieht parallelopiped, there- 
fore, is equal to the product of its length, breadth^ and thick-' 
ness. See Aig. 523. 

And an oblique parallelopiped being equal to a right one of 
the same base and altitude, (Snp. Euc. 7, 3.) is equal to the 
area of the base multiplied into the perpendicular height. 
This is true also of prisms^ whatever be the form of their 
bases. (Sup. Euc. 2. Cor. to 8. 3.) 

44. As the sidest of a cube are all equals the solidity is 
found by cubing one of its edges. On the other hand, if the 
solid contents be given, the lengtli of the edges may be found, 
by extracting the cube root. 

45. When solid measure is cast by Duodecimals^ it is to be 
observed that inches are not primes of feet, but thirds. If 
the unit is a cubic foot, a solid which is an inch thick and a 
foot square is a prime ; a parallelopiped a foot long, an inch 
broad, and an inch thick is a second, or the twelfth part of a 
prime ; and a cubic inch is a third, or a twelfth part of a 
second. A linear inch is j\ of a foot, a square inch yj^ of 
a foot^ and a cubic inch y^^g of a foot. 

Ex* 1. What are the solid contents of a stick of timber 
which is 31 feet long, 1 foot 3 inches broad, and 9 inches 
thi^k ? Ans. 29 feet 9^, or 29 feet 108 inches. 
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5. What 18 the solidily of a wall which h 22 feet loog, 12 
feet high, and 2 feet 6 inches thick ? 

Ana. 6M> cubic feet. 

3. What is the capacity of a cubical vessel which is 2 feet 

3 inches deep ? 

Ans. 1 IF. 4' 8" 9", or 1 1 feet 675 inches. 

4. If the base of a prism be 108 square inches, and the 
height 36 feet, what are the solid contents ? 

Ans. 27 cubic feet. 

By If the height of a square prism be Sj* feet, and each 
side of tbe base 10^ feet, what is the solidity ? 

The area of the base =10^XlOf Xl06{ sq. feet. 
And the solid contents »=l06j^ X2^ss240^ cubic feet. 

6. If the height of a prism be 23 feet, and its base a regu* 
lar pentagon, whose perimeter is 18 feet, what is the solidity f 

^ Ans. 51/2.84 cubic feet. 

46. The number of^aUom or bushels which a vessel will 
contain may be found, by calculating the capacity in inchet, 
and then dividing by the number of inches in .1 gallon or 
bushel. 

The weight of water in a vessel of given dimensions is 
easily calculated ; as it is found by experiment, that a cubic 
foot of pure water weighs 1000 ounces Avoirdupois. For 
the weight in ounces, then, multiply the cubic feet by 1000 5 
or for the weight in pounds, multiply by 62|. 

Ex. 1. How many ale gallons are there in a cistern which 
is 1 1 feot 9 inches deep, aifd whose base is 4 feet 2 inches 
square? I . ^ « " " ■ ^ ^ ' 

The cistern contains 352500' cubic inches ; 

And 352500-s.282=:125e. 

2. How many wine gallons will fill a ditch 3 feet 1 1 inches 
wide, 3 feet deep, and 462 feet long ? Ans. 40608. 

3. What weight of water can be put into a cubical vessel 

4 feet deep f , Ans. 4000 lbs. 
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YROBLKM IX. 
T^Jmitk$hhTZM.kL SURFACR ofa RIGHT PRI8V* 

47. MvLTiPi^Y THs uaroTH nrro the pkrimstsr of the 9A8R. 

Each of the sides of the prism is a right parallelagranii 
whose area is the product, of its length and breadth. But 
the breadth is one side of the base } sod therefore, the sum 
of the breadths is equal to the perimeter of the base« 

Ex. I • If the base of a right prism be a regular hexagon 
whose sides are each 2 feet 9 inches, and if the height be 16 
feet, what it the lateral surface ? 

' '' I ' ' Ans. 316 square feet* 

If the areas of the two ends be added to the lateral sur- 
face, the sum will be the whole surface of the prism. And 
the superficies of any solid bounds by plaaesi is etidently 
equal to the areas of all its sides- 
Ex* fL If tbe base of a prism be an equilateral triangle 
whose perimeter is 6 feet, and if the height be 17 feet, what is 
the surface ? 

The area of the triangle is 1.7S3. (Art. ll«) 
And the whole surface is 105.464. 

I 

FROBLEll III. ' 

To find the soliditt ofu pyramid. 

48. HVLTIPLT TBS AREA OF THE BASE INTO | OF THE REIOBT. 

The solidity of a prism is equal to the product of the area 
of the base into the height. (Art. 43.) And a pyramid is ^ 
ofa prism of the same base and altitude. (Sup. Euc. 15. 3. 
Cor. I.) Therefore the solidity ofa pyramid whether right 
or oblique, is equal to the prodqct of the base into \ of the 
perpendicular height. 

Ex. 1. What is the solidity of a triangular pyramid, whose 
height IS 60, and each side of whose base is 4 f 

The area of tbe base is 6.928 

And the solidity is 138.56. 

2. Let ABC (Fig. 16.) be one side of an obiJque pyramid 
whose base is 6 feet square ; let BC be 20 feet, and make an 
angle of 70 degrees with the plane of the base ; and let CP 
be perpendicular to this plane. What is the solidity of the 
pyramid f 
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In the right angled triangle BCP, (Trig. 1340 
R:BG::SinB:PC=i8.79. 

And the solidity of the pyramid is 225.48 feet. 

3. What is the solidity of a pyram^id whose perpendicular 
height is 7S, and the sides of whose base are 67, 54, and 40 f 

Ans* 25920. 



PROBLEM IT. 
Tofindtht LATERAL SURFACE of a RBOULAR PTRAMID. 

49. Multiply half thi; slant-heioht into the perimeter of 

THE BASE. 

Let the triangle ABC (Fig. 18.) be one of the sides of a 
regular pyramid. As the sides AC and BC are equal, the 
angles A and B are equal. Therefore a line drawn from the 
vertex C to the middle of AB \s perpendicular to hH. The 
area of the triangle is equal to the' product of half this per* 
pendicular into AB. (Art. 8.) The perimeter of the base 
is the sum of its sides, each of which is equal to AB. And 
the areas of all the equal triangles which constitute the lateral 
surface of the pyramid|*are together equal to the product of 
the perimeter into half the slant-hieight CP. 

The slant'height is the hypothenuse of a rieht angled tri- 
anglcy whose legs are the axis of the pyramid, and the dis- 
tance from the centre of the base to the middle of one of the 
sides. See Def» 10. 

Ex. 1. What is the lateral surface of a regular hexagonal 
pyramid, whose axis is 20 feet, and the sides of whose base 
are each 6 feet f 

The square of the distance from the centre of the base to 
one of the sides (Art. 16.) =48. 

The slant-height (Euc. 47. 1.) =v^4S+20«=21 16. 
And the lateral surface =21.16x4x6=507.84 sq. feet. 

2. Wliat b the whole surface of a regular triangular .pyra- 
mid whose axis is 8, and the sides of whose, base are each 
20.78 ? 

The lateral surface is 312 

The area of the base is 187 

And the whole surface is 499 

• 6 
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S. What is the lateral surface of a regular pyramid whose 
axis is 12 feet, and whose base is 18 feet square i 

Xbs* 540 square feet. 

The lateral surfiice of an oi/i;tce pyramid may be found, 
by taking the sum of the areas of the unequal triangles, which 
form its sides. 



P&OBLEM T. 

To find the soliditt of a frustum of a pyramid. 
60. Add tooethkr the areas or the two eetds, ahd the square 

ROOT OF the product OF THESE AREAS ; AED MVLTIFLT THE SW BT 
|>0F THE FERFEVDICOLAR HBIOBT OF THE SOLID. 

Let CDGL (Fig. 17.) be a vertical section, through the 
middle of a frustum of a right pyramid CDV whose base is a 
square* 

Let CDr=ii, LG=^t, RN^h 

By similar triangles, L6 : CD: :RV : NV. 

Subtracting the antecedents, (Alg. 389.) 
LG : CD-LG: :RV : NV-RV=IIN. 

Therefore RV^gg^^G^^^^^ 

The square of CD is the base of the pyramid CDV ; 

And the square of LG is the base of the small pyramid LGV. 

Therefore, the solidity of the larger pyramid (Art. 48.) is 

CD* Xi(RN+RV)=a« ^l(*+^j) -gj^ 

And the solidity of the smaller pyramid is equal to 

If the smaner pyramid be taken from the larger, there will 
remaio the frustum CDLG, whose solidi^ is equal to 

ha*—hb* «*— i* 

3,^3t °i*X-;^::g-=:i*X(a».f.aft4-t«) (Alg. 466.) 

Or, because V'o'i* sBoi, (Alg. 269,) 
i*X(a«+ft»+ ^«»5*) 



SOLIDS. 35 

Here A, the height of the frustum, is multipUed into a* and 

6", the areaai of the two ends, and into ^a*b* the squai^ 
root of the products of these areas. 

. In this demonstration, the pyramid is supposed to be 
square. But the rule b equally applicable to a pyramid of 
any other form. For the solid contents of pyramids are 
equal, when they haye equal heights and bases, whatever be 
ihe figure of their bases. (Sup. Euc. 14. 3.) And the sec- 
tions parallel to the bases, and at equal distances, are equal to 
one another. (Sup. Euc. 12. 3. Cor. ^)* 

Ex. 1 • If one end of the frustum of a pyramid be 9 feel 
square, the other end 6 feet square, and the height 36 feets 
what is the solidity f 

The areas of the two ends are 81 and 36. 
T|ie square root of their product is 64. 
And the solidity of the frustum ^=(81 4-36+54) X 12=:2052, 

2. If the height of *a frustum of a pyramid be 24« and the 
areas of the two ends 441 and 121 ; what is the solidity? 

Ans. 6344. 

3. If the heieht of a frustum of a hexagonal pyramid be 
48, each side of one end 26, and each side of the other end 
16; what is the solidity f Ans. 56034. 



PROBLKM TI« 

7b find the latebal surface of a rROSTim of a r^;ular 

pyramid* 

51. Mi;i«ttP|.T HALF THE SLAllT-HEiaaT BY IHB SUM OF TBB POUll^ 
ETERS OF TBE TWO CITDS. 

Each side of a frustum of a regular pyramid is a irapesfoid^ 
asABCD. (Fig. 19.) The slant-beigbt HP, (Def. 11.) 
though it is oblique to the base' of the solid, is perpendicular 
to the line AB. The area of the trapezoid is equal to the 
product of half this perpendicular into the sum of the par- 
allel sides AB and DC. (Art« 12.) Therefore the area of 
all the equal trapezoids which form the lateral surface of 
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the frtutani) is equal to the product of liair the alant^'beight 
into the sum of the perimeters of the ends. 

Ex. If the slant-height of a frustum of a regular octagonal 
pyramid be 4f feet, the sides of one end 5 feet each, and 
the sides of the other end 9 feet each ; what is the lateral 
surface ? Ans. 1344 square feet. 

52. If the slant-height be not given, it may be obtained 
from the perpendicular height, and the dimensions of the 
two ends. Let GD (Fig 17.) be the slant*height of the 
frustufn CDGL, Rff er GP the perpendicular height, ND 
and R6 the fadii of the circles inscribed in the perimeters 
of the mo ends. Then PD is the difference of the two 
mdii : 

And the ' slant-height GD==^Gf +PD* 

El. If tbe pefpendicular height of a frustum of a regular 
bexagooal pyracid be 24, the sides of ^ne end 13 each, and 
the sides or the other end 8 each ; what is the whole surface? 

^BC" -BP"=CP, (Fig, 7.) that is, "^W^^^ =1 1.258 

And '/8«— 4*=: 6.928 

The difference of the two radii is, therefore, 4.33 

The slait-height = ^24* -1-4^' =24.3875 
The lateral surface is 1536.4 

And the trhole surface, 2141.75 

59. The height of the whoh ]^amid may be calculated 
from the dimensions of the frustum. Let VN (Fie. 17.) be 
the heiebt of the pyramid, RN or GP the height of the frus- 
tum, ND and RG the radii of the circles inscribed in the 
perimeters of the ends of the frustum. 

Then, in the similar triangles 6PD and VND, 

DP:GP::DN:VN. 

The height of tbe frustum sabtracted from VN, gires VR 
tbe height of tbe small pyramid VLG. The ioUdiiy and 
lateral xtar/ireeof the frustum may then be found, by subtract- 
ing from the whole pyramid, the part which is abore tbe cut* 
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Uog plane. This method thnf serve to verify the calculations 
which are made by the rules in arts. 50 and 51. 

• Ex. If one end of ibe frustum CDGL (Fig. 17.) be 90 
feet square, the other end 60 feet square, and the height RN 
96 feet ; what is the height of the whole pyramid VCD: and 
what are the solidity and lateral surface of the frustum f 

DP=DN- GR=:=46-30=15. And GP=RN=36. 

Then 15 : 36 : : 45 : lOS^VN^the heightof the whole pyramid. 

And 108— 363i72sVR, the height of the part VLG. 

The solidity 6f the large pyramid is 391600 (Art. 48.) 

of the small pyramid 66400 

of the frustum CDGL 205200 



The lateral surface of the large pyramid is 21060 (Art. 49.) 

of tHe small pyramid 9360 

of the frustum 11700 



PROBLEM VII* 

To find the soLit>iTT of a wedge. 
54. Add the leitoth of the edge to twice the uufoTH of the 

BASE, AND MULTIPLY THE SUM BT ^ OF THE PRODUCT OF THE HEIOIIT 
OF THE WEDGE ANl> THE BREADTH OF THE BASE. 

Let L=AB the length of the b^ie. (Fig. 20.) 
Z=GH the length of the edge. 
ft=sBC the breadth of the base. 
A=sPG the height of the wedge. 
Then L~/=AB-GH=AM. 

If the length of the base and the e<ke be wuii^ as EM 
and GH, (Fig. 20.) the wedge MBH6 is half a parallelo- 
piped of the same base and height. And the solidity (Art. 
4S.) is equal to half the pr<>duct of the lieigbt, into the length 
and breadth of the base ; that is to | bhl. 

If the length of the base be greater than that of the edge, 
asABGH; let a section be made by. the plane GMN, par- 
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tllel to HBC, This will divide the whole wedge into two 
parts MBHG and AMG. The latter is a pyramid, whose 
solidity (Art. 48.)is ^6Ax(L-/) 

The solidity of the parts together, is, therefore, 
|ftA/+ift* X (L^l)^ibh^+ihh2L - ibk2l^ibh x (2L+0 

If the length of the base be hss than that of the edge, it 
is evident that the pyramid is to be tMbtracted from half a 
parallelopiped, which is equal in height and breadth to the 
wedge, and equal in length to the edge. 

The solidity of the wedge is, therefore, 
iiA2- i6A X (/- L)=r^(A3{ - i&i2/+iM2Lxi=iM X (2L+0 

Ex. 1. If the base of a wedge be 35 by 15, the edge 55, 
and the perpendicular height 12.4; what is the solidity f 

' ^ , 15x12.4 

Ans. (70+55) X g — =3875.. 

2. If the base of a wedge be 27 by 8, the edge 36, and the 
perpendicular height 42 ; what is the solidity t 

Ans. 5040. 



PROBLEM VIII. 

. To find the solidity of a rectangular prismoid. 

55. To THE AREAS OP THE TWO ENDS, ADD POUR TIMES THE AREA 
9W A PARALLEL SECTION E^^UAIXY DUTAITT PROM THE ENDS, AVD MUL- 
TIPLY THE SUM BY ^ OP THE HEIGHT. 

Let L and B (Fig. 21.) be the length and breadth of one end^ 
I and h tne length and breadth of the other end, 
M and m the length and breadth of the section in the 

middle, 
And h the height of the prismoid. 

. The solid may be divided intoiwo wedges, whose bases 

are the ends of the prismoid, and whose edges are L and I. 

The solidity of the whole by the preceding article, is 

|B* X (2L+0+*W X (2/+L)«iA(2BL+B/+26/+ JL) 

As M is equally distant from L and {, 

2MsL+<92^=B+Mod4Mm»(L+0(B+&)-BL+BI+ 
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Sobstitutiog 4Mm for its Ttlae in the preeediog expressioo 
for the solidity, we have 

ih(Bh+hl+4Mm) 

That is, the solidity of the prismoid is equal to { of the 
height, multiplied into the areas of the two ends, aud 4 times 
the area of the section in the middle. 

This rule may be applied to prismoids of other forms. 
For, whatever be the figure of the two ends, there may be 
drawn in each, such a number of small rectangles, that the 
sum of them shall differ less, than by any given quantity, 
from the figure in which thev are contained. And the solids 
between these rectangles will be rectangular prismoids. 

£z. 1. If one end of a rectangular prismoid be 44 feet by 
23, the other end 3^ by 21, and the perpendicular height 72; 
what is the solidity ? 

The area of the larger end »44x23=1012 
ofthe smaller end =36x21=: 756 
of the middle section =40x22= 880 
And the solidity =(1012+756+4 X880)X 12=63456 feet. 

2. What is'the solidity of a stick of hewn timber, whose.ends 
ere 30 inches by 27, and 24 by 18, and whose length is 48 
feet ? Ans. 204 feet. 

Other solids not treated of in this aeOtion, if they be bounded 
by plane surfaces, may be measured by supposing them to be 
divided into {prisms, . pyramids, and wedges. And, indeed, 
every such solid may be considered as made up of triangular 
pyramids. 
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THE FIVE REOULAK SOLIPB. 

66. A SOUD 18 SAID TO BC REGULAR, WHEN ALL ITS SOLID A)7GLG4 
ARE EHVAL, AMD ALL ITS SIDES ARE E^UAL AND RIBOVLAR POLYGONS. 

The followiog figures are of this descriptioji ; 

1. The Tetruedron 1 fToar triaogles; 

2« The Hexaedran or cube \ y. ] six squares ; 

3. The Oetaedron V . ^ ^'^^ ^ eight triaogles ; 

4. The Dodecaedron [ * ^^^ I twelve pentagons ; 

5. The Icosaedron J \^ twenty triangles.* 

Besides these five, there can be oo other regular solids. 
The only plane figures which can form such solids, are tri- 
angles, squares, and pentagons. Fdr the plane angles which 
contain any solid angle, are together less than four right an- 
gles or 360°.. (Sup. £uc. 21. 2.) And the least number 
which can form a solid angle is three. (Sup. Euc. Def, 8. 2.) 
If they are angles of equilateral triangles^ each is 60°. The 
sura of three of them is 180^, of four 240^, ofjwe 300^, and 
of its 360^. The latier number is too great for a solid 
angle. 

The angles of squares are 90^ each. The sum of three 
of these is 270^, of four 360^, and of any oihei* greater num- 
ber still more* 

The angles of regular /lenta^OfM are 108^ each. The sum 
of three of them is 324^; of four, or any other greater num- 
ber, more than 360^. The angles of all other regular poly- 
gons are still greater. 

In a regular solid, then, each solid angle must be contained 
by three, four, or five equilateral triangles, by three squares, 
or by three regular pentagons. 

57. As the sides of a regular solid are similar and equalj 
and the angles are also alike; it is evident that the sides are 
all equally distant from a central point in the solid. If then, 
planes be supposed to proceed from the several edges to the 
centre, they will divide the solid into as many equal pyra- 
mids^ as it has sides. The base of each pyramid will be one 
of the sides ; their common vertex will be the central point ; 
and their height will be a perpendicular from the centre to 
one of the sides. 

* For the |;eometrical constraotioa of these colidf, see Legendre^s Geome- 
try \ App«o£x to Booki VI and vii. 
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T^jind ike ■uhfacc of a bkbwulh bUlid. 

68. MVLTIPLT THE AREA OF OITE OF TBB SlMfiS tt tte tltUB$A 

OF nDJtt. Or, 

MOLTIPlT TRK S^VARE OF OlfE OF TBE tSMftB^ feT TUB SORFK^ 
OF A SISIILAII 80UD WHOSE ED0E8 ABE 1. 

As all tbe sides are equalf it is evident that the area of one 
of them noultiph'ed hy the nomber of sides, will give the area 
of cbe whole* 

6r, if a table is prepared, containing tbe surfaces of the 
several regular solids whose linear edges are unity; this may 
be used for o^ber regular solids, upon the principle, that tbe 
areas of ^diilar polygons ure as tbe squares of their bomolo* 
gous sides. (Cue. 20. 6.) Such a table is easily fortxied» by 
multipfying tbe area of one of tbe sides, as given in ttrt. 17, by 
tbe number of sides. Thus the area of an equilateral tri- 
angle whose side Is 1, is 0.4330127. Therefore the surface 

Qf a regular tetraedroo =.4330127x4=1.7320508. 
or a regular octaedron 3^^.4330121 X 8 ±if 3.404101 tf. 
Of a regular ieostedroii :f» .43301 27 X 20^8.0002949. 

Stf! tb^ taUd in xht fblioiri»g trtfele* 

£x. I • What is tbe surface of a regular dodecaedfOa 
whose edges are each 25 inches i 

The area of one of the sides is 1075.3. 
And tbe surface of tbe whole solid =1075.3x12=12903.0. 

2. What is the surface of a regular icosaedron whose edges. 
are each 1021^ Ans. 90101.3. 

PROBLEM X. 

To find the solioitt of a beoulab solid. 

59. MVLTIPLT THE SURFACE BT |> OF TBE FERFRNDICULAR DISTANCE 
JTROM THE CEKTRE TO OFE OF THE SIDES. 

Or, 

Multiply the cube of ofe of the edges, bt the souDmr of a 

aUOLAR SOLID WHOSE EDGES i,Jat 1. 

As the solid is made up of a number of equal pyramids^ 
whose bases are the sides, and whose height is the perpendic- 

7 
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MENSURATION OF REGULAR SOUDS. 



alar distance of the sides from the centre ; (Art. 57.) the 
solidity of the whole must be equal to the areas of all the 
sides, multiplied into | of this perpendicular* (Art. 48) 

If the contents of the several regular solids whose edges 
are 1^ be inserted in a table^ this may be used to measure 
other similar solids. For two similar regular solids contain 
the same number of similar pyramids ; and these are to each 
other as the cubes of their linear aides or edges. (Sup. £uc« 
15. 3. Cor. 3.) 



A TABLE OF REGULAR SOUBS WHOSE EDGES ARE I. 



JVVim<#. |JVo. of aidet. 



Tetraedron 

Hezaedron 

Octaedron 

Dodecaedron 

Icosaedron 



4 

6 

8 

12 

20 



Surfacei. 



1.7320508 

6.0000000 

3.4641016 

20.6457288 



8olidiiU$» 



0.1178513 
1.0000000 
0.4714045 
7.663U89 



8.66025402.1816950; 



For the method of calculating the last column of this table, 
see Button's Mensuration, Part III. Sec. 2. 

Ex. What is the solidity of a regukr octAedron whose 
edges are each 32 ioehes f Ans. 15447 inches. 
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THE CYLINDER, CONE, AND SPHERE. 



a solid described by the 
reyolutioD of a rectangle about one of its sides. The ends or 
hoses are evidently equal and parallel circles. And the axiSf 
which is a line passing through the middle of the cylinder, is 
perpendicular to the bases. 

The ends of an oblique cylinder are also equal and paral- 
lel chx^les ; but they are not perpendicular to toe axis. The 
keigkt of a cylinder is the perpendicular distance from one 
base to the plane of the other. In a right cylinder, it is the 
length of the axis. 

n. A right eone is a solid described by the revolution of a 
right angled triangle about one of the sides which contain the 
right angle. The base is a circlci and is perpendicular to the 
axis^ which proceeds from the middle of the base .to the 
vertex. 

The base of an oblique cone is also a circle, but is not per- 
pendicular to the axis. The height of a cone is the perpen- 
dicular distance from the vertex to the plane of the base* 
In a right cone, it is the length of the axis. The slant-heighi 
of a right cone is the distance from the vertex to ^e circum* 
ference of the base. 

III. A,^t»fiiiiiof a.cone is a portion cut off, by a plane 
parallel to the base. The height of the frustum is the per- 

iiendicular distance of the two ends. The slant-height of a 
irustum of a right cone, is the distance between the periphe- 
ries of the two ends, measured on the outside of the solid ; 
as AD. (Fig. 23.) 

IV. A sphere or globe is a solid which has a centre equally 
distant from every part (4 the surface. It may be described 
by the revolution of a semicircle about a diameter. A 
fadius of the sphere is a line drawn from the centre to any 

* Hotton's MensaratioD, Wesi*f Mathematici^ Lafaiulre^s, Clairant's, and 
Camna'a Geometry. 
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p^rt of the surface. A diameter is a lioe passing tbrougli the 
centre, and terminated at both ends by the surfaee. The 
circumference is the same as the circumference of a circle 
whose plane passes through the centre of the sphere. Such 
a circle is called 9i great circle. 

V. A segment of a sphere is a part cut off by any plane. 
The height of the segment is a perpendicular fr(»m the mid- 
dle of the base to the convex surface, as LB. (Fig* 12.) 

VI. A spherical zone or frustum is a part of the sphere in- 
cluded between two parallel phines. It is called the middle 
zancj if the plaaea are equally distant from the centre. The 
height of a zone is the distance of the two planes, as LR« 

11. A spherical sector is a solid produced by a drcmUHr 
sector, revoking in the same manner as the semieircle which 
describes the whole sphere* Thus a spherical sector is de- 
seribod by the circular sector AGP (Fig. 15.) or GCE ro« 
yolving on the axis CP« •-> 

VIIL A solid described by the rerolution of any figure 
about a fixed axis, is called a solid of revoluiion. 



PROBLEM I. 

To find the convex surface of a right CTLiNnvR 

62. MVLTIPLT THE LESVqTH INTO TU£ aRCUMFERfiNCE OF TUB BASE. 

If a right cylinder be covered with a thin substance like 
paper, which can be spread out into a plane ; it is evident 
that the plane will be a paraUdogram^ whose length and 
breadth will be equal to the leugth and circumference of the 
cylinder. The area must^ therefore, be equal to the length 
multiplied into the circumference. (Art, 4.) 

Ex. I. What is the convex surface of a right cylinder which 
is 43 tcet long, and 15 inches in diameter i 

Ans. 42x I.25X3.14159:=164.938 sq. feet. 

* According to some writers, a spherical fM;nunt is either a solid which is 
cut off from a sphere hj a single plane, or on? which iB is indaded lietweea 
two planes : and a mom the lurfau of either of tbeea. la tbii ime, «tlie 
term zone is commonly used in geography. 



THE CTUlTDNt 4fr 

2 'What is the whole surface of a right cylioder, which is 
2 feet in diameter and 36 feet long f 

The conyex surface is 226. 1 945 

The area of the two ends {AtU 30.) is 6.2832 

The whole surface is 232.4777 

3. What is the whole surface of a right cylinder whose 
axis is 82, and circumference 71 ? Ans. 6624.32. 

63. It will be observed that the rules for the prism and 
pyramid in the preceding section, are substantially the same, 
as the rules for the cylinder and cane in this. There may be 
some advantage, however, in considering the latter by them- 
selves. 

In the base of a cylinder^ there may be inscribed a polygon, 
which shall differ from it less than by any given space. (Sup. 
Euc. 6. 1. Cor.) If the polygon be the base of a prism, of 
the same height as the cylinder, the two solids may differ less 
than by any given quantity. In .the same manner, -the base 
of a pyramid may be a polygon of so many sides, as to differ 
less than by any given quantity, from the base of a cone in 
which it is inscribed. A cvlinder is therefore considered, by 
manf writers, as a prism of an infinite number of sides; aqd* 
M cone, ts a pyramid of an infinite number of sides. For the 
meaning of the term *^ infinite,'' when used in the mathemati* 
oal sense, see Alg. Sec. xv. 



FBOBLSH ir. 

Tojind the solidity of a cruNDClt. 

64. MVLTIPLT THE AllBA OF THB B4SE VT TBE HEIGBT. 

The solidity of a paralUhpiped is equal to the product of 
the base into the perpendicular altitude. (Art. 43.} And a 
parallelepiped and a cylinder which have equal bases and alti- 
tudes are equal to each other. (Sup. Euc. 17. S.) 

Ex. I. What is the solidity of a cylinder, whose beiebt is 
121, and diameter 452? 

Ans. 46.2' X .7854 X 121 = 194156.6. 
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2. What 18 the solidity of a cylinder whose lieight is 424, 
and circumrereoee 213? Ans. 1530637. 

3. If the side AC of an oblique cylioder (Fig. 22.) be 27, 
and the area of the base 32,61, and if the side makie'an angle 
of 62^ 44' with the base, what is the solidity f 

R : AC : iSin A : BC:s=24 the perpendicular height. 

And the solidity is 782.64. 

4. The Winchester bushel is ahollow cylinder, 18^ inches 
rn diameter, and 8 inches deep. What is its capacity i 

The area of the base«:(18.5)' X.7853982«i268.8025. 
And the capacity is 2150.42 cubic inches* See the table 
in art. 42. 



PBOBLEM III. 

Tojii^ the CONVEX 'subfacb of a rioht coirs, 

65. MuLTIPtT HALF THE SLAHT-^IEIOHT INTO TBS CIRCUHFERSIfCE 
•F THE BASE. 

If the convex surface of a right cone be spread out into % 
plane, it will evidently form a sector of a circle whose f adiut 
18 equal to the slant-height of the cone. But the area of the 
sector is equal to the product of half the radius into the 
length of the arc. (Art. 34.) Or if the cone be considered 
as a pyramid of an infinite number of sides, its lateral surface 
is equal to the product of half the slant-height into the perim- 
eter of the base. (Art. 49.) 

Ex. I . If the slant-height of a right cone be 83 feet, and 
the diameter of the base 24, what is the convex surface f 

Ans. 41 X24X 3. 14159=1^3091.3 square feet. 

2. If the axis of a right cone be 48, and the diameter of 
the base 72, what is the whole surface f 

The slant-height ='^36'+48*=s60. (Euc. 47. 1.) 
The convex surface is 6786 

The area of the base 4071.6 



And the whole surface I08S7.6 
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3. If tba ftxis of a right eoae be 16, tnd tb« eircamfer- 
•Qce of the base 75.4; wbai is the whole surface ? 

Aos. 1206.4. 



PROBLSM IV« 

' Tofaid the SOLIDITY of a oovs* 

66. MULIVLY TQK ARBA hw THE BASS UTTO \ OF THE HEIGBT. • 

The solidity of a cylinder is equal to the produA&pf the 
base iotb the perpeodicular height. (Art. 64.) And if a cone 
and a cylinder bare the same base and altitude, the cone is 
^ of the cylinder. (Sup. Euc. 18. 3.) Or if a cone be con* 
sidered as a pyramid of an infinite number of sides, the solid- 
ity is equal to the product of the base into | of tbe height, by 
art. 48. 



1. What is the solidity of a right cone whose height is 
663, and the diameter of whose base is 101 i 

Ans. iOl'x.7854x221=sl77062SL 

2. If the axis of an oblique cone be 738, and make i£ki 
angle of 30^ with the plane of the base ; and if tbe circum* 
ference of the base be 356, what is the solidity f 

Ans. 1233536. 



PROBLEM V. 



Tojind the cohyxz survace qf a FKusTim of a right cone^ 

67. HiTLTlPLT HALF THE SLANT-HEIGHT BY TBE SUM OF THE PE- 
RIPHBRIES OF THE TWO ENDS. 

This is the rule for a frustum of a pyramid; (Art. 51.) and 
is equally applicable to a frustum of a cons, if a cone be con- 
sidered as a pyramid of an infinite number of sides. (Art« 63.) 

Or thus, 

Let the sector ABV (Fig. 23.) represent the conTex sur- 
face of a right cone, (Art 65.) and I)Ct^ the surface of % 
portion of the cone, cut off by a plane parallel to the base. 
Then will ABCD be tbe surface or tbe frustum. 
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Let ABsa, DC»r», VD^d, AV:^h. 

Then the area ABV -iax(h+d)=:\ak+iad. (Art. S4.) 

And the area DCV^^bd. 

Subtracting the one from the other, 

The area XBDC^^iah+iad-^bd. 

But d : d+h : :l^:a. (SuikEuc^;! ) Therefore |a<Z-|&i{=::|M. 

The surface of the frustum^ then, is equal to 
\ah+ibh. or JA X (a+l) 

Cor. The sorface of the frustum is equal to the product of 
the slant-height into the circumference of a circle which is 
equally dktani from the two ends. Thus the surface ABCO 
(Fig. 23.) is equal to the ordduct of AD into MN. For Bflt 
is equal to halt the Sum of AB and DC, 

Ex. 1. What is the convex surface of a fnistum of a rigfac 
cone, if the diameters of the two ends be 44 and 33, and the 
slant'height 84 f Aos. 10159.9. 

2. If the perpendicular height of a frustum of a right cooe 
be 24, and the diameters of the two ends 80 and 44, what is 
flte whole smrfaee ? 

Half the difference of the diameters is 18. 

And ^18'+24*=30, the slant-beigbt, (Aru 53.) 
The convex surface of the frustum is 5843 

The sum of the areas of the two ends is 8547 



And the whole surface is 123M 



PROBLEM VI. 



^Fo find the solidity of a vkuutvu of a cone. 
68. Add together the areas or the two ehds, and the s^vark 

ROOT of the product 07 THESE AREAS ; AND HULTIFLT THE. SUM RT 
\ OF THE PERPENDICULAR Ip^IOHT. 

This role, which was given for the fmatitm of a ppwrnd^ 
(Art, 50.) is equaliy app&Bable to the frustum of a cone | be^ 
cause a co^e and a pyramid wWch h«re e^odi basee and akt* 
tqdes are equal to each other. 



THE SPHEREL i9 

£t. 1. What is the solidity of a mast which is V2 fei|t 
longy 2 feet io diameter at ooa end, and IS inches at tt^ 
t>ther ? Ans. 174.36 cubic feet. 

3. What is the capacity of a conical cistern which is 9 feet 
deep, 4 feet b. diameter at the bottom, and 3 feet at the top f 

Ans. 87.18 cubic feet s=652«16 wine gallons. 

3. How many gallons of ale can be put into a vat in the 
form of a conic fruatum, if the larger diameter be 7 feet, ttfe 
smaller diameter 6 feet, and the depth 8 feet f 

PROBLEM VII. 

To find ike surfack of a sthibe. 

69. MULTIFLT THB DUMKTER BT THE CIRCUMrBREXOE: 

Let a hemisphere be described by the quadrant CPD, 
(Fig. 25.) revolving on the line CO. Let AB be a side of a 
regular polygon inscribed in the circle of which DBF is aik 
arc. Draw AO and BN perpendicular to CD, and BH f>er- 
pendicular to AO. Extend AB till it meet CD continued. 
The triangle AOV, revolving on OV as an axis, will describe 
a right cano. (Defin. 2.) AB will be ihe slant-beieht of a 
frustum of this cone extending from AO to BN. From G 
the middle of AB, draw 6M paraDel to AO. The surface 
of the frustum described by AB, (Art. 67. Cor.) is equal to 

ABxctrcGM.^ 

From the centre C draw CG, which will be perpendicular 
to AB, (Euc. 3. 3.) and the radius of a circle mscribed in the 
polygon. The triangles ABH and CGM are similar, be- 
muse the sides are perpendicular, rtch to each. Therefore, 

HBorON : AB::GM : oCllcirc GM : eire GC. 

So that ON X«rc GC=:»ABxctfc GM, that is, the surface 
of the frustum h equal to the product of ON the perpendicu- 
lar height, into cire GC, the perpendicular distance from ths 
eentre of the polygon to one of the sides. 

* By ctftf GM is tn«aot the circomference of a circle the rafiiua of whieb Is 

GM. . 

8 



$0 MENSURATION OF 

In tto ttine flMinner it may be proved, thiit the 8iiriiM)es 
prodaced bj the feVoIotidn of the lines BD tiid AP abotit 
the axis OOy are equal to * 

NDxctrcGC, and CQXciw? OC. 

The surface of the whole solid, therefore, (EocJ .2.)!^ equld to ~ 

CDXttVcGC. 

The demoDstratioo is applicable to a solid produced by 
the rcTolutioa of a polygon of mny number of sides* But % 
polygon may be supposed which shall difier less than by any 
eiven quantity from the circle in which it is inscribed^ (Sup. 
£mc. 4. 1.) and in which the perpendicular 6C shell differ 
less than by any given quantity from the radius of the circle. 
Therefore the surface of a hemuphere is equal to the product 
of its radius into the ctrcumfprence of its base; and thesuf' 
Juee of a sphere i$ equal to the product of iU diameter into it$ 
eireumferenee. 

Cor. 1. Froaa this demonstration it follows, that the sor- 
iace of any e^tnent or zone of a sphere is equal to the pro- 
duct of the height of the segment or zone into the circum* 
ferei^oe of the sphere. The surface of the zone produced 
by the revolution of the arc Afi about ON, is equal U 
ONxeire UP. And the surface of the segment produce/ 
hy ^e revolution of BD about DN is equal to DN xdff CP 

Cor* 2. The surface of a sphere is equal te^four times fbe 
area of a circle of the same diameter ; and therefore, the 
IBonvex surface of a hemigpbere is equal to twice the area of 
its base. For the area of a circle is equal to the product of 
half the diameter mo half the circumferenoe } I Art. 30.) that 
kftoi the product of the dsMaeter ami circunMerente^ 

Cor. 3. The surface of a 9phere, or the oonvei^ surface ot 
any spherical segment or lone, is equal to that of the cir- 
cumscribing cylinder. A hethisphere described by the rev- 
olution of the arc DBP, is cirouiMcribed by a cylinder pro*^ 
duced by the revolution of the paraU^lograai DdGP. The 
conyex surface of tbf cylinder ia equa^ to ita height mehir 
plied by its circumfereope. (Art. 6SL) And fe^if> is. also ikd 
surface of the hemisphere. 



THE SPHERE. §1 

8b the surface pioduoed by the revolu^ of AB is eoual 
to that produced by the reTolulion of 0b. And the surlaee 
produced by BD b equal to that produced by bd: 

Ex. 1. Coosideriog the earth as' a sphere 7930 miles in 
diametei^ how maoy square miles are there on iu surface f 

Ans. 19t,558,Me; 

2. If the circumference of the 911Q be 2,800,000 miles^ 
what is his surface f Aos. 2,485,547,600,000 sq, miles, 

S. How many square feet of lead will it require, to oover a 
hemispherical dome whose base is 19 feet across f 

Ans. aesf. 

MOBLEJI Vllt. 

To find the solidity of a spheek. 

70. I. MULTIPLT TBS CVBK OF THE VUMMftm BT .OSuO* 

- Or, 

2. Multiply tbb. s^vahb or rem ixuta^nA m ^. 09 nm- at- 

3. M vltiflt Tmc surface bt j- of the dumeter. 

1. A sphere is two thirdi of its circumscribing cylinder. 
(Sup. Euc. 31. 8.) l*he height and diameter of the cylinder 
are each e^al to the diameter of the sphere* The solidity 
of the cyhnder is equal to its height multiplied into the area 
of its base> (Art. 64.) that is putting D for the diameter, 

DxD«X.7864 or D«X.78M. 

And the solidity of the sphere^ being | of thi% is 

D*X.523e« 

2. The base of the circumscribioe cylinder is equal to hal 
.the circumference muhiplied into half the diameter, (Art. 30.) 

that is, if C be put for the circiimference, 

jCxD, and the solidity is ^CxD*. 

Therefore the solidity of the sphere is 
4 of jCxD«=D«x*C. 
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S. In the Itst expression, which is the same as C xD^Kflf^ 
we may substitute S, the surrace, for C xD. (Art. 69.) We 
then have the solidity of the sphere equal to 

SX^D. 

Or, the sphere may be supposed to be filled with small 
pyramidij standing on the surface of the sphere, and having 
their common vertex in the centre. The number of- these 
may be such, that the difference between their sum and the 
sphere shall be less than any given quantity. The solidity of 
each pyramid is equal to the product of its base into | of its 
height. (Art. 48.) The solidity of the whole, therefore, is 
equal to the product of the surface of the sphere into | of its 
radius, or } of its diameter. 

71. The numbers 3.14159, .7854, .5236, should be 

the 




sec- 
diam- 
eter (Art SO.) ; and the third, the ratio oT the solidity of a 
sphere to the cube of the diameter. The second is | of the 
first, and the third is } of the first 

As tfiese numbers are frequently occurring in mathematical 
investigations, it is common to represent the first of thedo bjr 
the Greek letter n. According to this notation, 

*=3.14159, j<r=.7854. *'=-.5236. 

If D^toe dMiiie^er, and Rssthe radius bf any circle or sphere; 

Then D-2R D»=4R» D»=8R». 
And^D) »u • t. i*D» > =theareoof4*D*> ., 
cS arfl 1 ='^ ^''** or*R» I the circ or|*R»5 =*« 
solidity o( the sphere. 

Ex. 1- What is the solidity of the earth, if it be a sphere 
7030 miles in diameter f 

Ans. 261,107^000,000 cubic miles. 

8. How many wine gallons will fill a Hollow sphere 4 feet 
in diameter ? 

Ans. The capacity is 33.5104 feet=260| gallons. 

3. If the diameter of the moon be 2180 miles, what is its 
sblidity ? Ans. 5^424,600,000 miles. 
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79. If the solidity of ft sphere hegivenj the dm meter may 
he found by reversing the first rale io the preceding article; 
that 18, dividing 6y .5336 and txtracting the cube root of the 
quotient. 

Ex 1, Wh^t is the diameter of a sphere whose solidity 
is 65.45 cubic feet ? Ans. 5 feet. 

2. What must be the diameter of a globe to contain 
16755 pounds of water? Ans. 8 feet. 



PROBLEM IX. 

To find the CONTEX surface q/* a seoment or zone of a 

sphere. 

73. HuLTtPLT THE HEIOBT OF THE SEGMElfT OR ZONE INTO THE CIR* 

ccmference or the sphere. 

For the demonstration of this ralcy^ee art. 69. 

Ex. 1. If the earth be considered a perfect sphere 7930 
miles in diameter, and if the polar circle be 23^ 28' from the 
pole, how many square miles are there in one of the frigid 
zones ? 

If PQOE (Fig. 15.) be a meridian on the earth, ADB one 
of the polar circles, and P the pole ; then the frigid zone is 
a spherical segment described by the revolution of the arc 
APB about PD. The angle ACD subtended by the arc 
AP is 33^ 28'. And in the right angled triangle ACD, 

R : AC::Cos ACD : CD=3637. 

Then CP-CD=3965-3637=328=PD the height of 
(he segment. 

And 328X7930X3.14]59=:8171400 the surface. 

3. If the diameter of the earth he 7030 miles, what is the 
surface of the torrid zone, extending 23^ 38' on each side of 
the equator ? 

If EQ (Fig. 1 5.) he the equator, and GH one of the tro- 
pics, then the angle ECG is 33^ 38\ And in the right aisled 
triangle GCM,^ 
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R : CGirSmCCG : GMi«CK:9U78.9lii«hMgktorhalf 

The sarface of the whole zone is 78669700. 

d« What 16 the surCuce of e»cb of the temperate zones? 
The height DN=CP-CN-PD=2058.I 
And the surface of the zone is 5 1 373000. 

The surface of the two temperate zones is 102|646,000 
of the two frigid zones 16,342,800 

of the torrid zone 78,669.700 



of the whole globe 197,558,500 

PROBLEM X* 

Ihjind ike solidity of a spherical sector* 

74. MULTIPLT TBB SPHERICAL SmEUTACC BY ^ OF TBE RADIUS OF 
TBK BVBERE. 

, The spherical sector, (Fig. 34.) produced hy the reTola* 
iipn of ACBD about CD, mi^ be supposed to be filled with 
smaU piframids, standing on the spherical surface ADB, and 
terminating in the point C. Their number may be so great, 
that die beightofeach shall differ less than by anygiFen loi%th 
from the radius CD, and the sum of their bases diall dimr 
less than by any given quantity from the surface ABD. The 
solidhy of each is equal to the produot of its base into | of 
^he radius CD. (Art. 48.) Therefore, the solidity of all of 
them, that is, of the sector ADBC, is equal to the product of 
the spherical surface into | of the radius* 

Ex* Supposing the eiirth to he a sphere 7930 mil^ io di- 
ameter, and the polar circle ADB (Fig, 15*) to be 33^ 28' 
from the pole ; what is the solidity of the spherical se<Mr 
ACBP? 

Ans. 10,799,8*7,000 miles 
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PBOBLM tl* 

Tofiiid ^ tOLioiTT 9f o tfheritMl nQUKnt, 

75. MVLTIPLT HALT TBB nOOHT OW TSS ifeOlttllT UTTO THE AREA 
tir TBB BASE, AHD THE COBB OV TBB ■BIGBn' IRTO .5236 ; AMD ADB 
THE TWO PRODUCTS. 

As the circular sector AOBC (Fig. 9.) consists of two 
parte, the segment AOBP nd the triangle ABC ; (Art 35.) 
so the tpherical sector produced by the revolution, of AOC 
about OC consisti of two parts, the $egmeni produced by the 
revolution of AOP, and the cane produced by the revolution 
of ACP. If then the cone be eHbtnMed fioni the sector, 
the remainder will be the segment. 

Let CO»R the rtidhii ^t die aphere^ 

PBar the radios of the Iwse of die segment 
?Omak the height 6f the aegniem^ 
Then PC-tR- A the atia of die eoM. 

The sectorss2«RxAxiR (Arte. 71, 73, 74.)a}«ARt 
The cone=:*r« Xi(R-A)(Arte. 7],6e.)»|irr^R«.|«Ar'. 

SiJbtneting the 6rte (Hhu the other, 

The segment =f«rAR'-|«'r>R+|rAr'4 

ButDOxPO=BO'(Trig.97.*)=PO"+PB* (Euc.47. l;) 



ThatJs,2R»-t*«+r'. Sd that, R=:2!±:! 

Substitating tbeD, for R and BS their values^ and multf 
plying the factorsi 

■ The »tgtaeut=i*h*+i*hr*^.i -j— ***r»-4^+|7*r» 
which, hy UDiting t^ terms, becomes 

• Eneiid 31, 3i m4 8^ «. Cor. 



ft MENSURATION OF 

The fint term here is ^AX^r', half the height of the seg- 
nkent multiplied into the area of the base ; (Art. 71.) and the 
other A' xl^^ the cube of the height multiplied into .5236. 

If the segment be greater than a hemisphere, as ABD ; 
(Fig. 9.) the cone ABC must be added to the sector ACBD. 

I^et PD=A the height of the segment, 
Then PCs=A— R the axis of the cone. 

The sector ACBD:^|irAR> 

The cone=s«'H X J(4— R)t=i*Ar» -iirr«R 

Adding them together, we have as before, 

The 8egiiient»frAR> - ^HR+i«'AH . 

Cor. The solidity of a spherical segment is equal to half 
a cylinder of the same base and height ^a sphere whose di- 
ameter is the height of the s^ment. For a cylinder is 
equal to its height multipUed into the area of its base ; and 
a sphere is equal to the cube of its dianseter mukiplied by 
.6236. 

Thus if Ojy (Fig. 1 5.) be half Ox, the spherical segment 
produced by the revolution of Oxi is equal to the cylinder 
produced by tvyx + the sphere produced by Qyxir; sup* 
posing each to revolve on the line Ox» 

Ex. 1 • If the height of a spherical segment be B feet, and 
the diaiQeter of its base 95 feet ; what is the solidity f 

Ans. 25' X.7854 X4+8'' X .5236=3291 .58 feet. 

2. If the earth be a sphere 7930 miles in diameter, and 
the polar circle 23^ S9' from tk^ pole, inrliat is the solidity of 
one of the frigid zones ? 

Ans. 1,303,000,000 mif^s. 
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fl 

.PROBLEM XII. 

To find the solidity of a spherical zonk orjrustum^ 

76. From the bolidity of the whole sphere, subtraot the two 
segments on the sides 09 the zone. 

Or, 

Add together the squares of the radii of the two endsf and ^ 
the square ^ their distance ; and multiply the sum by three 
times this distance, and the product hy .5236. 

If from the whole sphere, (Fig. 15.) there be taken the 
two segments ABP andGHO, there will remain the zone or 
frastum ABGH. 

Or, the zone ABQH is equal to the difference between the 
s^ments GHP and ABP. 

pvp_^ I > the heights of the two segments. 



' the rada of their bases. 



AD-r 5 



DN=<2=H— Athe distance of the two bases, 
or the height of the zone. 

Thj/rf the larger 8egmeDt=i«'HR*+i«'H» ? /a.^ 7^ \ 
And tk^ smaller segnicnt«i«Ar« +^<A» J ^^"* ^^'^ 

Therefore the zone ABGH=M3HR« +H'— 3Ar« -A') 

By the properties of the circle, (Euc. 35, 3.) 
ONxH=R«. Therefore (ON+H)xH=R»+H». 

R«+H« 
Or 0P= — j| 

H+A* 
In the same manner, OP = "^ " 

fThereforc 3Hx(r»+A»)=3AX(R^+H»). 

Or 3Hr«+3HA«-3AR>-3H«A=:0. (Alg. 178.) 



68 MENSURATION OF 

To reduce the expression for the solidity of the zooe (• 
the required form, without altering- its value, let these terma 
be added to it : and it will become 

i*(3HR>+3Hr« -3AR» -3Ar»+H» -SH»A+3HA« -A») 

Which is equal to 

Or, as i^ equals .5336 (Art. 71.) and H— A equals < 
,^ • Thezone=.6236X3dX(R»+r»+id*) 

Ex. 1. If the diameter of one end of a spherical zone is 
24 feet, the diameter of the other end 20 feet, and the dis- 
tance of the two ends, or the height of the zone 4 feet ; what 
is the solidity ? Ans. 1566.6 feet. 

2. If the earth be a sphere 7930 miles in diameter, and 
the obliquity of the ecliptic 23^ 28'; what is the solidity of 
one of the temperate zones ? 

Ans. 55,390,500,000 miles. 

3. What is the solidity of the torrid zone ? 

Ans. 147,736,000,000 miles* 

The solidity of the two temperate zones is 1 10,781,000,000 
of the two frigid zones 2,606,000,000 

of the torrid zone 1 47,720,000,000 

of the whole globe 26 1,107,000,000 
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PROMISCOOUS EXAMPLES OF SOLIBS. 

Ex. 1. How much water can be put into a cubical ves- 
sel three feet deep, which has been previously filled with 
cannon balls of the same size, 2, 4, 6, or 9 inches in diame- 
ter, regularly arranged in tiers, one directly above another ? 

Ans. 96^ wine gallons. 

• 

3* If a cone or pyramid, whose height is three feet, be 
divided into three equal portions, by sections parallel to the 
base ; what will be the heights of the several parts ? 

Ans. 24.961, 6.488, and 4.551 inches. 

3« What is tfie solidity of the greatest square prism which 
can be cut from a cylindrical stick of timber, 2 feet 6 inches 
in diameter and 56 feet long ?* 

Ans. 175 cubic feet. 

4. How many such globes as the earth are equal in bulk 
to the sun ; if the former is 7930 miles in diameter, and the 
latter 890,000 ? Ans* 1,413,678. 

5. How many cubic feet of wall are there in a conical 
tower 66 feet high, if the diameter of the base be 20 feet from 
outside to outside, and the diameter of the top 8 feet ; the 
thickness of the wall being 4 feet at the bottom, and decreas- 
ing regularly, so as to be only 2 feet at the top ? 

Ans. 7188. 

*Tlie eommoii rnla for messariDg; roimJ imbtr ii to multiply th* aqaarc of 
tlM pmrUr-girt hj the leogtb. The qaarter g[irt is ooe fourth of Uie circam- 
fer«nM. T%u method does not siTe the whole solidity. It makes ao allow- 
aace of about one-ftftb, ibr waste in hewing, bark, &o. The solidity of a cyl- 
inder ii equal to the prodnct of the length into the.area of the base. 

If Cssthe eircumference, and wssS.UlSQ, then (Art 31.) 

The area of the base =5j;jp«^^4» j— ^3^45-^ 

If Qmb the einmmference were divided by 3.545, instead of 4, and the qno- 
tiept aquared, the furea of the base would be correctly found. 'See note G. 



%0 MENSURATION OF SOLIDS: 

6. If a metallic globe is filled with wine, which cost as 
much at 5 dollars a gallon, as the globe itself at 30 cents for 
every square mch ofits surface ; what is the diameter of the 
globe ? Ans. 55*44 inches, 

7. If the circumference of the earth be 95,000 miles, 
what must be the diameter of a metallic globe, which, when 
drawn into a wire ^V o^ ^^ ^^^^ ^^ diameter, would reach 
round the earth f Ans. 15 feet and 1 inch. 

t. If a conical cistern be 3 feet deen, 7^ feet in diameter 
at the bottom, and 5 feet at the top ; what will be the depA 
of a fluid occupying half its capacity ? 

Ans. 1 4*535 inches* 

'9. If a ^lobe 20 inches in diameter be perforated by a 
cylinder 16 inches in diameter, the axis of the latter passing 
through the centre of the former ; what part of the solidity, 
and the surface of the globe will be cut away by the cylin- 
der? 
Ans. 32B4 inches of the solidity, and 502,655 of the surface^ 

10. What is the solidity of the greatest cube which can 
be cut from a sphere three feet in diameter ? 

Ans. 5^ feet 



SECTION V. 



ISOPERIMETRY.* 



. ^. TT is often necessary (o compare a number of 
*• ' • "■- diflerent figures or solids, for the purpose of as- 
certaining which has the greatest area^ within a given perim- 
eter, or the greatest capacity under a given surface. We majr 
have occasion to determine, for instance, what must be the 
form of a fort, to contain a given number of troops, with the 
least extent of wall ; or what the shape of a metallic pipe to 
convey a given portion of water, or of a cistern, to hold a 
given quantity of liquor, with the least expense of materials. 
78. Figures which have equal perimeters are called /^o- 
perinuters. When a quantity is greater than any other of the 
flame class, it is called a maximum, A multitude of straiglit 
lines, of different lengths, may be drawn within a circle, out 
among them all, the diameter is a maximum. Of all sines of 
atiglea, which can be drawn in a cii de, the sine of 90^ is a 
maxiwium* 

. When a quantity is less than anv other of the same class, 
it is called a minimum. Thus, of all straight lines drawn 
from a given point to a given straight line, that which is per- 
pendiciUar to iihe given line is a minimum. Of all straight 
lines drawn from a given point in a circle, to the circumfer- 
ence, the maximum and minimum are the two parts of the 
diameter which pass through that point. (Euc, 7, 3.) 

In isoperimetry, the object is to determine, on the one 
hand, in what cases the area is a maximum, within a given 
. perimeter ; or the capacity a maximum, within a given sur- 
face : and on the other hand, in what cases (he perimeter is 
a minimum for a given ar^a, or the surface a minimum, for a 
given capacity. 

*Km«r8on'f,Simpioii*t, and Legendre^ Geometry, Lhoillier. Footenelle, 
Hatt0ii*8 Matiiematioi, and Lond. Phil. Trani, Vol. 75. 
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PROPOSITION I. 



79. Jn IsoscELBS Triangle has a greater area thanamf 
scalene triangle^ ofegual base and perimeter. 

If ABC (Fig* 36.) be an isosceles triangle whose equal 
sides are AC and BC ; and if ABC be a scalene triangle on 
the same base AB, and having AC'+BC=AC+BC; then 
the area of ABC is greater than that of ABC. 

Let perpendicalars be raised from each end of die basei 
extend A(J to D, make CD' equal to AC, join BD, and 
draw CH and CH' parellei to AB. 

As the angle CAB^ABC, (Euc. 5, 1.) and ABDis a right 
angle, ABC+CBD=CAB+CDB=ABC+CDB. There- 
fore CBD=CDB, so that CD=CB ; and by constraction, 
CD'sAC. The perpendiculars of the equal right anded 
triangles CHD and CHB are equal; therefore BH=iBD. 
In the same manner, AH =iAD'. The line AD=AC+BC 
=:AC+BC=D'C+BC. But D'C+BC'>BI>. (Euc, 
20,1.) Therefore, AD>BD';' BD>AD', (Euc, 47, 1.) 
and iBD>iAD'. But ^BD, or BH, is the height of the 
isosceles triangle ; (Art. 1.) and |AI> or AH', the height of 
the scalene triangle ; and the areas of two tri ancles which 
have the same base are as their heights. (Art. 80 There- 
fore the area of ABC is greater than that of ABC. Among 
all triangles, then, of a given perimeter, and upon a given 
base, the isosceles triangle is a maximunu 

Cor. The isosceles triangle has a less perimeter than any 
scalene triangle of the same base and area. The triangle 
ABC' being less than ABC, it is evident the perimeter of the 
former must be enlarged, to make its area equal to the area 
of the latter. 



rROPOSITION II. 

80. ^ triangle in ibhich two giifen sides make a right 
ANGLE, has a greater area than any triangle in which the same 
sides make an oblique angle. 

If BC, BC, and BC' (Fig. 27.) be equal, and if BC be 
perpendicular to AB ; then tiie right angled triangle ABC, 
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bas a ereater area than the acate angled triangle ABC', or 
the oblique angled triangle ABC". 

Let P'C' and PC" be perpendicular to AP. Then, as the 
three triangles have the same base A6, their areas are as 
their heights ; that is, as the perpendiculars BC, PC, and 
PC". But BC is equal to BC, and therefore greater than 
PC (Euc. 47, 1.) BC is also equal to BC", and therefore 
greater than PC". 



PROPOSITION in. 

I 81. If all i/ie sides except one of a polygon be given, the 

r area will be the greatest, vShen the given sides are so disposed, 

that the figure may be inscribed in a sexicircle, of which 

the undetermined side is the diameter. 

If the sides AB, BC, CD, DE^ (Fig. 28.) be given, and if 
their position be such that the area, included between these 
and another side whose length is not determined, is a maxi- 
mum^ the figure may be inscribed in a semicircle, of which 
tb« undetermined side AE is the diameter. 

Draw the lines AD, AC, EB, EC. By varying the angle 
at D, the triangle ADE may be enlarged or diminished, 
without affecting the area of the other parts of the figure. 
The whole area, therefore, cannot be a maximum, unless 
this triangle be a maximvm, while the sides AD and ED are 
given. But if the triai^le ADE be a maximvm, under these 
conditions, the angle ADE is iijright angle ; (Art. 80.) and 
therefore the point D is in the circumference of a circle, of 
which AE is the diameter. (Euc. 31,3.) In the same man- 
ner it may be proved, that the angles ACE and ABE are right 
angles, and therefore that the points C and B are in the cir- 
cumference of the same circle. 

The term polygon is used in this section to include trian* 
gles, and four-sided figures, as well as other right-lined 
figures* 

83. The area of u polygon, inscribed in a semi-circle, in 
the manner stated above, will not be altered by varying the 
order of the given sides. 

The sides AB, BC, CD, DE, (Fig. 38.) are the chords of 
so many arcs. The sum of these ar^, in whatever order 
theynre arranged, will evidently be equal to the semicir- 
cumference. And the segments betireen the given sides and 
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tbe ares will he the nine, in whatever part of tiie circle they 
are situated. But the area of tbe poijgoo is equal to tbe 
area of the semicircle, ditoioisbed hj the sum of these seg* 
meats* 
S3. If a polygon, of which all the sides except oae are 

S'Faoi be iiscribed ia a s^nnicircle whose diameter is the un« 
iterniiied side ; a polygon having the same given sides, 
cannot be inscribed in any other semicircle which is either 
greater or less than this, and whose diameter is the undeter- 
mined side. 

The given sides AB, BC, CD, DE, (Fig. 38.) are the 
chords of arcs whose sum is 180 degrees. But in a larger 
circle, each would be the chord of a less number of degrees, 
and therefore the sum of the arcs would be less than f 80^ : 
and in a smaller circle, each would be the chord of a greater 
number of degrees, and the sum of the arcs would be greater 
than J80^ 



PROPOSITIOir IT. 

84. A polygon inscribed in a cirolb has a grtuUr area^ 
than awjf polygon of equal ptrimeUr^ and lAs tame nmnber 
(^ sides J which cannot be inscrUftd in a circle. 

If in the circle ACHF, (Fig. 30.) there be inscribed a po- 
lygon ABCDEFO ; and if another polygon abcdefg (Fig. 
31.) be formed of siiles which are the same in number ami 
length, but which are so disused, that the figure cannot be 
inscribed in a cirele ; tbe area of the form^* polygon is greater 
than that of the latter. 

Draw the diameter AH, and the chords DH and EH. 
Upon ds make the triangle deh equal and simtlar to DEH, 
and join ah. The line ah divides the figure abcdkefg into two 
parts, of which one at least cannot, by supposition, be inscri- 
bed in a semicircle of which the diameter is AH, nor in any 
other semicircle of which the diameter is the undetermined 
side. (Art. 83.) It is therefore less than the correspondii^ 
part of the figure ABCDHEFG. (Art. 81.) And the other 
part ofabcdhefg is not greater than the corres{W>nding part of 
ABCDHEFG. Therefore the whole figure ABCDHEPG is 
greater than the whole figure abcdkefg* If from these there 
be taken tbe equal trianglea DEH and ifeA, there will remain 
the polygon ABCDEFG greater than the polygon abcdefg. 
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85. A polygon of which all the sides are given in number 
and length, can not be inscribed in circles of different dkm^ 
eters. (Art. 83.) And the area of the polygon will not be 
altered, by changing the order of the sides. (Art. 82.) 



PHOFOSITION r. 



86. When a polygon has a greater area than anf other^ of 
the same number of siJeSy and of equal perimeter^ the sides are 

The polygon ABCDpr (Pig. 29.) cannot be a maximum, 
among all polygons of the same number of sides, and of 
equal perimeters unless it be equilateral. For if any two of 
the sides, as CD and F*D, are unequal, let CH and FH be 
equal^ and tbeir sum the same as the sum of CD and FD. 
Tbcr isosceles triangle CHF is greater than the scalene trian^ 
gle CDF (Art. 79.) ; and therefore the polygon ABCHF is 
greater than the polygon ABCDF ; so that the latter is not a 
maximum. 



PROPOSITION th 



87. A asocLAR polygon has a greater afea than any other 
polygon of equal perimeter^ and of the same number of sides. 

For, by the preceding article, the polygon which is a max^ * 
iaittm among others of equal perimeters, and the same num- 
ber of sides is tquUateral^ and by art. 64, it may be inscribed 
in a circle. But if a polygon inscribed in a circle is equilat- 
eral, as ABDFGH (Fig. 7.) it is also eqiiiangular. For the 
sides bf the polygon are the bases of so many isosceles trian- 
gles^ whose common vertex is the centre C. The angles at 
these bases are aH equal ; and two of them, as AHC and 
6HC, are equal to AH6 one of the angles of the polygon. 
The polygon, then, being equiangular, as well as equilateral, 
is 9L regular poly son. (Art. 1. Def. 2.) 

Thus an equuateral triangle has a greater ar6a, than any 
other triangle of equal perimeter. ' And a square has a greater 
area, than any other four^-sided figure of equal perimeter. 

W 
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Cor. A regular polygon has a l€8$ pmmtter than any other 
'gon of equaVarea^and the same number of sides, 
'or ifj with a given perimeter, the regular polygon is greater 
than one which is not regular; it is evident the perime- 
ter of the former must be diminished, to make its area equal 
to that of the latter. 



pok| 



PHO^OSITION Vlf. 

88. If a polygon be described about a circle, the areas 
of the twojigures are as their perimeters* 

Let ST (Fig. 32.) be one of the sides of a polygon, either 
regular or not, which is described about, the circle LNR. 
Join OS and OT, and to the point of contact M draw the 
radius OM, which will be perpendicular to ST. (Euc. 18, 3.) 
The triangle OST is equal to half the base ST multiplied 
into the radius OM. (Art. 8.) And if lines be drawn, in the 
same manner, from the centre of the circlci to the extremi- 
ties of the several sides of the circumscribed polygon, each 
of the triangles thus formed will be equal to half its base mul- 
tiplied into the radius of the circle. Therefore the area of 
the whole polygon is equal to half its perimeter multiplied 
into the radius : and the area of the circle is equal Jto half its 
circumference multiplied into the radius. (Art. 30.)' So that 
the two areas are to each other as their perimeters. 

Cor. I. If different polygons ar^'described about the same 
circle, their areas are to each other as their perimeters. For 
the area of each is equal to half its |)erimeter, multiplied into 
the radius of the inscribed circle. 

Cor. 2. The tangent of an arc is always greafer than the 
arc itself. The triangle OMT (Fig. 32.) is to OMN, as MT 
to MN. But OMT is greater than OmN, because the for- 
mer includes the latter. Therefore the tangent MT is greater 
than the arc MN. 
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rnorosiTioN tiii. 

k9. A CIRCLE hoi a greater area than any polygon of equal 
perimeUr. 

If a circle and a regular polygon have the same ceatre, 
and equal perimeters ; each of the sides of the polygon must 
fall partly within the circle. For the area of idrcumacribing 
polygon is greater than the area of the circlei as the one in- 
cludes the other : and therefore, by the preceding article, the 
perimeter of the former is greater than that of the latter. 

Let AD then (Fig* 32.) be one side of a regular polygon, 
whose perimeter is equal to the circumference of the circle 
RLN. As this falls partly within the circle, the perpendicu- 
lar OP is less than the radius OR. But the area of the poly- 
gon is equal to half its perimeter multiplied into this perpen- 
dicular (Art 16.) ; and the area of the circle is equal to half 
its circumference multiplied into the radius. (Art. 90.) The 
circle then is greater than the given regular polygon ; and 
therefore greater than any other polygon of equal perimeter. 
(Art. 87.) 

Cor. 1 . A circle has a Use perimeter^ than any polygon of 
equal area. 

Cor. 2 Among regular polygons of a given perimeter, 
that which has the j^ea/ei^ number of sides^ has also the great* 
est area. For the greater the number of sides, the more 
iiearly does the perimeter of the polygon approach to a coin- 
cidence with the circumference of a circle.* 



PROPOSITION IX. 

90. A right prism whose bases -are regular poltooks, has a less 
surface ^an.any other right prism of the same solidity^ the same 
altitude^ aad the same nssmber of tides. 

If the altitude of a prism is given, the area of the base is 
as the solidity (Art. 43.) ; and if the number of sides is also 
given, the perimeter is a minimum when the base is a regular 

For a rijiorDas demoDitnitioii of this, seo Legfendre'i Geometry, Appeo* 
.-.. ^o Book If. 
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polygon. (Art* 87. Cor.) But tbe latend surface is as the 
perimeter. (Art. 47.) Of two right prisms,. tbeo, which have 
the same altitude, tbe same solidity, and the same number of 
sides, that whose bases are regular polygons has the least 
laterid surface, while the areas of the ends are equal. 

Cor. A ri^ht prism whose bases are regular polygons has 
i greater i(ol%diiy^ than any other right prism of the same sur- 
face, tbe^amie abjtude, and the same number of sides. 



PBOPOdlTION X. 

91. A right CYUNVER has a Uss wrfaeey than any right priun of 
0se iome altitude and $olidity. 

For if tbe prism and cylinder have tbe same altitude and 
solidity, tbe areas of tbeir bases are equal. (Art. 64.) But 
tbe perimeter of tbe cylinder is less, than that of the prism 
(Art. 89. Cor. 1.); and therefore its lateral surface is less, 
while tbe areas of tbe ends are equal. 

Cor. A right cylinder has tigreater eolidity^ than any right 
prism of tbe same altitude and surface. 



' PBOPOSITTON XI. 

92. A COVE ha$ a lew futface than any other right paraUelopiped 
4>fthe iOme soliditjf, 

A parallelepiped is a prism, any one of whose faces may 
be considered a -base. (Art. 41. Def. I. and V.) If these 
are not all aquareSf let one which is not a square be taken for 
a base. The perimeter of this may be diminished, without 
altering its area (Art. 87. Cor.) ;a9d therefore the surface of 
tbe aolid may be diminished, without altering ite altitude or 
solidity. (Art. 43, 47.) Tbe same may be proved of each 
of the other faces which are not squares. The surface is 
therefore a minimum^ wben.oU the faces are squares, that is, 
when the solid is a cube. 

Cor. A cube has a greater solidity than any other right 
parallelepiped of tbe same surface. 
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PBOPOBITION XII. 



99. A CUBE hoi a grtater solidity^ than any other right paraUelopi- 
ped, the sum of whose lengthy breadth^ and depth is eqwu to the nun 
of the corresponding dimensions of the cube. 

The solidity is equal to the product of the length, breadth, 
«Dd depth. If the length and breadth are unequal^ the solid- 
ity may be increasedi without altering the sum of the three 
dimensions. For the product of two factors whose sum is 

{iveui is the greatest when the factors are equal. (Euc. 27. 6.) 
n the same manner, if the breadth and depth are unequafi 
tl^e solidity may be increased, without altering the sum of the 
three dimensions. Therefore, the solid can not be a mcuei- 
mum^ unless its length, breadth, and depth are equal. 



PROPOSITION XIIU 
94, If a PRISH BE DESCRIBED ABOUT A CVLIHDER, t^ COpOfiUieS of 

t^e two solids are as their surfaces. 

The capacities of the solids are as the areas of their bases, 
that is, as the pmrnel^rt of their bases. (Art. 88.) But the 
lateral surfaces are also as the perimeters of the bas^s. There- 
fore the ufhoh surfaces are as the solidities. 

Cor. The capacities of different prisms, described about 
the same right cylinder, are to each other as their surfaces. 



PROPOSITION XIT. 

95. A right cylinder whose heiobt is e^ual to the diameter of 
ITB BABE has a greater solidity than amy other right cylinder of equal 
surface, 

LetX! be a right cylinder whose height is equal to the di* 
ameter of its base ; and C toother right cylinder having the 
same surface, but a different altitude. If a square prism P 
be described about the former, it will be a cube. But a 
square prism P' described about the latter will not be |i cube. 
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* .- 

ThfiD the surfaces of C aod P are as their bases (Arts. 
47 and 88.) ; which are as the bases of C and P' (Sup. Euc. 
7, 1.); so that, 

$uHC : iurfP : : baseC ; boie? : : boieC : baseP' :: swfC' : nafP* 
fiut the surface of C is, by suppositioD, equal to the sur- 
face of C'. Therefore, ( Alg. 395.) the surface of P is equal 
to the surface of P. And bj the preceeding article, 

soKdP : solidCiisurfP : surfC :: sur/P' : surffyvMlidP'TsolidC' 

But the solidity of P is greater than that of P. (Art. 92. 
Cor.) Therefore the solidity of C is greater than that of €'• 

Schoh A right cylinder whose height is equal to the diam- 
eter of its base, is that which eircwnseribes a sphere* It is 
also called Arckimede$^ cylinder ; as he discovered the ratio 
of a sphere to its circumscribiog cylinder; and these are the 
figures which were put upon bis tomb. 

Cor. Archimedes' cylinder has a Use surface^ than any 
other right cylinder of the same capacity. 



PROPOSITION XV. 

96. If a SPHERE BE CIRCUMSCRIBED 6^ a soUd bounded by plane sur- 
faces; the ippacities of the two solids are as their surfaces. 

If planes be supposed to be drawn from the centre of the 
sphere, to each of the edges of the ciroumscribing solid, they 
^ill divide it into as many pyramids as the solid has faces. 
The base of each pyramid will be one of the faces ; and the 
height will be the radius of the sphere. The capacity of the 
pyramid will be equal, therefore, to its base multiplied into | 
of the radius (Art. 48.) ; and the capacity of the whole cir- 
cumscribing solid, must be equal to its whole surface multi- 
plied into I of the radius. But the capacity of the sphere is 
also equal to its surface multiplied into \ of its radius. 
(Art. 70.) 

Cor. The capacities of different solids circumscribiog the 
same sphere, are as their surfaces. 
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PROPOSITION XVU 

97. A SPHERE ha9 a greater solidity^ than any regular folyedron of 
equal surface. 

m 

If a sphere and a regular polyedroo have the same centre, 
"and equal surfaces; each of the faces of the pqlyedron must 
fall pardy mihin the sphere. For the solidity of a ctVcttm- 
seriUng solid is gre\t*er than the solidity of the sphere, as the 
one includes the other: and therefore, by the preceding arti* 
cle, the surface of the former is greater than that of the fatten 

But if the faces of the polyedron iall partly within the 
sphere, their perpendiculai distance fronv the centre must be 
less than the radius. And therefore, if the surface of the 
polyedron be only equal to that of the sphere, its solidity 
must be less. For the solidity of the polyedron is equal to 
its surface multiplied into ^ of the distance from the centre. 
(Art. 59.) And tne solidity of the sphere is equal to its sur- 
face multiplied into | of the radius. 

Cor. A sphere has a lets iurface^ than any regular polye^ 
dron of the same capacity. 

For other cases of Isoperimetry, see Fluxions. 



APPENDIX.— PART 1. 



CorU<iining rules ^ wUhoui demonstrations^ for the mensuration^ 
of the Conic Sections^ and other figures not treated of hi 
the Elements of Euclid,^ 



PROBLEM I. 

To find the area of on ellipsb^ 

101« Multiply the product of the tnuisyerse and conjugate 
axes into .7854. 

« 

Ex. What is the area of an ellipse whose transverse axis is 
36 feet, and conjugate 28 f Ans. 791.68 feet. 

FROBLXM II* 

To find ihe area of a sbqmbnt of an elUpsef cnt off bjr a Kne 

perpendicular to either axis. 

102. If either axis of an ellipse be made the diameter of a 
circle ; and if a line perpendicular to this axis cut off a seg- 
ment from the ellipse, and from the circle ; 

The diameter of the circle is, to the other axis of the ellipse ; 
As the circular 8^;ment, to the elliptic segment. 

* For dMoulntiflni of tiMM ralM, M Conic Seetiott, Spberictl THm- 
taMtrrtandFhoteWiOrliattoK'tMoDraraiion. ^ 
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i 

Ex. What 18 the area of a segment c«t off from an ellipse 
whose tninsferse axis is 4 1 5 feet, and conjugate 339 ; if the 
height of the segment is 96 feet, and its base is perpendiciH 
lar to the transverse axis f 

The circular segment is 98680 feet* 

Abd the elliptic segment 18944. 



moauy m. 
Tojlnd the area of a conic PARABoiiA. 

103. Multiply the base by f of the height 

Ex. If the base of a parabola is 96 inches, and the 
height 9 feet; what is the area ? Ans. 13 feet. 

PROBLEM TV, 

To find the area of a frustum of a parabola^ cut off by a line par- 
allel to the base. 

104. Dhride the dtflbrence of the cubes of the diameters 
of the two ends, bj the difference of their squares ; and mul- 
tiply the quotient by f of the perpendicular height. 

Ex. What is the area of a parabolic frustum, whose height 
IS 12 feet, and the diameters of its ends 90 and 19 feetf 

Ans. 196 feet. 

PROBLEM ¥. 

To find the area of a conk hyperbola. 

106. Multiply the base by f of tbe height; and correct 
the product by subtracting^froni it the series 

S&ssthe base or double ordinate, 
Aasthe height or abscissa, 
rasthe height divided by the sum of 
ttie height and tranavene axis* 
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The lerica cooT^fj^ 80 rapidlj, that a few of the flnt 
tafms will generall j gire the correctioD with sufficient exact* 
MM* This correction is the difference between the hyper- 
bola, and a parabola of the same base and heif^t 

Ex. If the base of a hyperbola be 34 feet, the height 10 
and the transverse asis 90 ; what k the area 1 

The Base X | the height is 160. 

The first term of the series is 0.01 6666 

The second" 0,000599 

The 0itid 0.000049 

the foorth 0.00000ft 



Their sum 0.017313 



This into 9bh k 8.31 



And the area corrected is 151 .69 



ToJMitlU ana of a sPHfiaiciL TEiAiroui formed bjr three aicsof 

great circles of a sphere. 

106. As 8 right aogles or 730^, 

To the excess of the 3 given angles above 1 60* .; 
So is the whole surface of the sphere. 
To the area of the spherical triangle. 

Ex. What is the area of a spherieal triangle, on a sphere 
whose diameter is 30 feet, if the angles are ISO*, 102*, and 
66* f Ans. 471.94 feet. 

FBOBUA vn. 

Tojmd tlu arta of a sthbeical polygon formed by aroi of great 

circles. 

107. As 8 right angles, or 790*, 

To the excess of all the given angles above die pro- 
duct of the number of angles — 9 into.460*; 
So is the whole surface of the sphere, 
To the area of the spherical polyfon; 



i 
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Es. What is the aret of a spbarieal poljrgmi of aavwi 
sides, on a sphere whose diameter is 17 inches; if the siub 
of ^ the aof^ is 1069^ f Ans. 8>T mebes. 



PROBUM nil. 

To find tki hauirnirfuUinduiid biiwun two groai tinUi of 

%^fkero. 

108. As 360°, to the angle made bj the given eirdes ; 
So is the whole surfiM^ of the sphere, to the snrftce 
between the circles. 

Or, 
The hinar suriace is espial to the breadth of the middle 
part of it, mvltiplied into the dianieter of the sphere. 



fbu If the earth be 7930 nnles in diameter, what is the 
sarfiMM of that part of it which is incladed between the 66th 
and 83d degree of longitude ? 

Ana. 0,878,000 s^iare osiles*. 



PROBLXM IXi 

n find the MoUdiijfo/a sraEftoro, formed hj the reTolotion of an 

ellipse abeat either axis. 

109. Multiply th6 product of the fixed axis and the square 
of the rerolFing axis, into •6336. 

Ex. 1. What is the solidity of an oblong spheroid, whose 
longest and shortest diameters are 40 and SO feet i 

Ans« 40x30' x.52S6al8850 feeu 

a. If the earth be an oblate spheroid, whose polar and 

Statorial diamolers are 7930 and 7960 miles ; what is ifSB 
ditjrf Afl9^ fll3/HM>,00Q,O0O milea^ 



*ra MENWRATION. 



PROBLEM X* 



To find fh€ soKdity of the middle wkvbtvm of a spheroid^ included 
between two planes whic)i afe ^ipendicnlar to the axis, and 
equally distant from the centre. 

110. Add together the square of the diameter of one end, 
and twice the square of the middle diameter; multiplj tb^ 
sum by.^. of the^beight, and the product by .TS^* 

' If D and d s the two diameters, and A ^ the height ; 
The solidity =(2D« +il*) X i* X .7854. 

Ex. If the diameter of one end of a middle fitntom of 
a spheroid be 8 rnebes, the middle dtumeter 10^ and tha 
height 30| what is the solidity f 

Ans. 2073.4 im^hea. 

Cor. Half the middle frustum is etppA to a fruatum of 
which Me Grille eods pasSesthiough the centre. 

If then D and <{=the diam'rs of the twoends, and Asthe betU, 
The solidity =(2D»+<l«)Xi*X .7864. 



FROBLMM XI. 

To find the sotiditif <^ a paiuboloid. 

111. Multiply the area of the base by half the height. 

Ex If the diameter of the base of a paraboloid be 12 feet, 
and the height 22 feet, what is the solidity f 

Ans. 1243 feet' 

FBOHL^M XII. 

To find the tolidity of a frustum of a paraboloid. 

112. Multiply the sum of the areas of the two ends by half 
their distance. 



Ek. If the diameter of one eod of a froatom of a parabo- 
loid be 8 feet J the diameter of the other ead 6 feeti and the 
length 34 feet ; what is the solidity ? 

Aha. 842| (Ml. * 

Cor* If a cask be in the form of two iqual fnistuma of a 
paraboloid; and 

If Ds=the middle diam. d^the end diam. and Asthe length ; 
The solidity =(D» +rf» ) X 4* X .7854. 



rROBusMna^ 

* • • 

To find tki soliXiy of a HTPEiiBoLtfiD, produced by the reToln- 

tion of a hypeihola on its ax{t. 

1 1 3. Add together the 8<piare of the radios of the base, 
and the square of the diameter of a section which is equally 
distant from the base and the vertex ; multiply the sum by 
the height, and the product by ;jl^36. 

If Rssthe radios of the base, Dathe middle diameter, and 
Assthe height ; 

The solidity=(R«+D0xAX.6236. 

Ex. If the diameter of the base of a hyperboloid be S4, 
the square of the middle diameter 353, ana the height 10, 
what is the solidity ? Ans. 3073.4. 



paoauEM XIV, 

Tafind ike iotidiiif of a Vfurstim of a hyptfhloid. 

114. Add togetbei' the souarefi of the radii of the two ends, 
and the square of the middle diameter; multiply the sum by 
the height, and the product by .5336. 



If R and rssthe two radii, Dsethe midjdle diameter^ and 
&=the height ; 
The solidity «(R'-f-r' +I>0 XA X.6336* 

Ex. If the diameter of one end of a fhiAum of a hyperbo- 
loid be 33, the diameter of the other end 34, the square of 
the middle di&inM^r 793|, aod the length 30, whAt is the 
solidity? Ans. 13499.3* 
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MULBM XT. 



T^fmi iibe Mi^ fi « cncuLAR «nR>ic, produced bt th« feir«^ 
lation of a circimr segment about its base or chord as ao 



axis. 



1 1 5« From \ of fhe ctibe of half the axis, subtract the 
product of the central distance into half the revolying cir- 
cular segroenti and maltiplj the remainder bj four times 
8.14159. 

If aasthe area oF die rerolying circular segment, 
/cshalf the length or axis of the spindle, 
esthe distabce of this axis from the centre of the 
circle to which Ihe revolving segment belongs ; 

The solidityi=:=(i'' - |«u:) X4 X a.l4Uf • 

Ex. Let a circular spindle be produced by the revolution 
of the segment ABO (Fig. 9.) about AB. If the axis AB be 
140, and OP half the middle diameter of the spindle bo 
S8.4 ; what is the soUditj 7 

The area of the revolving segment is 3791 
The central distance PC 44.6 

The solidity of the spindle 374402 



fMtl^XVI. 

To fmi tJU tMi\^ of Hu Mmw VRUsnni of a drenhur ^puidb. 



1 16. From the square of half Ae axis of the whole spindle, 
subtract ^ of the square of half die length of the frustum f 
multiply the remainder by this half length ; from the pfodoct 
subtract the product of the revolving area into the central 
distance ; and multiply the remainder by twic^ 3.141 69. 

If Lssbalf the length or axis of the whole spindle, 
/sbalf the lengdi of the middle frustum, 
c»the distance of die axis from the centre of ihecircle 
assthe area of die figure which, by revolvioi^ pro ^ 
duces the f rustum ; 

The solidit]r9<L' --|<* xl-tfe)XlX3.U15§. 
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Ex. If Ae diasietor of eteh end of t 'finutoni of t eircttlur 
spindle be 21.6, the middle diameter 60, and the length 70; 
what is the soliditj ? 

The length of the whde spindle is 79.75 
The oentral distance 1 1 .5 

The reroMngarea 1703*8 

The soliditj 136761.6 

JPftOBLUf XTIl. 

TV/nd Ae toUdihf of a paxabouc sramtB, produced by the reT4^ 
Nation of a pariuM>ia about a double ordinate or base. 

« 

117* Mtthiplj the square of the middle diameter by ^^ df 
the aziS| and the product by .7864. 

Ex* if the axis of a parabolic spindle be 30, and the mid- 
dle diameter 17, what is the solidi^ f 

Ans* 8631.7^ 

PBOBLBM X71I|. 

To find tlu MUUy of ih^ midduc nusnrpi of a parahoUe ipindk, 

I18« Add together the squaos of the end diameter, and 
twic«-tbe square of the middle diameter, from the sum sub- 
tract } of the square of the difference of the diameters ; and 
multiply the remainder by \ of the length, and the product 
Igr .7864. 

If D and it » the two diameters, and I « the length; 
The soUdity a(SD>+^-f(D-<0')Xi{X.7864. 

Ex. If the end diameters of a frustum of a parabolio spin- 
dle be each ]2inches, the middle diameter 16, and the length 
9to ; what n the solidity ? Anar* 6102 inches.. 
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GAUGING OF CASKa 




Art llfi /GAUGING 18 a practical art, which does tK»t 
^^ admit of being treated io a very soieiUific 
manner. Casks are not commonly constructed m exact con- 
Ibrmitjr with any regular mathemaucai fignte. By most wri- 
ters on the subject, however^ they are oooBidered as aearly 
coinciding with one of the following forms ; 

The $ecand of these varieties agrees more nearly, than any 
of the otheirs, with the forms of casks, as they are aommonly 
made. The first is too much curved, the third too little, and 
Cbe fourth not at all, from the head to the bune* 

1^. Rules have already been given, for finding the capa* 

city of each of the four varieties of casks. (Arts. 68, 1 10, 

112, i 10.) As the dimensions are taken in inches, these 

fules will give the contents in cubic inches. To abridge the 

computation, and adapt it to the particular measures used in 

{au^ng, the factor .7854 is divided by 282 orflU; 'and the 

<]uotient is used instead of .7884,. for finding, the eapacity in 

a|o gallons or wine gallons. 

_ .7854 

Vovt-^^^MUBS, or •0028 nearly; 

. ..7854 

And ■2g|"=*W)S4. 

If then .0028 and .0034 be substituted for .7854, in the 
rules referred to above; the contents of the cask will be giv- 
en in ale gallons and wine gallons. These numbers are to 
each other nearly as 9 to 1 1. 
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IPftOBLIM I. 

To ealealaU A» oemtmii 4^ a eoikj tn the form of the mUdU/rui- 

turn of a BPBBROID. 

121. Add together the square of the head diameter, and 
twice the square of the bung diameter ; muhipty the sum by 
^ of the length, abd the product by .0028 for ale gallons, or 
by .0034 for wine gallons. 

If D and d^iim two diameters, and Isthe length ; 
The capacity in inches«(2D'+'')Xi/X.7854. (Art. 110.) 

And by substituting .0028 or .0034 for .78^, we have the 
capacity in ale gallons or wine gallons. 

Ex. What is the capacity of a cask, of the first form, 
whose length is 30 inches, its head diameter 18, and its bung 
diameter 24 ? 

Ans. 41.3 ale gallons, or 52.2 wine gallons. 



FEOBLBM II. 

V 

To eaieukUe the eorUonts of a ca$kj in the form of the middle frus- 
tum of a PARABOUC SPIKDLB. 

122; Add together the square of the head diameter, and 
twice the souare of the bung diameter, and from the sum 
subtract } ot the square of the difference of the diameters ; 
multiply the remainder by \ of the length, and the product 
by .0028 for ale gallons, or .0034 for wine gallons. 

The capacity in inches »(2D«+<i'-KD-^*)Xi/x 
.7854. (Art 118.) 

Ex. What is the capacity of a cask of the second form, 
whose length is 30 inches, its head diameter 18, and its bung 
diameter M ? 

Ans. 40l9 ale gallons, or 49.7 wine gallons. 

12 
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F&OSLBII m. 

IV> tdieHiUOB At MUetUi of dt coiky in ihe/&Hn of fv^ equUfhU' 

tum$ of a pAra^loid. 

123. Add together thd squifre of the head diailietery and 
the square of the buog diameier ; multiply the iom by half 
the leDgtbi and the prcMiuCt by .0028 for ale galloos, or .0034 
for wioe gallons. 

The capacity in inehe«=s(D'-1-4r*)X^fy.i8f4. (Art, 
112. Cor.) 

Ex. What b the capacihr of a cask of the third fomi». 
whose dimensions are, as beiore, 30, 18, 24f 

Ans. 37.8 ale galloas, or 46.0 wine galloDs\ 

PROBLEM IT. 

T0eakiiJaUA§€mii€nUofaea9kjintkeJormo^twH>9qiialfh^ 

of a COHE. 

]SS4. Add together the square of the bead diameter, the 
square of the bung diameter, and the product of the two di- 
ameters; muhiply the sum by | of the lengthi and the pro* 
duct by .0028 lor ale gallons, or 0034 for wine gallons. 

Thecapacity in itiehe8s(D' +i'' +D<f) x\lx .7854 ( Art.68.) 

Ex. What is the capacity of a cask of the foiHrth fordi, 
whose length is dO, and its dtaitieters 18 and 24 f 

Ans. 37.S ale gallons, ot 45.3 wioe gailoofc. 

125. The preceding rules, though correct in theory, are 
not fery well adapted tb practice, as they iuppose the form 
of the cask to be Ameton. The two following riiles, taken 
from Button's Mensuration, may be used for cisks oi tlie 
usual forms. For the first, thrte dimettStons are required, the 
length, the head diameter, and the bung diameter. It is ev« 
ident that no allowance is made by this, for different degrees 
of curvature from the head to the bung. If the cask is more 
or less curved than usual, the following rule is to be prefer* 
ved| for which four dimensions are required, the head and 



iMiig diameters, end a thini diameter taken in the middle 
between the bans and the head* For the domonstratton of 
.these rotes, see HuCton's Mensaration, Part v. Sec. 2. Ch. f. 
and 7. 

fROBLBH ▼. 

7s ealeidait ih4 c^Ui^i ^ auMf eommm cask frwa\ tuftsi iK- 

ffiaifiofit. 

1 ^6^. Add togethfir 

25 times the square of the hei|d diameter^ 
39 tiroes the square of the bqng diameter, and 
36 times ^e prpdiict of the two diameters ; 
Multiply the sum by the length, divide the product by 90« 
and multiply the quotient by .0028 for ale gallons, or .0034 
for wine gallons. 

The capacity in incbe8=(39D« +25d» +26Drf) X — X .7864. 

Ex. What is the capacity of a cask whose length is 30 
kicbes, the bead diameter 1 8, and the bang diameter 24 ? 

Ans. 39 ale gallons, or 47^ wine gallons. 



To calculate the contmls of a cask from four dimensioMj the 
length, the head and bong diameters, and a diameter taken 
in tiie middle between the head and the bung. 

tS7. Add together the.squ^res of the head diameter, of 
the bung diameter, and of double the middle diameter; mul- 
tiply the som bj i.of the leny[tb» and the product by .0028 
for ale gallons, or .0034 for wine gallons. 

If Da^the bung diameter, i^ihe head diameter, m»tbe 
middle diameter, and /stthe length ) ^ 

The capacity in inches=(D«+d«+2m*)Xi/X.7854. 

Ex. What it the capacity of a cask, whose length is 50 
inches, the head diameter 18, the bong diaaaeter 24, and the 
middle diameter 22} ? 

Ans. 4 1 ale gallons, or 49f wine gallons. . 



G4 MENSURATION. 

128. Id making the calculations in gaogiu^i according to 
the preceding rules, the multiplications and divisions are fre- 
quently performed by means of a Sliding Rtdtj on wbick 
are placed a number of logarithmic lines, similar to those on 
Gunter^s Scale. See Trigonom. Sec. vi. and Note 1. p. 139. 

Another instrument commonly used in gauging is the 
Diagonal Rod. Bj this, the capacity of a cask is veryjez- 
peditiously found, from a single dimensioni the distance from 
the bune to the intersection of the opposite stave with the 
head. The measure is taken by extending the rod through 
the cask, from the bung to the most distant part of the head. 
The number of gallons corresponding to the length of the 
line thus found, is marked on the rod. The logarithmic lines 
on the gauging rod are to be used in the same manner, as 
on the sliding rule. 



ULLAGE OF CA8K& 

139. When a cask is partly filled, the whole capacity is 
divided, by the surface of the liquor into two portions ; the 
le€tst of which, whether full or empty, is called the tdlagem 
In finding the ullage, the capk is supposed to be in one of 
two positions ; either standings with its axis perpendicular 
to the horizon ; or lying, with its axis parallel to the hori- 
zon. The rules for ullage which are exact, particularly 
those for lying casks, are too complicated for common use. 
The following are considered as suflSciently near approxr 
imatioos. See Hutton'is Mensuration. 



pftoBLiai vn. 
To ealadaie th$ vUage rfawtJjma^ ca$k^ 

130. Add together the squares of the diameter at the sur- 
face of the liquor, of the diameter of the nearest end, and of 
double the diameter in the middle between the other two ; 
multiply the sum by } of the distance between the surface 
and the nearest end, and the product by .0038 for ale gallons^ 
or .0034 for wine gallons. 
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If Dsstbe diameter of the surface of the liquor, 
ilaslbe diameter of the nearest end, 
Matbe middle diameter, and 
ls9 the distaoce between the surface and the nearest end; 

The ullage in inche8==(D* +d^ +2m^) X ^I X .7854. 

Ex. If the diameter at the surface of the liquor, in a stand- 
ing cask, be 32 inches, the diameter of the nearest end 24, 
the middle diameter 29, and the distance between the surface 
of the liquor and the nearest end 12 ; what is the ullage ? 

Ans. 27} ale gallons, or 33| wine gallons. 



FBOBLBM Till. 

To caleuUUt the ullage of a ltino cask* 

Divide the distance from the bung to the surface of the 
liquor, by the whole bung diameter, find the Quotient in the 
column of heights or versed sines in a table ot circular seg- 
ments, take out the corresponding segment, and multiplv it bjr 
the whole capacity of the cask, and the product by i |^ ior the 
part which is empty* 

If the cask be not half full, divide the depth of the liquor 
by the whole bung diameter, take out the segment, multiply, 
tec. for the contents of the part which is full. 

£s. If the whole capacity of a lying cask be 41 ale gal- 
lons, or 49} wine gallons, the bung diameter 24 inches and 
the distance from me bung to the surface of the liquor S 
inches i what is the ullage i 

Ans. 7| ale gallons, or 9| wine gallons* 



NOTES. 



Note A. p. 16. 

OnB of tbe earKest approximatioDs to the ratio of the cir* 
eumference of a circle to its diameter, was that of wsfreAiaie- 
ies. He demonstrated that the ratio of the perimeter of a 
regular ioscribed polygon of 96 sides, to the diameter of th^ 
circle, is greater than 3|f : 1 ; and that the ratio of the pe- 
rimeter of a circumscribed polygon of 192 sides, to the diam- 
ter, is less than 3^f : 1, that is, than 22 : 7. 
i M$tiui gave the ratio of 356 : 116, which is more accurate' 
than any other expressed in small numbers. This wu con«- 
firmed by Fteta, who by inscribed and circumscribed poly- 
gons of 99321 6 sides, carried the approximation to ten places 
of figures, viz. 

3a4i69aafi3. 

Van Ceplen of Leyden afterwards extended it, bv the la- 
borious process of repeated bisections of an arc, to So places. 
This calculation was deemed of so much consequenoe at the 
time, that the numbers are said to have been put upon his 
tomb. 

But since the invention of jfuxioiis, methods much more 
expeditious have been devised, for approximating to the re- 
quired ratio. These principally consist in finding the sum of 
t series, in which the length of an arc is expressed in terms 
of its tMgeni. 



If f asfbe tangent of an arc, the radios being 1 , 

o i* r t^ ^ . 

Thearcs«l--j+y-Y+]5-- &o. See FhixioDa. 
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series b in itself very simple. NoibiDg more is ne- 
cessary to make it aoswet tte {purpose io practice, than that 
the arc be small^ so as to render the series sufficiently con* 
verging, and that the tangent be expressed in sueb simple 
numbers, as can easily be raised in the several powers. The 
given series will be eKpte^sed in the most simple numberst 
when tbe ire is 45^, #bose tangent is equal to radiiis. If the 
radius be 1, 

The arc of 45<':sl— |+|-4+i-&c. And this multi- 
plied by 8 gives tbe length of tbe whole circumference. 

But a ^ries iii which the tangent is smaller, though it be 
less simple than this, is to be preferred, for the rapidity with 
which it converges. As tbe tangent of SO^as^^, if the ra- 
dius be I, 

The*rc df S0»=v'iX(l-3J;3+5;|;i-^+937-fcc. 

And this multiplied into t2 will give the whole circumference* 
This was the series used by^ Dr. Halley. By this also, 
Mr. Mraham Sharp of Yorkshire computed the circumfer- 
ence to 72 places of figures, Mr. John Mackimt Professor of 
Astronomy in Gresham college, to ] 00 places, and M. De 
Lagnv to 128 places. Several expedients have been devised, 
by Machin, Euler, Dr. Hutton, and others, to reduce tbe la- 
bour of sumraine the terms of the series. See Euler^s Anal- 
ysis of Infinites, Hutton^s Mensuration, Appendix to Maseres 
on the Negative Sign, and Liond. Phil. Trans, for 1776. 
For a demonstration that tbe diameter and tbe ctrcumfereoce 
of a circle are incommensurable, see Legendre's Geopidty, 
Note. IV. 

* 
The Gircumierence of* drele vh<Ke diaofeter is I, is 

3.1415926535, 8979323846, 2643383279, 
5028841971, 6939937510, 5820074944, 
5923078164, 0628620699, 8628034825, 
9421170679, 8214806^1. 3272306647, 

0938446 + or7 -. 
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Note B. p. 17. 

* ■ 

The following multipliers may fSrequeody be iiBeful ; 

C X.8862s=the side of an equal square. 
The diam'rof a arcle < X.707 sthe side of an ins'bed sq're* 

( X.866 =the side of an inscribed 

[equilateral triangle. 

SX »2821s=:the.side of an equal square. 
X .22519: the side of an inscribed square. 
X .2756= the side of an ins'bed eqMat. trian. 

/X 1.1 28 as the diam. of an equ'l circle. 
X 3.545 ss the circ. of an equal circle. 
...... .... ' - circumsc. circle. 

circurase. circle* 



Note C. p. 19. 

The foUowine approximating roles may be used for finding 
the arc of a circle. 

1. The arc of a circle is nearly equal to | of the differ- 
ence between the chord of the whole arc, and 8 times the 
chord of half the arc. 

3. If Ass the X^A/ of an arc, and iIbb the diameter of the 
circle ; 

The are = 9d V gji^ Or, 

-. .. A S*« 3 5*» . , 

3. Thearc-2^itt X(l +5:33+ 2AJd^+2Aj67!d^^'^^'^ 

« ^ y 5A 

4. The arcss(a<^ V/ 53Il3r+4v^«*)v«'y nearly. 

6. If #ssthe fwie of an arc, and r=the radius of the circle ; 

«* 8t« S.5t* 

Tbearc^#X(l+3;g^+ 5:2;:j;T+7:2^^ &c. 

See Hutton^s 
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ISToTE D. p. 23. 

To expedite the calculation of the areas .of prcuiar seg? 
^eiits, a table is provided, which contains the areas of seg? 
meots in a circle whose diameter is one. See the table at the 
end of the book, in which the diameter is supposed to be di- 
vided into 1000 equal parts, fij this may be found the areas 
of segments of other circles. For the heights of similar 
segments of different circles are as the diameters. If then 
the height of any given segment be divided by the diameter 
of the circle, the quotient will be the height of a similar seg* 
ment in a circle whose diameter is 1. The area of the lat- 
ter is found in the table ; and from the properties of similar 
figures, the two segments are to eajch other, as die squares 
x>i the diameter^ of the circles. We have then the following 
rule: 



To find the area of a eircuiar segment by the table. . 

pioide the height of the segment by the diameter of the circle ; 
iookfor the Moixent %n the column of heights in the table ; take out 
the eorreeponding number in the column of areas ; and multiply it 
by the square of the diameter. 



It is to be observed, that the figure^ in each of the colun^s 
in the table are decimals. 

If accuracy is required, and the quotient of the height di- 
vided by the diameter, is betwe/en two numbers in the column 
of heights; allowance may be made for a proportional part 
of the difference of the corresponding numbers in the columo 
of areas; in the same manner, as in taking out logarithms* . 

Segments greater than a semicircle are not conti^ined in the 
table. If the area of such a segment is required, as ABD 
(Fig. 9.), find the area of the segment ABO, and subtract 
bis from the area of the whole cirple. 

Or, 

Divide the height of the given segment by the di&meier, 
subtract the quotient from 1, find the remainder in the colfisiB 
of heights, subtract the corresponding area from •7854 104 
multiply this remainder by the squaris of the diameter* 

15 
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Ex. 1. What is the area of a segment whose height is 16, 
the diameter of the circle being 48 ? Ans. 528. 

2. What is the area of a segment whose height is 32, the 
diameter being 48 ? Ans. 1281.55. 

The following rules may also be used for a circular seg- 
ment. 

1. To the chord of the whole arc, add | of the chord of 
half the arc, and multiply the sum by | of the height. 

If C and c=the two chords, and A=the height ; 

The segment =(C+|e)|A nearly. 

2. If h^ the height of the segment, and d=sthe diameter 
of the circle ; 

h A« A> 
The 5egment=2Av^dAx(|-^-^^-;y2^ &c.) 



NoT£ E. p. 29. 

The term solidity is used here in the customary sense, to 
express the magnitude of any geometrical quantity of three 
dimensions, length, breadth, and thickness ; whether it be a 
solid body, or a fluid, or even a portion of empty space. 
This use of the word, however, is not altogether free from 
objection. The same term is applied to one of the general 
properties of matter ; and also to that peculiar quality by 
which certain substances are distinguished from^uior. There 
seems to be an impropriety in speaking of the solidity of a 
body of wo/er, or of a vessel which is empty. Some writers 
have therefore substituted the word volume for solidity. But 
the latter term, if it be properly defined, may be retained 
without danger of leading to mistake. 



Note F. p. 35. 

The geomeirieal demonstration of the rule for finding the 
solidity of a frustum of a pyramid, depends on the following 
proposition : 



L 



NOTES. §1 

Afnutvun of a triangular pyramid is equal to three pyramidi ; the 
greatest and least ojf which are equal in heigkt to the frustwoy and 
have the two ends of the frustum for their bases ; and the third is a 
mean proportional between the other two. 

Let ABCDFG (Fig. 34.) be a frustum of a triangular py- 
ramid. If a plane be supposed to pass through the points 
AFC, it will cut off the pyramid ABCP. The height of this 
is evidently equal to the height of the frustum, and its base 
is ACB, the greater end of the frustum. 

Let another plane pass through the points AFD. This 
will divide the remaining part of the figure inta two triangular 
pyramids AFDG and AFDC. The height of the former is 
equal to the height of the frustum, and its base is DF6, the 
smaller end of the frustum. 

To find the magnitude of the third pyramid AFCD, let F 
be now considered as the vertex of this, and of the seconjf 
pyramic) AFDG. Their bases will then be the triangles 
ADC and ADG. As these are in the same plane, the two 
pyramids have the same altitude, and are to each other as 
their bases. But these triangular bases, being between the 
same parallels, are as the lines AC and DO. Therefore the 
pyramid AFD C is to the pyramid AFDG as AC to DG ; 

and AFCD* : AFDG* : : AC* : DG*. (Alg. 391.) But the 
pyramids ABCF and AFDG, having the same altitude, are 

as their bases ABC and DFG, that is, as AG* and DG*» 
(Euc. 19, 60 We h ave the n 

AFDC* : AFDG*^jAC*j_pG* > 
ABCF : AFDG: : AC* : DG* > 

Therefore AF DC* : AFDG* : : ABCF ; AFDG. 

And AFDC* =AFDG x ABCF. 

That is, (he pyramid AFDC is a mean proportional be- 
tween AFDG and ABCF. 

Hence, the solidity of a frustum of a triangular pyramid is 
eaual to | of the height, multiplied into the sum of ihe areas 
of the two ends and the square root of the product of these 
areas. This is true also of a frustum of any other pyramid. 
(Sup. Euc. 12,3. Cor. 2.) 

If the smaller end of a frustum of a pyramid be enlarged, 
till it is made equal to the other end ; the frustum will become 
a pritMf which may be divided into three equal pyramids. 
(Sup. Euc. 15, 3.) . 



46 MENSURATION. 

Note 6. p. 59. 

The following simple tule for the solidity of roond timber^ 
br of any cylinder, is nearly exact : 

MuUiphf the length into twice the square of ^ of the cirauitference. 

If C s=i the circumference of a cylinder ; 

c* c* /c \ ■ c* 

theareiof th6bate=4;:*J2;3gg-But2^y) =^j^ 

It is common to measure hewn timber, by naultiplying the 
length into the square of the fuarier^rt. This gives exact- 
ly the solidity ota parallelepiped, if the ends are i^uaru. Bat 
if the ends are parallelogramsi the area of each is k$s than 
tb^ square of the quarter-girt* (Buc 27, 6.) 
^Timber which is tapering may be exactly tneasured by 
the rule for the friistum of a pyramid or cone (Art. 60, 680 $ 
or^ if the ends are not similar figures, by the rule for a pris- 
taoid. (Art. 55.) But for common purposes, it will be soffi* 
Oient to multiply the length by the area of a section tn the 
fniddk between the two ends. 



^ 



A TABLE 



or THK BEGMEHTS OF A CIRCLE, WHOSE DUMETER 18 1, AND IS SUP- 
POSED TO BE DIVIDED II7T0 1000 E^OAL PARTS. 



h 



Height 


Am 8«8- 


Hdfht 


Area8?r 


Heigbt 


Area Seg. 


.001 


.000042 


.034 


.008273 


.067 


.022652 


002 


000119 


035 


008638 


068 


023154 


003 


000219 


036 


009008 


069 


023659 


004 


000337 


037 


009383 


070 


024168 


005 


000471 


038 


009763 


071 


024680 


006 


000618 


039 


010148 


072 


025195 


007 


000779 


040 


010537 


073 


025714 


008 


000952 


041 


010932 


074 


026236 


009 


001135 


042 


011331 


075 


026761 


010 


001329 


043 


011734 


076 


027289 


Oil 


001533 


044 


012142 


077 


027821 


012 


001746 


045 


012554 


078 


028356 


OlS 


001968 


046 


012971 


079 


028894 


014 


002199 


047 


013392 


080 


029435 


015 


002438 


048 


013818 


081 


029979 


016 


002685 


049 


014247 


082 


030526 


017 


002940 


050 


014681 


083 


031076 


018 


003202 


051 


015119 


084 


031629 


019 


003472 


052 


015561 


085 


032186 


020 


003748 


053 


016007 


086 


032745 


021 


004032 


054 


016457 


087 


033307 


022 


004322 


055 


016911 


088 


033872 


023 


004618 


056 


.017369 


089 


034441 


024 


004921 


057 


017831 


090 


035011 


025 


005231 


058 


018296 


091 


035585 


026 


005546 


059 


018766 


092 


036162 


027 


005867 


060 


019239 


093 


036741 


028 


006194 


061 


019716 


094 


037323 


029 


006527 


062 


020206 


095 


037909 


030 


006865 


063 


020690 


096 


038496 


031 


007209 


064 


021178 


097 


039087 


032 


007558 


065 


021659 


098 


039680 1 


.033 


.007913 


.066 


.022154 


.099 


.040276 1 
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TABLE OP Circular segments. 



Heijsbt 


Arm ot%- 


Heisht. 


Area Beg. 


Height 


Area Seg. 


.100 


.040875 


.144 


.069625 


.188 


.102334 


101 


041476 


145 


070328 


189 


103116 


102 


042080 


146 


071033 


190 


103900 


103 


042687 


147 


071741 


191 


104685 


104 


043296 


148 


072450 


192 


105472 


105 


043908 


149 


073161 


193 


106261 


106 


044522 


150 


073874 


194- 


107051 


107 


045139 


151 


074589 


195 


107842 


108 


045759 


152 


075306 


196 


108636 


109 


046381 


153 


076026 


197 


109430 


110 


047005 


154 


076747 


198 


110226 


111. 


047632 


155 


077469 


199 


111024 


112 


048262 


156 


078194 


200 


111823 


113 


048894 


167 


078921 


201 


112624 


114 


049528 


158 


079649 


202 


113426 


115 


050165 


159 


080380 


203 


114230 


116 


050804 


160 


081112 


204 


115035 


117 


051446 


161 


081846 


205 


115842 


118 


052090 


162 


082582 


206 


116650 


119 


052736 


163 


083320 


207 


117460 


120 


053385 


164 


084059 


208 


118271 


121 


054036 


165 


084801 


209 


119083 


122 


054689 


166 


085544 


210 


119897 


123 


055345 


167 


086289 


211 


120712 


124 


056003 


168 


087036 


212 


121529 


125 


056663 


169 


087785 


213 


122347 


126 


057326 


170 


088535 


214 


123167 


127 . 


057991 


171 


08928T 


215 


123988 


128 


058658 


172 


090041 


216 


124810 


129 


059327 


173 


090797 


217 


125634 


130 


059999 


174 


091554 


218 


126459 


131 


060672 


175 


092313 


219 


127285 


132 


061348 


176 


093074 


220 


128113 


133 


062026 


177 


093836 


221 


128942 


134 


062707 


178 


094601 


222 


129773 


135 


063389 


179 


095366 


223 


130605 


136 


064074 


180 


096134 


224 


131438 


137 


064760 


181 


096903 


225 


132272 


138 


065449 


182 


097674 


226 


133108 


139 


066140 


183 


098447 


227 


133945 


140 


066833 


184 


099221 


228 


134784 


141 


067528 


185 


099997 


229 


135624 


142 
.143 


068225 


186 


100774 


230 


136465 


.068924 


.187 


.101553 


.231 


.137307 



TABLE OF CIRCULAR SEGMENTS. 



95 



H«isbt 


Area Seg. 


Height 


Area Sef. 


Heifht. 


Aaee.6ec. 


.232 


.138150 


.277 


.177330 


.322 


.218533 


233 


138995 


278 


178225 


323 


219468 


234 


139841 


279 


179122 


324 


220404 


236 


140688 


280 


180019 


325 


221340 


236 


141537 


281 


180918 


326 


222277 


237 


142387 


282 


181817 


327 


223215 


238 


143238 


283 


182718 


328 


224154 


239 


144091 


284 


183619 


329 


225093 


240 


144944 


285 


184521 


330 


226033 


241 


145799 


286 


185425 


331 


226974 


242 


146655 


287 


186329 


332 


227915 


243 


147512 


288 


187234 


333 


228858 


244 


148371 


289 


188140 


334 


229801 


245 


149230 


290 


189047 


335 


230745 


246 


150091 


291 


189955 


336 


231689 


247 


150953 


292 


190864 


337 


232634 


248 


151816 


293 


191775 


338 


233580 


249 


152680 


294 


192684 


339 


234526 


250 


153546 


295 


193596 


340 


235473 


251 


154412 


296 


194509 


341 


236421 


252 


155280 


297 


195422 


342 


237369 


253 


156149 


298 


196337 


343 


238318 


254 


157019 


299 


197252 


344 


239268 


255 


157890 


300 


198168 


345 


240218 


256 


158762 


301 


199085 


346 


241169 


257 


159636 


302 


200003 


347 


242121 


258 


160510 


303 


200922 


348 


243074 


259 


161386 


304 


201841 


349 


244026 


260 


162263 


305 


202761 


350 


244980 


261 


163140 


306 


203683 


351 


245934 


262 


164019 


307 


204605 


352 


246889 


263 


164899 


308 


205527 


333 


247845 


264 


165780 


309 


206451 


354 


248801 


265 


166663 


310 


207376 


355 


249757 


266 


167546 


311 


208301 


356 


250715 


267 


168430 


312 


209227 


357 


251673 


268 


169315 


313 


210154 


358 


252631 


269 


170202 


314 


211082 


359 


253590 


270 


171089 


315 


212011 


360 


254550 


271 


171978 


316 


212940 


362 


255510 


272 


172867 


317 


213871 


362 


256471 


273 


173758 


318 


214802 


363 


257433 


274 


174649 


319 


215733 


364 


258395 


1 275 


175542 


320 


216666 


365 


25935r 


|.276 


.176435 


.321 


.217599 


.366 


.260320 



96 



TABLE OF CIRCULAR SEGMENTS. 



HeJcht 


ArMSef. 


BMtlH. 


AretSeg. 


HolCM. 


ArM8tg. 


.367 


.261284 


.412 


.305155 


.457 


.349752 


368 


262248 


413 


306140 


458 


350748 


369 


263213 


41^ 


307125 


459 


351745 


370 


264178 


415 


308110 


460 


352742 


371 


265144 


416 


309095 


461 


363739 


372 


266111 


417 


310081 


462 


354736 


373 


267078 


418 


311068 


463 


355732 


374 


268045 


419 


312054 


464 


356730 


376 


269013 


420 


313041 


465 


357727 


376 


269982 


421 


314029 


466 


358725 


377 


270951 


422 


315016 


467 


359723 


378 


271920 


423 


316004 


468 


360721 


379 


2728dO 


424 


316992 


469 


361719 


380 


273861 


42b 


317981 


470 


362717 


381 


274832 


426 


318970 


471 


363716 


282 


275803 


427 


319959 


472 


364713 


383 


276775 


428 


320948 


473 


365712 


384 


277748 


429 


321938 


474 


366710 


385 


278721 


430 


322928 


476 


367709 


386 


279694 


431 


323918 


476 


368708 


387 


280668 


432 


324909 


477 


369707 


388 


281642 


433 


325900 


478 


370706 


389 


282617 


434 


326892 


479 


371706 


390 
391 


283592 


435 


327882 


480 


372704 


284568 


436 


328874 


48) 


373703 


392 


285544 


437 


329866 


482 


374792 


393 


286521 


438 


330858 


483 


375702 


394 


287498 


439 


331850 


484 


376702 


395 


288464 


440 


332843 


485 


377701 


396 


289454 


441 


333836 . 


486 


378701 


397 


290432 


'442 


334829 


487 


379700 


398 


291411 


443 


335822 


488 


380700 


399 


292390 


444 


336816 


489 


381699 


400 


293369 


445 


337810 


490 


382699 


401 


294349 


446 


338804 


491 


383699 


402 


295330 


447 


339798 


492 


384699 


403 


29631 1 


448 


340793 


493 


385699 


404 


297292 


449 


341787 


494 


386699 


405 


298^73 


450 


342782 


495 


387699 


406 


299255 


451 


343777 


496 


388699 


407 


300238 


452 


344772 


497 


389699 


408 


301220 


453 


345768 


498 


390699 


409 


302203 


454 


346764 


499 


391699 


410 


303187 


455 


347769 


.500 


.392699 


.411 


.304171 


.456 


.348755 1 
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TABLE OF CIRCULAR SEGMENTS. 



Height. 


Area8«g. 


BelgM. 


AraaSog. 


HcigM. 




ArM8«g. 


.367 


.261284 


.412 


.305155 


.457 


.349752 


368 


262248 


413 


306140 


458 


350748 


369 


263213 


41^ 


307125 


459 


351745 


370 


264178 


416 


308110 


460 


352742 


371 


265144 


416 


309095 


461 


353739 


378 


2661 U 


417 


310081 


462 


354736 


373 


267078 


418 


311068 


463 


355732 


374 


268045 


419 


312054 


464 


356730 


375 


269013 


420 


313041 


465 


367727 


376 


269982 


421 


314029 


466 


358726 


377 


270951 


422 


315016 


467 


359723 


378 


271920 


423 


316004 


468 


360721 


379 


272890 


424 


316992 


469 


361719 


380 


273861 


425 


317981 


470 


362717 


381 


274832 


426 


318970 


471 


363716 


282 


275803 


427 


319959 


472 


364713 


383 


IJ76775 


428 


320948 


473 


365712 


384 


277748 


429 


321938 


474 


366710 


385 


278721 


430 


322928 


476 


367709 


386 


279694 


431 
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As the following treatise has been prepared for the use of a 
class in College, it does not contain all the details which 
would be requisite for a practical navigator or surveyor. 
The object of a scienii6c education is raiher to teach princi- 
pies, than the minute rules which are called for in profession- 
al practice. The principles should indeed be accompanied 
with such illustrations and examples as will render it easy 
for the student to make the applications for himself when- 
ever occasion shall require. But a collection of rules 
merely, would be learned only to be forgotten, except by a 
few who might have use for them in the course of their bu- 
siness. There are many things belonging to the art of navi- 
gation which are not comprehended in the mathematical 
part of the subject. Seamen will of course make use of the 
Valuable system of Mackay, or the still more complete work 

of Bowditch. ^ ... . , , • • 1 

The student is supposed to be familiar with the pnnciples 
of Geometry and Trigonometry, before he enters upon the 
present number, which contains little more than the applica- 
tion of those principles to some of the most simple problems 
in heights and distances, navigation, and surveymg. 
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Art. 1. fTlHE most direct and obvious method of determine 
JL ing the distance or height of anj object, is to ap- 
ply to it some knovrn measure of length, as a foot, a yard, or 
a rod. In this manner, the height of a room is found, by a 
joiner's rule ; or the side of a field by a surveyors chain. 
But in many instances, the object, or a part, at least of the 
line which is to be measured is inaccessible* We may wish 
to determine the breadth of a river, the height of a cloud, or 
the distances of the heavenly bodies* In such cases it is ne* 
cessary to measure some other line ; from which the requir- 
ed line may be obtained, by geometrical construction, or 
more exactly, by trigonometrical calculation. The line first 
measured is frequently called a base line. 

2. In measuring angles^ some instrument is used which 
contains a portion of a graduated cirrle divided into degrees 
and minutes. For the proper measure of an angle is an arc of 
a circle, whose centre is the angular point. (Trig. 74.) The 
instruments used for this purpose are made in different 
forms, and with various appendages. The essential parts 
are a graduated circle, and an index with sight-holes, for tak- 
ing the directions of the lines which include the angles. 

3. Angles of elevatioHf and of depression, are in a plane 
perpendicular to the horizon, which is called a vertical plane. 
An angle of elevation is contained between a parallel to the 
horizon, and an ascending line, as BAC. (Fig. 2.) An angle 
of depression is contained between a parallel to the horizon, 
and a descending line, as DCA. The complement of this is 
the angle ACB. 

4. The instrument by which angles of elevation, and of 
depression, are commonly measured, is called a Quadrant. 
h\ its most simple form, it is a portion of a circular board 

2 
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ABC, (Fig. !•) on which is a graduated arc of 90 degrees, 
AB, a plumb Hoe CP, suspended from the central point C, 
and two sight-boles D and £, for taking the direction of the 
object* 

To measure an angle o{ elevation with this, hoJjLihe plane 
of the instrument perpendicular to the horizon. Bring the cen- 
tre C to the angular point, and direct the edge AC in such a 
manner, that the object G may be seen through the two 
sight-holes. Then the arc BO measures the angle BCO, 
which is equal to the angle of elevation FCG. For as the ' 
plumb-line is perpendicular to the horizon, the angle FCO 
is a right angle, and therefore equal to BCG* Taking from 
these the common angle BCF, there will remain the angle 
BCO=FCG. 

In taking an angle o{ depression^ as HCL (Fig. 1.) the ejQ 
is placed at C, so as to view the object at L, through the 
sight holes D and E. 

5. In treating of the mensuration of heights and distances, 
no new principles are to be brought into view. We have 
only to make an application of the rules for the solution of 
triangles, to the particular circumstances in which the obser- 
yer may be placed, with respect to the line to be measured* 
These are so numerous, that the subject may be divided into 
a great number of distinct cases. But as they are all solved 
upon the same general principles, it will not be necessary to 
give examples under each. The following problems may 
serve as a specimen of those which most frequently occur in 
practice 

PROBLEH I. 

To FIND THE PERPENDICULAR HEIGHT OF AN ACCESSIBLE OB- 
JECT STANDING ON A HORIZONTAL PLANE. 

6. MEA8UBB FROH THE OBJECT TO A CONVENIEHT STATION, 
AND THERE TAKE THE ANGLE OF ELEVATION 3UBSENDED BT. 
THE OBJECT. 

If the distance AB (Fig. 3.) be measured, and the angle 
of elevation BAC ; there will be given in the right angled 
triangle ABC, the base and the angles, to find the perpen- 
dicular. (Trig. 1 37.) 

As the instrument by which the angle at A is measured, is 
commonly raised a few feet above the ground ; a point B 
must be taken in the object, so that AB shall be parallel to 
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the horizon. The part BP, may afterwards be added to the 
height BC, found by trigonometrical calculation* 

Ex. 1. What is the height of a tower BC, (Fig. 2.) if the 
distance AB, on a horizontal plane, be 98 feet ; and the an- 
gle BAG 35| degrees ? 

Making the hypothenuse radius, (Trig. 131.) 
Cos BAC : AB: :Sin BAG ; BC=69.9 feet. 

For the geometrical construction of the problem, see Trig* 
169. 

2. What is the height of the perpendicular sheet of water 
at the falh of Niagara, if it subtends an angle of 40 degrees, 
at the distance of 163 feet from the bottom, measured on a 
horizontal plane? Ans. 136| feet. 

7. If the height of the object be Amozon, its distance may be 
found by the angle of elevation. In this case the angles, and 
the perpendicular of the triangle are given, to find the base. 

Ex. A person on shore, taking an observation of a ship's 
mast which is known to be 99 feet high, finds the angle of 
elevation 3| degrees. What is the distance of the ship from 
the observer ? Ans. 98 rods* 

8. If the observer be stationed at the top of the perpen* 
dicular BC, (Fig. 2.) whose height is known ; he may find 
the length of the base line AB, by measuring the angle of 
depression ACD, which is equal to BAC 

Ex. A seaman at the top of a mast 66 feet high, looking at 
another ship, finds the angle of depression 10 degrees. What 
is the distance of the two vessels from each other ? 

Ans. 22| rods. 

We may find the distance between two objects which are 
in the same vertical plane with the perpendicular, by calcu- 
lating the distance of each from the perpendicular. Thus 
AG (Fig. 2.) is equal to the difference between AB and GB. 

Problem. H. 

to find the hbioht of an accessuiitb object standing 
on an inclined plane. 

9. MeASUBB the DISTANCE FROM THE OBJECT TO A CON- 
TENIENT STATION, AND TAKE THE ANGLES WHICH THIS BASE 
HAKES WITH LINES PRAWN FROM ITS TWO END3 TO THE TOP 
OF THE OBJECT* 
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If the base AB ^Pig. 3.) be measured, and the angles BAG 
and ABC ; there will be given, in the oblique angled triangle 
ABC, the side AB and the angles, to find BC. (Trig. 150.) 

Or the height BC may be found by measuring the distan- 
ces BA, AD, and taking the angles BAC and BDC. There 
will then be given in the triangle ADC, the angles and the 
side AD, to find AC; and consequently, in the triangle 
ABC, the sides AB land AC with the angle BAC, to find 
BC. 

Ex. If AB (Fig. 3.) be 7G feet, the angle B 101^ 25' 
and the angle A 44^ 42' ; what is the height of the tree 
BC? 

Sin C : AB: :Sin A : BC=95.9 feet. 

For the geometrical construction of the problem, see Trig. 
169, 

10. The following are some of the methods by which the 
height of an object may be found, without measuring the an- 
gle of elevation* 

1. By shadows. Let the staff be (Fig. 4.) be parallel to 
an object BC whose height is required. If the shadow of 
BC extend to A, and that of 6c to a ; the rays of light CA 
and ca coming from the sun may be considered parallel ; and 
therefore the triangles ABC and cAc are similar ; so that 

ab : 6c::AB : BC. 

Ex. If ab be 3 feet, be 5 feet, and AB 69 feet, what is the 

height of BC ? Ans. 1 1 5 feet. 

« 

2. By parallel rods» If two poles am and en (Fig. 5.) be 
placed parallel to the object BC, and at such distances as to 
bring the points C, c, a in a line, and \i ab be made parallel 
to AB ; the triangles ABC, and abc will be similar ; and we 
shall have 

ab :6c::AB :BC. 

Ont pole vf\\\ be sufficient, if the observer can place bis eye 
at the point A, so as to bring A, a, and C in a line. 

3. By a mirror. Let the smooth surface of a body of 
water at A, (Fig. 6.) or any plane mirror parallel to the hori* 
zon, be so situated, that the eye of the observer at c may 
view the top of the object C reflected from the mirror. By 
a law of Optics, the angle BAC is equal to hAc ; and if be 
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be made parallel to BC, the triangle bAc will be similar to 
BAG I so that 

Ab : 6c::AB : BC, 



Problem III. 

to find the height of an inaccessible object above a 
horizontal plane. 

11. Take two stations in a vertical plane passing 
through the top of the object, measure the distance 
from one station to the other, and the angle of eleva> 
tion at each. 

If the base AB (Fig. 7.) be measured with the angles CBP 
and CAB ; as ARC is the supplement of CBP, there will be 
given, in the oblique angled triangle ABC, the side AB and 
the angles, to find BC; and then, in the right angled triangle 
BCP, the hypothenuse and the angles, to find the perpendic- 
ular CP. 

Ex. 1. If C (Fig. 7.) be the top of a spire, the horizontal 
base line AB 100 feet, the angle of elevation BAC 40% 
and the angle PBC 60^ ; what is the perpendicular height of 
the spire ? 

llie difference between the angles PBC and BAC is equal 
to ACB. (Euc. 32. 1 ) 

Then Sin ACB : AB::Sin BAC : BC=187.9 
And R : BC: :Sin PBC : CP= I62f feet. 

2. If two persons 120 rods from each other, are standing 
on a horizontal plane, and also in a vertical plane passing 
through a c/otid, both being on the same side of the cloud : 
and if they find the angles of elevation at the two stations to 
be GS^" and 76'' ; what is the height of the cloud ? 

Ans. 2 miles 135.7 rods. 

12. The preceding problems are useful in particular ca- 
ses. But the following is a general rule, which maj be used 
for finding the height of any object whatever, within mode 
rate distances. 
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Problem IV. 



To FIND THE HEIGHT OP ANT OBJECT^ BY OBSERVATIONS AT 
TWO STATIONS. 

IS. Measure the base line between the two stations, 

THE ANGLES BETWEEN THIS BASE AND LINES DRAWN FROM EACH 
OF THE STATIONS TO EACH END OF THE OBJECT, AND THE AN- 
GLE SUBTENDED BT THE OBJECT, AT ONE OF THE STATIONS. 

If BC (Fie. 8.) be the object whose height is required, 
and if the distance between the stations A and D be meas- 
ured, with the angles ADC, DAC, ADB, DAB, and BAG; 
there will be given, in the triangle ADC, the side AD and 
the angles, to find AC ; in the triangle ADB, the side AD 
and the angles, to find AB ; and then, in the triangle BAC, 
the sides AB and AC with the included angle, to find the re- 
quired height BC. 

If the two stations A and D be in the same plane with BC, 
the angle BAC will be equal to the difference between BAD 
and CAD* In this case it will not be necessary to measure 
BAC. 

Ex. If AD=:83 feet, (Fig. 8.) C ADB=33% 
CADC=51^ (DAB=I21* 

I DAC=95« BAC=26*, 

What is the height of the object BC ? 
SinACD : AD:: ADC : AC==n5.3 
Sin ABD : AD:: ADB : AB=:103.1 
(AC+AB) : (AC-AB): :Tan ^ABC+ACB) : TanKABC 

-ACB)=:13<*38' 
Sin ACB : AB: :Sin BAC t BC:b50.57 feet. 

tf the object BC be perpendicular to the horizon, its 
height, after obtaining AB and BC as before, may be found 
by taking the angles of elevation BAP and CAP. The difier- 
ence of the perpendiculars in the right angled triangles ABP 
and ACP, will be the height required. 

Problem V. 

To FIND THE DISTANCE OF AN INACCESSIBLE OBJECT. 

I4« MeASUEE a base line between TWO STATIONS, AM 
THE ANGLES BETWEEN THIS AND LINES DRAWN FROM EACH 
OF THE STATIONS TO THE OBJECT. 
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If C (Fig, 9.) be the object, and if the dbtance between 
the stations A and B be measured, with the angles at B and 
A ; there will be given, in the oblique angled triangle ABC, 
the side AB and. the angles, to find AC and fiC, the distan- 
ces of the object from the two stations. 

For the geometrical construction, see Trig. 169. 

Ex. 1. What are the distances of the two stations A and 
B (Fig. 9.) from the house C, on the opposite side of a river; 
if AB be 26.6 rods, B 92<> 46', and A dS"" 4(y ? 

The angle C=180-(A+B)=48^ 34'. Then 
o. p. ATl-5SinA:BC=22.17 
&m C . AiJ. . ^ gj^ 3 J AC=35.44 

2. Two ships in a harbour, wishing to ascertain how far 
they are from a fort on shore, find that their mutual distance 
is 90 rods, and that the angles formed between a line from 
one to the other, and lines drawn from each to the fort are 
46^ and 56° 15'. What are their respective distances from 
the fort ? Ans. 76.3 and 64.9 rods. 

15. The perpendicular distance of the object from the 
line joining the two stations may be easily found, after the dis- 
tance from one of the stations is obtained. The perpendicu- 
lar distance PC (Fig. 9.) is one of the sides of the right an- 
gled triangle BCP. Therefore 

R:BC::SinB:PC 

Problem VI. 

to find the distance between two objects, when 
the passage fuom one to the other, in a stbaioht 
line, is obstructed. 

16. Measure the right lines from one station to 

.EACH OF the objects, AND THE ANGLE INCLI7DED BETWEEN 

these lines. 

If A and B (Fig. 10.) be the two objects, and if the dis- 
tances BC and AG be measured, with the angle at C ; there 
will be given, in the oblique angled triangle ABC, two sides 
and the included angle to find the other two angles, and the 
remaining side. (Trig. 1 53.) 

Ex. The passage between the two objec tsA and B (Fig 
10.) being obstructed by a morass, the line BC was measured 
and found to be 109 rods, the line AC 76 rods, and the angle 
at C lOP SO'. What is the distance Afi ? 

Ans. 144.7 rods. 
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Problem VII. 

to find the distance between two inaccessible objects. 

17. Measure a base line between two stations and 
the angles between this base and lines drawn from 
each of the stations, to each of the objects. 

If A and B fFig. 11.) be the two objects, and if the distance 
between the stations C and D be measured, with the angles 
BDC, BCD, ADC, and ACD ; the lines AC and BC may 
be found as in Problem V, and then the distance AB as in 
Problem VI. 

This rule is substantially the same as that in art. 13. The 
two stations are supposed to be in the same plane with the 
objects. If they are not, it will be necessary to measure the 
angle ACB. 

18. The same process by which we obtain the distance of 
two objects from each other, will enable us to find the dis- 
tance between one of these and a third, between that and a 
fourth, and so on, till a connection is formed between a great 
nun^ber of remote points. This is the plan of the great Trig' 
onometrtcal Surveys which have been lately carried on, with 
surprising exactness, particularly in £ngland and France. 
See Surveying, Section II. 

19. In the preceding problems for determining altitudes, 
the objects are supposed to be at such moderate distances, 
that the observations are not sensibly affected by the spherical 
^figure of the earth. The height of an object is measured 
from an horizontal plane^ passing through the station at which 
the angle of elevation is taken. But in an extent of several 
miles, the figure of the earth ought to be taken into account. 

Let AB (Fig. 12) be a portion of the earth's surface, H 
an object above it, and AT a tangent at the point A, or a 
horizontal line passing through A. Then HT, the oblique 
height of the object above the horizon of A, is only zpart of 
the height above the surface of the earth, or the level of the 
ocean. To obtain the true altitude, it is necessary to add 
BT to the height HT found by observation. The height 
BT may be calculated, if the diameter of the earth and the 
distance AT be previously known. Or if the height BT be 
first determined from observation, with the distance AT 5 the 
diameter of the earth may be thence deduced. 
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Pbobleu VIII» 

to fivd the diamctfir of the caetb, from the kkown 
.heioht of ▲ aistaut mountain, whose summit is iust vis- 
ible in the horizon. 

2a From the s<iuabb of the distance divided bt the 

HEIGHT, subtract THE HEIGHT. 

IfBT (Fig. 12) be a mountaiD whose height is known, 
with the distance AT ; and if the sammit T be just visible in 
the horizon at A ; then AT is a iangeni at the point A. 

Let 3BCaD, the diameter of the earth, 
AT^df the distance of the mountain, 
BT«A, its height. 

Then considering AT as a straight line, and the earth as a 
sphere, we have (Euc. 36. 3«) 

(2BC+BT)xBT»AT' j that is,(D+A)xA«rf«, 
and reducing the equation, 

h 
Eju The highest point of the Andes is about 4 miles above 
the level of the ocean* If a straight line from this touch the 
surface of the water at the distance of n^\ miles; what is 
the diameter of the earth 1 Ans. 7940 miles. 

31. If the distance AT (Pig. IS.) be tmAnovn, it may be 
found bj measuring with a quadrant the angle ATC. Draw 
BG perpendicular to BC ; and join CG. The triangles AC6 
and BCG are equal, because each has a right angle, the sides 
AC and BC are equal, and the hypothenuse CG is common. 
Therefore BG and AG are equal, (o the right angled trian- 

fie BGT, the angle BTG is given, and the perpendicular 
tT. From these may be found BG and TG, whose sum is 
equal to AT, the distance required.* 

23. In the common measurement of angles, the light is 
supposed to come from the object to the eye in a straight 
UrU. But this is not strictly true. The direction of the light 
is aflected by the refraction of the atmosphere* If the object 
be near, the deviation is very inconsiderable. But in an ex* 

• Thii method eCdetenaiDiDg; the diameter of tiM earth ii not at aoQaratct 
as Uial by meaivrio^; a depee of Latitude. 9ee Sarveyiaj;, Seo.. H. 
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tent of several miles, and particalarly in such nice observa- 
tions as determining the height of distant mountains, and the 
diameter of the earth, it is necessary to make allowance for 
the refraction.* 

Probleh IX. 

To FIND THE GREATEST DISTANCE AT WHICH A GIVEN OB- 
JECT CAN BE SEEN ON THE SURFACE OF THE EARTH. 

33. To THE PRODUCT OF THE HEIGHT OF THE OBJECT INTO 
THE . DIAMETER OF THE EARTH, ADD THE S(iUABfi OF THE 
BEIGUi; ; AND EXTRACT THE SQUARE ROOT OF THE SUM. 

Let 26Cs:D, the diameter of the earth, (Fig. 13.) 
BTssA, the height of the object, 
AT=srf, the distance required. 

Then (D+A) XA=</«. And d=-/DA+A«. 

Ex. If the diameter of the earth be 7940 miles, and Mount 
Mini 3 miles high ; how far can its summit be seen at sea ? 

Ans. 136 miles. 

The actual distance at which an object can be seen, is in- 
creased by the refraction of the air.* 

34. In this problem, the eye is supposed to be placed at 
the level of the ocean. But if the observer be elevated above 
the surface, as on the deck of a ship, he can see to a greater 
distance. If BT (Fig. 13.) be the height of the object, and 
B 'T' the beieht of the eye above the level of the ocean \ the 
distance at wnich the object can be seen, is evidently equal 
to the sum of the tangents AT and AT'. 

Ex. The top of a ship's mast 133 feet high is just visible in 
the horizon, to an observer whose eye is S3 feet above the 
surface of the water. What is the distance of the ship ? 

Ans. 31 1 miles. 

35. The distance to which a person can see the smooth 
surface of the ocean, if no allowance be made for refraction, 
is equal to a tangent to the earth drawn from his eye, as T'A 
(Fig. 13.) 

Ex. If a man standing on the level of the ocean, has his 
eye raised 5^ feet above the water ; to what distance can he 
see the surface ? Ans. 3} miles. 

'*' See Note A. 
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36. If the distance AT, (Fig. 13.) with the diameter of the 
earth be given, and the height BT be required ; the equation 
in art. 23 gives 

ArsV'jD^+d'-iD 
See Surveying, Section IV. on Levelling* 

27. When the diameter of the earth is ascertained, this 
may be made a base line for determining the distances 4EM|5 
fuavenly bodies. A right angled triangle may be formed, ^e 
perpendicular sides of which shall be the distance requi^fed^ 
and the semi«diameter of the earth. If then one of tta^ an- 
gles be found by observation, the required side ml^^U^asily 
calculated. ^m 

Let AC (Eig. 14.) be the semi -diameter of th6!l|rth, AH 
the sensible horizon at A, and CM the rational horizon paral- 
lel to AH, passing through the moon M. The angle HAM 
may be found by astronomical observation. This angle, 
which is called the Horizontal Parallax^ is equal to AMC, 
the angle at the moon subtended by the semi-diameter of the 
earth. (Euc. 29. 1.) 

Problem X. 

To FIND THE DISTANCE OF ANY HEAVENLY BODY WHOSE 
HORIZONTAL PARALLAX IS KNOWN. 

20. As RADIUS, TO THE SEMI-DIAK ETER OF THE EARTH ; 
So IS THE COTANGENT OF THE HORIZONTAL PARALLAX, 
TO THE DISTANCE* 

In the right angled triangle ACM, (Fig. 14.) if AC be 
made radius ; 

R: AC::Cot AMCrCM 

Ex. If the horizontal parallax of the moon be 0* 57', and 
the diameter of the earth 7940 miles ; what is the distance 
of the moon from the centre of the earth ? 

Ans. 239,414 miles. 

29. The Jixed stars are too far distant to have any sensible 
horizontal parallax. But from late observations it would 
seem, that some of them are near enough, to sufier a small 
apparent change of place, from the revolution of the earth 
round the sun. The distance of the sun, then, which is the 
semi-diameter of the earth^s orbit, may be taken as a base 
linejfoT finding the distance of these stars. 
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We tbaa proceed bj degrees, from measoring a line on the 
surface of the earth, to calculate the distances of the heaven- 
ly bodies* From a base line on a plane, is determined the 
height of a mountain ; from the height of the mountain, the 
diameter of the earth ; from the diameter of the earth, the 
distance of the sun, and from the distance of the sun, the dis* 
tance of the stars, 

30. After finding the distance of a heavenly body, its mag* 
rUlude is easily ascertained • if it have an apparent diameter, 
sufficiently lai^e to be measured by the instruments which 
are used for taking angles. 

Let AEB (Fig. 1 5.) be the angle which a heavenly body 
subtends at the eye. Half this angle, if C be the centre of 
the body, is AEG; the line EA is a tangent^ the surface, 
and therefore EAC is a right angle. Then making the dis* 
tance EC radius, 

R:EC::SinAEC:AC 

That is, radius is to the distance, as the sine of half the an- 
gle which the body subtends, to its semi-diameter. 

Ex. If the sun subtends an angle of 32^ 2", and if bis dis- 
tance from the earth be 95 million miles ; what is his diam- 
eter t Ans. 885 thousw^miles. 



Pbohiscuous Examples* 

■ 

I. On the bank of a river, tlie angle of elevation of a tree 
on the opposite side is found to be 46^ ; and at another sta- 
tion lOG feet directly back on the same level, 31^. What 
is the height of the tree ? 

Ans. 143 feet. 

3. On a horizontal plane, observations were taken of a 
tower standing on the top of a hill. At one station^ the an- 
gle of elevation of the top of the tower was found to be 50®; 
that of the bottom 39® ; and at another station 1 50 feet di- 
rectly back, the angle of elevation of the top of the tower 
was 3:2^ What are the heights of the hill and the tower? 
Ans. The hill is 134 feet high ; the tower 63. 

3. What is the altitude of the sun, when the shadow of a 
trees cast on a horizontal plane, is to the height of the tree 
as 4 to 3? Ans. 36® 52' 12'^ 
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4. If a «f raigbt Hoe from the top of the White Monnlains 
ID New-Hampshire touch the ocean at the distance of 103^ 
miles ; what is the height of the mountains t 

Ans. 7100 feet 

5. From the top of a perpendicular rock 65 yards high, 
the angle of depression of the nearest bank of a river is found 
to be 55® 54% that of the opposite bank 33® 20'. Required 
the breadih of the riverj and the distance of its nearest bank 
from the bottom of the rock. 

The breadth of the river is 46.4 yards ; 
Its distance from the rock 37.2 

6. If the moon subtend an angle of 3r 14", when her dis- 
tance is 340,000 miles ; what is her diameter ? 

Ans. 2180 miles. 

7* Observations are made on the altitude of a balloon, by 
two persons standing on the same side of the balloon, and in 
a vertical plane passing through it* The distance of the sta- 
tions is half a mile. At one, the angle of elevation is 30® 58', 
at. the other 36® 52% What is the height of the balloon 
above the ground ? Ans. I i mile. 

8. The shadow of the top of a mountain, when the alti- 
tude of the sun on the meridian is 32®^ strikes a certain point 
on a level plain below ; but when the meridian altitude of 
the sun is 67®, the shadow strikes half a mile farther south, 
on the same plain. What is the height of the mountain above 
<he plain. Ans. 2245 keU 
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NAVIGATION. 



SECllON I. 



Plane Sailing* 



A *4^ "XTAVIGATION is the art of conducting a ship 
ART. 33. i^ Q,j ^j^g ocean. The most accurate method of 
ascertaining ^he situation of a vessel at sea is to find, by as- 
tronomical observations, her latitude and longitude. But this 
requires a view of the heavenly bodies ; and these are often 
obscured by intervening clouds. The mariner must there- 
fore have recourse to other means for determining the pro- 
gress which he has made, and the particular part of the ocean 
through which he is at any time making his way. The com- 
mon method is to measure the rate of the ship's going by a 
log'linej and to find the direction in which she sails by a ma- 
riner^s compass. From these data, the difference of latitude, 
the departure, and the difference of longitude, may be calcu- 
lated. The two first may be found by plane sailing ; the last 
by middle latitude sailing, or more correctly by Mercator's 
sailing. See Sec. II. and III. 

34. The log-line is a cord which is wound round a reel, 
One end being attached to a piece of wood called a log* It 
is used to determine the distance which a ship runs in an 
hour, by measuring the distance which she runs in half a 
minute. The log is commonly a small piece of board, in the 
form of a quadrant of a circle. The arc is loaded with a quan- 
tity of lead sufficient to give the board a perpendicular posi- 
tion, when thrown upon the water. This will prevent it 
from moving forward toward the vessel, while the line is 
running off the reel. So that the length of line drawn off 
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bj the log in half a minute, is equal to the distance which the 
vessel moves through the water in that time. 

The log-linef which is a hundred fathoms or more, is divi- 
ded into equal portions called knoii* Each of these has the 
same ratio to a nautical mile, which half a minute has to an 
hour. That is, a knot is the 120th part of a mile. If there- 
fore the motion of the ship is uniform, she sails as manj miles 
in an hour, as she does knots in half a minute. 

The tifn§ is measured b^ a half^mintUe gUus^ constructed 
like an hour glass. This is turned when the log is thrown 
upon the water ; and the knots drawn from the reel, while the 
sands are running, give the rate of the ship. The log is 
thrown either every hour, or onci in two hours. 

35. The Mariner^s compasi is a circular card, attached to 
a magnetic needle, which is balanced on an upright pin, so 
as to move freely in any direction. The ends of the needle 
turn towards the northern and souchem points of the horizon. 
It places itself in the magnetic meridian, which nearly coin- 
cides with the astronomical meridian, or a north and south 
line.* Directly over the needle, a line is drawn on a card, 
one end of which is marked N, and the other S. The whole 
circumference is divided into eaual parts by 32 painii^ Four 
of these, the N, S, E, and W, are called cardinal points. 
The interval between two adjacent points is 11^ 15', which 
id the quotient of 360'' divided by 33. The card and the 
needle are inclosed in a circular box, on the inside of which 
a black mark is drawn perpendicular to the horizon. When 
the compass is placed in the vessel, a line passing from this 
mark through the centre of the card should be parallel to the 
keel. The part of the circumference which coincides with 
the mark will then shew the point of compass to which the 
keel is directed. To prevent the needle from being affect* 
ed by the motion of the vessel, the box, and a brass ring by 
which it is surrounded, have four points of suspension so con- 
trived as to keep the card nearly parallel to the horizon. 

* For the Fiiuitttim of the needle, eee SimvxTiiro, Sec, V. 
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The ibUowiqg is a table of the DumU^r of degrees tnd min- 
ates corresponding to each point and quarter point of the 
compass. See Pig. 16. 
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36. Plank Sailiivq rs die method of calculating the sita- 
ation and pix>^ies6 of a ship by means of a plane triangle. 
Though the surface of the ocean, conforming to the general 
figure of the earth, is nearly sphericdl ;* yet the quanlities 
which are the objects of inquiry in plane sailing, have the 
same relations to each other, as the sides and angles of a rec- 
tilinear triangle. The particulars which are either given or 
required are /owr, viz. 

1. The Course, 

2. The Distance, 

3. The Difference of Latitude,* 
4* The Departure. 

37. The Course is the angle between a meridian line pass- 
ing through the ship, and the direction in which she sails. It 
is described by saying that it is so many points 6t degrees 
east or west from a north or south line. Thus if the vessel 
steers NE by E, the course is said to be N ^ points E, or N 
QS'^ 1 5' E : if SSW, it is said to be S 3 points W, or S 
22i*» W. 

A ship is said to continue on the same course^ when she 
cuts every meridian which she crosses at the same angUm 
She is steered in any required direction, by causing the keel 
to make a constant angle, with the needle. The line thus de- 
scribed is not a straight line, nor an arc of a circle, but a pe- 
culiar kind of curve called the Loxodromicf spiral or Rhumb^ 
line. 

33. The Distance is the length of the line which the ves- 
sel describes in the given time* 

39. Difference of Latitude is the distance between two par- 
allels of latitude, measured on a meridian. It is also called 
Northing or SotUhingm 

40. Departure is the deviation of a ship east or west from a 
meridian. If she sails on a parallel of latitude, her departure 
is the length of that portion of the parallel over which she 
passes. But if her course is obligue^ she is continually chan- 

* The triie 6gi]r« of the earth it nearer a fp/k«fouf than a sphere. Bnt the 
difference is too inconsiderable to be taken into acoount in any caloalationi 
lor which the lines and ang^let are given from the log and the compass. In 
thi^andthe following sections, therefore, the earth will be considered aa a 
sphere. 

^ From Ao^of and ^;s/u0(, an oblique course. 
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giog her latitude ; and her departure for each instant ought to 
be considered as measured on the parallel which she is then 
crossing* The measure will not be correct, if it be taken 
wholly on the parallel which the ship has left, or on that upon 
which she has arrived. Suppose she proceed from A to C. 
(Fig. 18) Let the whole distance be divided into inde6nite- 
ly small portions Am, mn^ nC. Draw the meridians PM, 
PM; PM' , PM'" ; and the parallels AD, om, yn, BC. The 
departure for the first portion is om^ for the second «», for 
the third iC And the whole departure is om+«n+^C; 
which, on account of the obliquity of the meridians, is less 
than Bv+vt+tC^BC the meridian distance measured on 
the parallel upon which the ship has arrived, but greater 
than AD the meridian disunce on the parallel which she ha^ 
left. 

41. The distance, departure, and diffsrenoe of latitude, 
are measured in geographical miles or minutes ; one of which 
is equal to the 60th part of a degree at the equator. As the 
circumference of the earth is about 25 thousand English 
miles, a degree is nearly 69| miles. So that a geographical 
or nautical mile is nearty i greater than the common English 
mile. A league is three miles. 

42. The peculiar nature of the Rhumb'line gives this im* 
portant advantage in calculation, that the distance, departure, 
and difference of latitude, though they are curve lines, may 
be exactly given in length by the sides of a right-angled plane 
triangle^ in which one of the angles is equal to the course. 
Suppose a ship proceeds from A to C, (Fig. 18.) describing 
the rhumb-line AmnC, on which the angles MAm, M'mn, 
ll"nC are equal. Let the whole distance be divided into 
portions so small that the triangles Amo, mns, nCf , shall not 
differ sensibly from plane triangles. The meridians and par*^ 
allots being drawn, the several differences of latitude are 
Ac, mSf rU ; and the departures om, soy <C. (Art. 40.) 

In the straight Une A'C (Fig. 19 ) make AW:»Am, (Fig. 
18.) m'n':=:»mn, n'C'=nC, and the angle C'A'B'=rwAo. 
Draw mV and vV parallel to A'B' ; .and rnVj n'y', and C'B' 
perpendicular to MB\ Then the triangles Amo, A!m*o'. mns, 
n^n'sfj Cfn and C'/V are all similar to A'B'C. The differ- 
ence of latitude it 

AB==Ao+mj?+n/=AV-|-wV+n'/'=A'B'. 
And the departure is 
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43. Ih phtre sailing, then, the process of caleulhtioii ii «s 
accurate,* and as sirnple, as if tire surface of the ocean were 
a plane. Let NS (Fig 20.) be a meridian line. If a ship 
sails from A to C, and if BC is p^rpendrctilat to NS ; then 

The Coursip is the angle at A; ind th^ oompiemetot of the 
course, th^ angle at C ; 

The Diitanct h the hypothmuse AC $ 

The Ihparture is the base BC, which is always opposite 
tb th« course ; and 

The Difference of Latitnde is the perpendicular AB, ^ith 
is opposite to the complement bf the course. 

Of these four quantities, any two being gtV«n, the otb^ets 
may be found by rectaogulat trigonometry. Ctrtg.- 116.) 
The parts given may be 

1. The course and distance; or 
% The coarse and departure; or 

3. The course and difference of latitude; or 

4. The distance and departure ; 

5. The distance and difference of latitude; or 

6. The departune and difference of kcitodo. 

The solutions may be made by arithoiQtkal oomputalioB) 
by Gunter's scale or sliding rule, or by geometrical cbnstntO* 
tion. (Trig. Sec. Ill, V, VI.) The first method is by far 
the roost accurate. As the student is supposed t6 be already 
familiar with trigonometry, these operations will not be repeat- 
ed here. In the geometrical construction, it will be proper 
to consider the upper side of the paper as norths and the low- 
er side south. The right band will then be east, and the left 
hand west. 

Case I. 

MA n- S The course, \ ^^ |.„, ( The departure and 
**• *^'"^" \ And distance ; \ ^^ ^"^ } DiffereAoe ^ laliuiAe. 

Here we have the hypbthenuse and angles giren, to &ld 

the base and perpendicular. (Trig. 134.) 

Making then the distance radtes^ 

T> J . n- * . . ^ Sirt Course \ Departure 
Rad • Dist. . J jj^^ Course X Diff. Lat. 

Example, t. 

A ship sails frpm A (Fig. 20.) SW by S, S8 taWei t6 C, 
Required her departure and difference of latitude? 

•f^ NoU B. 
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The coarse is 3 points, or 33'' 45' (Art. 35.) 
H , «. . $ Sid Sa-* 45' : 2hl ^Df-part 
'^ • *• • i Cos. 33^46' : 31.6=l>iff. Lat. 

Exampk % 

A ship sails S !^ £, 34 leagued. Her departure add dif-* 
ference of latitude are required. 

Ans. 16.5 and S9.7 leagoes. 
The proportions in this end the following cases may be va- 
ried, by making different sides radius, as in Trigonometry 
See. III. 

Case H. 

jkti r^\^^^ i I'^e course, > . ^ .^ < The distance, and 
*^:^'^^°i And departure; 5 *°*" J Diffel-enCe of latitude. 

Making the distance radius, Trig. 13t.) 
Sin Course : Depart:: | S^Coui^TDiff. Ut. 

Ex4Pmph 1. ' # 

A ship leaving a port in latitnde 42?* N, has sailed S 3?^ 
W, till she finds her departure 62 miles. What distance ha;; 
she run, and in what latitude has she arrived ? 

Q:n <iTo . fto. . S ^^^ • 103=Di8tance. 
T^m SI . 62. . I ^^^^ 3^, J 8«.3«=Diff. Lat 

Th« difibreoce of latitude h 82.3 miles, or V 12^.3. (Art. 
41.^ This is to be subtracUd from the original latitude of the 
ship, because her course was towards the equator. The 
remainder is 40^ 47'.7, the latitude on which she has ar- 
rived. " V 

Exan^ple 2. 

A ship leaves a port in latitude 63^ S, and runs N £4® E, 
till she makes a harbour where her departure is found to be 
74 miles; how great is the distance of the two places, and 
what is the latitude of the latter.^ 

The distance 18 91^ miles; and the latitude of the* latter 
place is iX" 06'.2. 

Cask IIL r 

Making the distance radius, 
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* 

A ship sails S SO*" E, fEom latitude T^* N, to latitude 4'' S* 
Required her distance aud departure. 

As the two latitudes are on different sides of the equator, 
the distance of the parallels is evidently equal to the sum of 
the given latitudes. This is IP or 660 nniles. The distance 
IS 1026.8 nailea, and the departure 786^. 

Case IV. 

Am ri* C The distance, > ^^i-^j $ The course, and 

^^•®*^^ J And departure; $ '^^"^ { Diff. of latitude. 

Making the distance radius, CfpS* IS5.) 

Dist : Rad: : Depart : Sin Uourse, 

Had : Dist: :Cos Course t Diff. Lat. 

Example. 

A ship having left a port in Lat. 3^ N, and sailing between 
HfB aad E 400 miles, finds her departure 180 miles. What 
course has she steered, and what is her latitude ? 

Her latitude is 2<» 57'^ S, and her course S 26<' 44'^ E. 

Case V. 

AQ r»:«-.« S The distance, and ) .^ ^. i The course, 
^^•^*^^°-?D.ff. of latitude; 5 "* J And departure. 

Making the distance radius, 
Dist : Rad : : Diff. Lat ; Cos Course, 
Rad : Dbt: :Sin Course : Departure. 

^ Example. 

A vessel sails between N and E 66 miles, from Lat. 34^ 50' 
to Lat. 35^ 40'. Required her course and departure. 
The course is N 40^ 45' E, and the departure 43.08 miles. 

Cask VL 

^a n:«-... S The departure, and ) .^ ^^^ < The course, 
49. Given, j jy.g of latitude ; \ *^ ^"^ \ And distance. 

Miking the difference of latitude radius, (Trig, 139.) 
Diff. Lat : Rad : '.Depart : Tan Course, 
Rad : Diff. Lat: :Sec Course : Distance. 

Example. 
A ship sails from the equntor between S and W, till her 
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latitude is 5^ 59^, and her depnrtare 364 miles. Required 
ber course and distance. 
. The course is S 36<> 52^^ W, and the distance is 440 miles. 

Examples for practice* 

1 • Given a ship's course S 46® £, and departure 59 miles ; 
to 6nd the distance and difference of latitude* 

2. Given the distance 68 miles, and departure 47 ; to find 
the course and difference of latitude.. 

3. Given the course SSE, and the distance 57 leagues; to 
find the departure and difference of latitude. 

4. Given the course NW by N, and the difference of lati* 
tude 2® 36' ; to find the distance and departure. 

5. Given the departure 92, and the difference of latitude 
86 : to find the course and distance. 

6. Given the distance 123, and the difference of latitude 
97 ; to find the course and departure. 
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50. To save the labour of calculation, tables have been 
prepared, in which are given the departure and difference of 
latitude, for every degree of the quadrant, or for every quar- 
ter of a degree. These are called Traverse tables^ or tables 
oi Departure and Latitude. The distance is placed in the 
left hand column, the departure and difference of latitude di- 
rectly opposite, and the degrees if above 45^ or 4 points, at 
the top of the page, but if under 45^, at the bottom. The 
titles at the top of the columns correspond to the courses at 
the top ; and the titles at the bottom, to the courses at the bot- 
tom ; the difference of latitude for a course greater than 45^, 
being the same as the departure for one which is as much 
Itss than 45^ See Trig. 104. 

If the given distance is greater than any contained in the 
table, it may be divided into parts, and the departure and dif- 
ference of latitude found for each of the parts. The stuns of 
the numbers thus found will be the numbers required. 
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Tbe depurture aod difference of latttude for dccimai parts 
may be found in (he same manner as for whole i^umbers, bj 
supposing the decimal point io each of tbe colufnns <o be 
moved to the left, as the case requires. 

With the aid of a traverse table, all thf cases of plane sail- 
ing may be easily solved by inspection^ 

Ex. f . Oiyen the course 33^ 4S' ; and (he distance 38 
miles ; to find the departure and difference of latitude. 

Under 33^i, and opposite 38, will be found the difference 
of latitude 31.6, and (he departure 21.11 ^ the same as ia 
page 21. 

2. Given the course 57^, and the distance 163. 
The departure and difil of lat. for 100 are 83.87 and 54.48 

for 63 52.84 34.31 



for 16S 136.71 88.7T 



3. Given the course 39^, and the distance 18.23. 
The departure and difi*. of lat. for 18. are 11.33 and 13.99 

for .23 0.14 0.18 



for 18.23 11.47 14.17 



4. Given the course 41*^ 15', and the departure 60. 
Under 4P^, and against the departure 60, will be found 

tbe difference of latitude 68.42 and the distance 91. 

5. Given tbe distance 63, and tbe departure 66. 
Opposite the distance 63, find the departure 56 ; in the 

adjoining column will be the latitude 28.85, and at tbe hot- 

torn, the course 62^|. 

_ » 

6. Given the departure T2, and the difference of latitude 
37. 

Opposite these numbers in the columns of latitude and de- 
parture, will be found the distance 81, and 9t the foot of the 
columns* the course 62°|. 

51. The traverse table is useful, not only for taking out 
departure and difference of latitude; but for finding by ia** 
spection the sides and angles of ani/ right-angled triangU 
whatever In plane sailing, the distance is the hypothenuse, 
(see Fig. 20.) tbe difference of latitude is the perpendicular, 
the departure is the base, and the course is the aoate angle 
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at the p^rpeDdicular. If then the hypothenuse of aoy right* 
augled triangle whatever, be found in the column of distances, 
in the traverse table; the perpendicular will be opposite in 
the latitude column, and the base in the departure column; 
the angle at the perpendicular, being at the top or bottom of 
the page; 

Ex. 1. Given the hypothenuse 24, and the angle at the 
perpendicular 54^^ ; to find the base and perpendicular by 
inspection. 

Opposite 24 in the distance column, and over 54®| will be 
found the base 19.54 in the departure column, and the per- 
pendicular 13.94 in the latitude column. 

2. Given the angle at the perpendicular 37^^!, and the base 
46 ; to find the hypothenuse and perpendicular. 

Under 37°|, look for 46 in the departure column ; and 
opposite this will be found the perpendicular 00.5 in the lati- 
tude column, and the hypothenuse 76 in the distance col- 
umn. " 

3. Given the perpendicular 36, and the base 30.21 ; to 
find the hypothenuse and angles. 

L40ok in the columns of latitude and departure, til) the num- 
bers 36 and 30.21 are found opposite each other ; these wUi 
give the hypothenuse 47, and the angle at the perpendicular 
40*»; 
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PARALLEL AND MIDDLE LATITUDE SAILING. 



52. Br the methods of calculation in plane sailing, a ship's 
course, distance, departure, and difference of latitude are found. 
There is one other particular which it is very important to 
determine, the differtnct of longitude. The departure gives 
the distance between two meridians in miles^ But the situa* 
tions of places on the earth, are known from their latitudes 
and longitudes; and these are measured in degrees. The 
lines of longitude, as they are drawn on the globe^ are farthest 
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from each other at the equator, and gradaally comreree to- 
wards the poles. A ship, in making a hundred miles of 
departure, may change her latitude in one case 2 degrees, io 
another 10, and in another 20. It is important, then, to be 
able to conrert departure into difierence of longitude ; that is, 
to determine how many degrees of longitude answet to any 
given number of miles, on any parallel of latitude. Tbie is 
easily done by the following 

Theorem* 
53. as tbe cosine of latitt7de, 

To RADIUS ; 
So IS THE DEPARTURE, 
To TUB DIFFERENCE OF LONGITUDE. 

By this ie to be understod, that the cosine of the latitude is 
to radius ; as the distance between two meridians measured 
on the given parallel, to the distance between tbe same me- 
ridians measured on the equator. 

Let P (Fig. 21.) be the pole of tbe earth, A a point at the 
equator, L a place whose latitude is given, and LO a line per* 
peodicular to PC. Then CL or CA is a semi-diameter of 
the earth, which may be assumed as the radius of the tables; 
PL is the complement of the latitude, and OL the sine of PL^ 
that is, the cosine of the latitude. 

If the whole be now supposed to revolve about PC as an 
axis, tbe radius CA will describe tbe equator, and OL the 
given parallel of latitude. The circumferences of these cir- 
cles are as their semi diameters OL and CA, (Sup. Euc. 8. 
1.) And this is the ratio which any portion of one circum- 
ference has to a like portion of the other. Therefore OL is 
to CA, that is, the cosine of latitude is to radius, as the 
distance between two meridians measured on the given par- 
allel, to the distance between tbe same meridians measured 
on the equator. 

Cor. L Like portions of different parallels of latitude aro 
to each other, as the cosines of the latitudes. 

Cor. 2. A degree of longitude is commonly measored on 
the equator. But if it be considered as measured on a paral- 
lel of latitude, the length of tbe degree will be as the cosine of 
the latitude* 
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U NAVIGATION. 

56. The parts of the triangle may be found by inspectioH 
in the traverse table. (Art 51.) .The angle opposite th^ 
departure is D the complement of the latitude, and the differ^ 
ence of longitude is the hypothenuse CD. If then the de- 
parture be found in the departure column under or over the 
i;iven number of dr-^rees in the co-latitude, the difierence of 
oogltude will be opposite in the distance column. 

Example I. 

A ship leaving a port in Lat. 38^ N. Lon. 1C^ E. sails west 
on a parallel of latitude 117 miles in 24 hours. What is her 
longitude at the end of this time f 

Cos38'' :Rad::ll7 : \A^'\^2P 28'i the difference of 

longitude. 
This subtracted from 16® leaves 13® 31 '^ the longitude re- 
quired. 

Example IL 

What is the distance of two places in Lat. 46® N. if the 
longitude of the one is 2® 13' W. and that of the other 1® 
17' E.? 

As the two places are on opposite sides of the first meridian, 
the differonce of longitude is 2® 13'+!'' 1'7'==3® 3^, or 310 
minutes. Then 

Rad : Cos 46®::! 210 : 145.88 miles, the departure, or the 
distance between the two places. 

Example III. 

A ship faaviog sailed on a parallel of latitude 1 38 miles, 
finds her difference of longitude 4® 3' or 343 minutes. What 
is her latitude f 

Di£ LoD. 243 : Dep. 1 38 : :Rad ; Cos Lat. 55® 23'}. 

Example iF. 

On what part of the earth are the degrees of longitude half 
a^ long as the equator f 

Ans. In latitude 60. 
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Middle Latitude Sailing. 

57. Bribe method just explained, is calculated the differ- 
ence of longitude of a ship sailing on a parallel of latiiudtp 
Bat instances of this mode of sailing arc comparatively few. 
It is necessary then to be able to calculate the longitude when 
the course is oblique* If a ship sail from A to C, (Fig. 18.) 
the departure is equal to om+8n'\'tC. But the sum of 
these small lines is less than BC, and greater than AD« (Art. 
40.) The departure, then, is the meridian distance measur- 
ed not on the parallel from which the ship sailed, nor on 
that upon which she has arrived, but upon one which is be- 
tween the two. If the exact situation of this intermediate 
parallel could be .determined, by a process sufficiently sim- 
ple for common practice, the difference of longitude would 
be easily obtained. The parallel usually taken for this pur^ 
pose, 18 an arithmetical mean between the two extreme lati- 
tudes. This is called the Middle Latitude. The meridian 
distance on this parallel is not exactly ec|ual to the depar- 
ture. But for small distances, the errour is not material| ex- 
cept in high latitudes. 

The middle latitude is equal to half the sum of the two ex- 
treme latitudes, if they are both north or both south : but 
to half their difference.^ if one is north and the other south. 

58. In middle latitude sailing, all the calculations are 
made in the same way as in plane sailing, excepting the pro- 
portions in which the difference of longitude is one of the 
terms. The departure is derived from the difference of lon- 
eitude, and the difference of longitude from the departurci 
in the same manner as in parallel sailing, (Arts. 53, 64.) only 
substituting in the theorem the term middle latitiide for lat- 
itude. 

Theorem L 

As THE cosine of MIDDLE LATITUDE, 

To RADIUS ; 

So IS THE DEPARTURE, 

To THE DIFFERENCE OF LONGITUDE. 

59. The learner will be very much assisted in stating the 
proportions, by keeping the geometrical construction steadi- 
ly in his mind. In Fig. 20 we have the lines and angles in 
plane sailing, and in Pig. 22, those in.parallel sailing. By 
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bringine these together, us in Fig. 33, we have all the parts 
in middle latitude sailing. The two right angled trianglf s, 
being united at the common side BC, which is Uxe departure, 
form the oblique angled triangle ACD. 

60« The angle at D is the complement of the middle lati- 
tude. (Art 65.) Then in the triangle ACD, (Trig. 143.) 

Sin D : AC: :Sin A : DC ; that is, 
Thsorbx II. 

As THE C08INB OF MIDDLE LATITUDE^ 
To THE DISTANCE ; 
So IS THE SIVE or THE COURSE, 
To THE DIFFERENCE OF LONOITVDS. 

61. The two preceding theorems, with tlic proportions ia 

f>]ane sailing, are sufficient for solving all the cases in middle 
atitude sailing. A third may be added, for the sake of re* 
ducing two proportions to one. 

In the triangle BCD (Fig. 23.) Cos BCD : R: :BC ; CD 
And in the triangle ABC, AB : R : : BC : Tan A. 

The means being the same in these two proportions, the 
extremes are reciprocallj proportional. (Alg. 387.) We 
have then 

Cos BCD : AB: :Tan A : CD; that is. 

Theorem III. 

As the cosine of middle latitudei 
To the difference of latitude ; 
So is the tangent of the course. 
To the difference of longitude. 

Among the other data in middle latitude sailing, one of the 
extreme latitudes must always be given. 

At what distance, and in what direction, is Montock Point 
from Martha's Vineyard ; the former being in Lat 41^ 04'N. 
Lon. 1^ W., and the latter in Lat. 41* 17' N. Lon. 70* 48' 
W.? 

Here are eiven the two latitudes and longiludesi to find 
the cpuiseand distance. 

The difference of longitude is 72' 
The difference of latitude 1 3' 

The ihiddle latitude 41* IVk 
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Beginning with the triangle in which there are two parts 
gijren, bjr theorem I, 

R : Ditt. Lon: :Co8 Mid. Lat : Departsr54.2 

And by plane sailing, Case VI, 
Diff. Lat : Rad : : Depart : Tan Cour8e=76** Sfff 
Or to find the course at a single statement, by theorem 

HI, 

Diff. Lat : Cos Mid. Lat: iDiff. Lon : Tan Course ==76« 3(y| 

To find the distance by plane Sailing^ Case III| 
Cos Course : Dm. Let: : Rad : Diirt«5d.73 

Example //. 

A ship leaving New-York Kght-house in Lat 40^ 2B' N. 
and Lon. 74^ 08' W. sails S. E. 67 miles in 34 hoars. Re- 
quired her latitude and longitude at the end of that time. 

By plane sailing, 
Rad : Disi: :Co6 Course : Diff. Lat.a=47'.4 
The latitude required, therefore, is 39* 4<^.6,andthe mid- 
dle latitude 40« 04'.3. 

Then by theorem II, 
Cos Mid. Lat : Dist: :SiB Coarse : Diff. Lon. =6 1^9 

Or by tbeoTMn III, 
Cos Mid. Lat : Diff. Lat: :Tan Coar«e : Drff. LoD.»6i'.9 

TheloDgttode reqaired is73*06M« 

Eixamfle HI. 
A ship leairing a port in Lat 49"" 51' N. Lon. 5"" 14' W. 
sarb S* 39"" VT. till her latitade is 45"" 31'. Required her 
Imgitode and distance. 

Ans. lO"" 34^.3 W. aad 342.3 miles. 

Example IV. 

A ship saiMttg firom Lat. 49^ BT N. and Lorn 5"* 14' W. 
stivers west of south, till her longitude is 33^ 43', and her de- 
parture 7S9 miles. Reqaired her course, distance, and lat- 
itude. 

Course 51* 5' W. 

Latitude 39^ 3(/ N. 

Distance 1014 miles. 
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Art 6S 1^1^^^ calculations in middle latitude sailing are 
JL simple, and sufficiently accurate for short dis- 
tancesy particularly near the equator. But tbey become 
quite erroneous, when applied to great distance, and to high 
latitudes. The only method in common use, which is strict- 
ly accurate, is that called Mercator^s Sailings or Wright's 
Sailing. This is. founded on the construction uf a charts pub* 
lished in 1556 by^erard Mercator. About forty years after, 
Mr. Edward Wrfght gave demonstrations of the principles of 
this chart, and applied them to the solution of problems in 
navigation. 

63. In the construction of Mercator^s chart, the earth is 
supposed to be a sphere. Yet the meridians, instead of con- 
verging towards the poles, as they do on the globe, are drawn 
parallel to each other. The distance of the meridians, there* 
fore, is every where too great, except at the equator. 'I'o 
compensate this, the degrees of latiiude are proportionally 
enlarged. On the artificial globe, the parallels of latitude 
are drawn at equal distances. But on Mercator's chart, the 
distances of the parallels increase from the equator to the 
poles, so as every where to have the same ratio to the dis- 
tances of the meridians, which they have on the globe. 
Thus in latitude 60^, where the diatanee of the meridians 
must be doubled^ to make it the same as at the equator, a de- 
gree of latitude is also made twice as great as at the equa- 
tor. The dimensions of places are extended io the projec- 
tion, in proportion as they are nearer the poles. The diam- 
eter of an island in latitude 60^ would be represented twice 
as great as if it were on the equator, and its area four times 
as great. 

^ Robertioii^s Narigfation, London Phil. Trans, for IGSS and 1696, Hat- 
tOD^i Dictionary J Qtroduction to Button's Mathematical Tables, BowdiichU 
Practical Navigator, Emerson's and M'Liaurin's FlazioDf, M'Kay's Nariga- 
tion, Emerson's Prin. Navtg. Barrow's KaTigation, 
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64. Table of Meridional Parts. If a meridian on a spliere 
be divided into degrees or minutes, the portions are all eqtmL 
But in Mercator^s projection, they are extended more and 
more as they are farther from the equator. To facilitate the 
calculations in navigation, tables have been prepared, which 
contain the length of any number of degrees and minutes on 
this extended meridian, or the distance of any point of the 
projection from the equator. These are called tables of Me- 
ridional Parts. The common method pf computing them 
is derived from the following proposition. 

65. Any minute portion or a parallel of latitude, 

Is TO A LIKE PORTION OF THE MERIDIAN ; 

As RADIUS, 

To THE SECANT OF THE LATITUDE. 

For, by the theorem in parallel sailing, (Art. 53.) the co- 
sine of latitude is to radius, as the departure to the difference 
of longitude measured on the equator; that is, as a part of 
the parallel of latitude, to a like part of the equator. But on 
a sphere, the equator and meridian are equal. 

Therefore Cos Lat : Rad: '.a pari of the parallel: a like 
part of the meridian. 

But Cos Lat : Rad: iRad : Sec Lat. (Trig. 93. 3.) 

By equality of ratios then, (Alg. 384.) 
Apart of the parallel I a like part of the merid: : Rad : Sec Lat. 

By like parts of the parallel of latitude and the merid- 
ian are here meant minutes, seconds or other portions of a 
degree. The proposition is true when applied either to the 
circles on a sphere, or to the lines in Mercator's projection. 
For the parts of the latter have the same ratio to each other, 
as the parts of the former. (Art. 63.) The divisions of 
Mercator's meridian, however, should be made very small; 
for the measure of each part is siipposed to be taken at the 
parallel of latitude, and not at a distance from it. In the com* 
mon tables, the meridian is divided into minutes. 

66. Suppose then that the length of each minute of a dc'* 
gree of Mercator's meridian is required. By the proposition 
in the last article, 

1' of the parallel I V of the meridian: : Rad : Sec. Lat. 

But in this projection, the parallels of latitude are all efuml. 

e 
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(Art. 63.) Whatever be the latitude, then, the first term of 
the proportion is equal to a minute at the equator, or a geo* 
graphical mile ; and if this is assumed as the radius of the 
trigonometrical tables, (Trig. 100.) the first and third terms 
are equal, and therefore the second and fourth must be equal 
also. (Alg. 395.) That is, the length of any one minute of 
Mercator^s meridian is equal to the natural secant of the lati- 
tudt of that part of the meridian. 

The frst ^ ^j^„^^ ^f ^^^ ^^^j j.^^ j^ C one minute, 

iil Tf ( equal to the secant of ) ^ ™'""'^'' 
The third ) ^ ( three mmutes, 

kc. &c« 

The table of meridiodal parts is formed by adding together 
the several minutes thus found.* Beginning from the equa- 
tor, an arc of the meridian 

of two minutess=sec V+sec2f^ 
of/AreeminutessBfer l+sec 2'+sec 3', 
of four minutes=:«ec V+sec 2'+*cc 9+sec 4',- 

&c. tnjc. 
See the table at the end of this number. 

To find from the table the length of any given number of 
degrees and minutes, look for the degrees at the top of the 
page, and the minutes on the side ; then against the minutes^ 
and under the degrees, will be the length of the arc in nau- 
tical miles* 

67. Meridional D^jference of Latitude. An arc of Mer- 
cator's meridian contained between two parallels of latitude, 
is called meridional difference of latitude. It is found by 
subtracting the meridional parts for the less latitude from the 
meridional parts for the greater, if both are north or south ; 
or by adding them, if one latitude is north and the other 
south. 

Thus the lat. of Boston is 42^ 23^ Merid. parts . £813 

Baltimore 39 23 Merid. parts 267S 

Proper difference of lat. 3^ Merid. diff. of lat. 238 

68. If one latitude and the meridional difference of lati- 
tude be gtven, the proper difference of latitude is found by 
nversiog this process. 
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When the two latitudes are on the same side of the 
equator, subtracting the raeridiooal differeuce of latitude 
from the meridional parts for the greater, will give the me* 
ridional parts for the less ; or adding the meridional differ- 
ence to the parts for the less latitude, will give the parts 
for the greater. But if the two latitudes are on opposite 
sides of the equator, subtracting the parts for the one lat* 
itude from the meridional difference, will give the parts for 
the other. 

Thus the meridional difference of latitude between 

New- York and New-Orleans is J^^ 79S 

The lat. of N. Orleans is 29'' 5T Merid. parts 1 885 



p(P^ 



The lat of New-Tork 40 42 Merid. pl^% 2678 

69. 'Solutions in Mercator^s Sailing. The Solutions in 
Mercator's sailing are founded on the similarity of two right* 
angled triangles^ in one of zchich the perpendicular sides art 
the proper difference of latitude and the departure ; and in the 
other the v eridional difference of latitude and the difference of 
longitude. 

According to the principle of Mercator's projection, the 
enlargement of each minute portion of the meridian is pro- 
portioned to the enlargement of the parallel of latitude which 
crosses it. (Art. 63.) Any part of the meridian before it is 
enlarged, is proper difference of latitude ; and after it is en- 
larged, is meridional difference of latitude* A part of the 
parallel, before it is enlarged, is departure; and alter it is en* 
larged, is equal to the corresponding difference of longitude; 
because in this projection, the distance of the meridians is 
the same on any parallel, as at the equator, where longitude 
is reckoned. 

If then we take a small portion of the distance which a ship 
has sailed, as Am, (Fig. 18.) 

Prop. DH* Lat. Ao : Depart. am! : Merid. Dif Lat : Dif. Loo. 

In the triangle ABC, (Fig. 24«) let the angle at A se 
the course oAm, (Fig. 18.) AB=the proper difference 
of latitude, AC^Am+mn+nC the distance, and BC«s 
em+sn+tC the departure. Then as the triangles Aom, 
msn^ ntC are each similar to the triangle AJ^C, (Fi^, 
24.) the difference of latitude for any one of the small dis* 
tances as Am, is to the corresponding departure ; as the 
whole difference of latitude AB to the tshole departure BC. 
Therefore, 
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(for Am: (for Am, 

P. Dif. Lat. AB : Dep. BC : : Aler. DiC Lat. } for mn : Oif. Lon. } for mny 

I for nC : ( for fiC. 

But the whole meridional difference of latitude for the dis- 
tance AC, is equal to the sum of the differences for A/n, mn^ 
and nC; and the whole difference of longitude is equal to the 
sum of the differences for Am^ mn^ and 7iC« Therefore, (AJg. 
388. Cor. !•) 

Prop. Dif. Lat. AB : Dep. BC: iMerid- Dif. Lat : Dif. Lon. 

Extend AB, (Fig. 24.) making Al equal to the meridional 
differen^^Sf latitude corresponding to the proper difference 
of latitude AB ; from L draw a line parallel to BC, and ex- 
tend AC 4|^tersect this in D. Then is DL the difference 
oflongiim^f For it has been shown that the difference of 
longitude is^ fourth proportional to the proper difference of 
latitude, the departure, and the meridional difference of lati* 
tude; and by similar triangles, 

AB :BC::AL:LD. 

70. To solve all the cases, then, in Mercator's sailing, we 
have only to represent the several quantities by the parts of 
two similar right-angled triangles, as ABC and ALD, (Fig, 
24.) and to find their sides and angles. In the smaller trian- 
gle ABC the parts are the same as in plane sailing, and the 
calculations are made in the same manner« 7'he sides AL 
and DL are added for finding the difference of longitude; or 
when the difference of longilude is given, to derive from it 
one of the other quantities. The course is common to both 
the triangles, and the complement of the course is either 
ACB or ADL. The hypothenuse AD is not one of the 
quantities which are given or required in navigation. 

71. In the similar triangles ABC, ALD, (Fig. 24.) 

AB : AL::BC :LD; that is, 

Theorem L 

as the proper difference of latitude^ 

to the meridional difference of latitude ; 

So IS THE DEPARTURE, 

To THE DIFFERENCE OF LONGITUDE* 

7^. In the triangle ALD, if AL be made radius. 
Bad : Tan A : : AL : DL ; that is, 
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Theorem II. 

As RADIUS, 

To TUE TANGENT OP THE COURSE ; 

So IS THE MERIDIONAL DIFFERENCE OF LATITUDE, 

To THE DIFFERENCE OF LONGITUDE. 

Bv this theoi^iD, the difference of longitude may be calcu- 
late!, without previously finding the departure. 

73. In Mercator's, as well as in middle latitude sailing, 
one latitude must always be given. This is requisite in con- 
verting proper difierence of latitude and meridional difference 
of latitude into each other. (Arts. 67, 68.) « 

74., When the difference of latitude is vety small, the dif- 
ference of longitude will be more correctly (ound by middle 
latitude sailing, than by Mercator's sailing; unless a table is 
used in which the meridional parts are given to decimals, 
Mercator's sailing is strictly correct in theory. But the com- 
mon tables are not carried to a degree of exactness, sufficient 
to mark verv minute differences. On the other hand, the 
errour of middle latitude sailing is diminished^ as the differ- 
ence of latitude is lessened. 

Example L 
The latitudes of Montock and Martha's Vineyard are ^^| t^i^' 

Their longitudes < ,. q ^q, ^' 

Required the course and distance from one to the other. 

Lat. of Martha's Vin, 41'' IT Merid. parts 2724 
of Montock 4104 Merid. parts 2707 

Proper Diff. of Lat. 13^ Mer. Dif. Lat. 17 (Art. 67.) 

The difference of longitude is P 12' =72 miles. 

To find the course by theorem II, (Fig, 24.) 
Merid. Diff. Lat : Diff. Lon::Rad ; Tan Course=76« 43.' 

To find the distance by plane sailing, 
Cos Course : Prop. Diff. Lat.: :Rad : Dist. =56.58. 

The results by middle latitude sailing, page 31, are a little 
different, as that method is not perfectly accurate. 
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Example II. 

A ship sailing from the Lizard in Lat. 49^ 57' N. Loo. 6^ 
15' W. proceeds S. 39^ W till ber latitude is found by obser- 
vation to be 46^ 31' N. What is then ber longitude, and 
what distance has she run f 

Here are given the difference of latitude and the course, te 
find the distance and the difference of longitude. 

The proper difference of latitude is 4<HB6'aB266^ ^. 
The meridional difference of latitdde 396 

Then by plane sailing, ? 

Cos Course : Prop. Diff. Lat.: :Rad ; Dist.3sS42.S. 

And by theorem II, 

Rad : Tan Course ::M.Dif. Lat : Dif.Lon.a32(y.7»5<'20'.T 

This added to the longitude of the Lizard 5® 14' giVes the 
longitude of the ship lO^' 34'.7 W. 

Example III. 

A ship sailing from Lat. 49« 57' N. and Loo. 5<> 14' W. 
steers west of south, till her latitude is 39^ 2ff N. and ber 
departure 789 miles. Required her course, distance, and 
longitude* 

The proper difference of latitude is 10^37'&£637' 

The meridional difference of latitude 899 

Then by theorem I, (Fig. 24.) 

P. Dif. Lat. : M. Diff. Lat::Dep : Diff. Lon.s:1119.5« 

18^33^.5 
The longitude of the ship is therefore 23^47'| 

And by plane sailing, 
Prop Diff. Lat : Rad:: Depart : Tan Course=5P 5' 
Rad : Prop. Diff. Lat.:: Sec Course : Distances: 101 4 miles. 

Example IV. 

A ^hip sailing from a port in Lat. 14° 45' N. Lon* 17® 21S 
Vf. steers S. 28<' 7'^ W. till her longitude is found by ob- 
servation to be 29° 26' W. Required her distance and latitude. 

The difference of longitude is 11° 59=713'. 

By theorem II, 

Tan Course : Rad: : Dif. Lon : M. Dif. Lat. := 1334 S. 
Lat of the port 14° 45* N. Merid. parts 895 N. 

of the ship 7 18 S. Merid. parts 439 S. (Art 68.) 

Diff. of Lat. 22° 9'=slS23' 
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By plane sailing, 
Cos Course : Diff. Lat: :Rad : Disuncesl500 miles. 

Example Fl 

A ship sails 300 miles between north and west, from Lat. 
37^ N. to 41 ^ N. What is her course and difference of longi- 
tude? 

The course is N. 26^ 62' W., and the difference of longi- 
tude 9" 52r. 

Example VI. 

A ship sails S. 6T W E. from Lat. fiO^" tO' S. till her de- 
parture is 957 miles. What is her distance, difference of 
latitude, and difference of longitude f 

The distance is 1036 miles. 

The difference of latitude 6"" 36'.4 
The difference of longitude 26^ Sdf 

Example VIL 

A ship sailing from Lat. 26<> IS' N. proceeds S. 27<> W, 
231 miles. What is her difference of latitude and difference 
of longitude ? 

Example » TIL 

A ship sailing from Lat. 14^ S. 260 miles, between south 
and west, makes her departure 173 miles. What is her 
course, difference of latitude, and difference of longitude f* 

* See Note E. 
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A 7^ TTIY the methods in ihe precediDg sections, are 
ART. 7^. JJ found the difference of latitude, departure, &c. 
for a single course. But it is not often the fact that a ship 
proceeds from one port to another in a direct line. Varia- 
ble and contrary winds frequently render a change of direc- 
tion necessary every few hours. The irregular path of the 
ship sailing in this manner, is called a traverse. 

Resolving a traverse is reducing the compound course to 
a single one. This is commonly done at sea every noon« 
From the several courses and distances in the log-book, the 
departure, difference of latitude, be. are determined for the 
whole 24 hours. In the same manner, the courses of several 
successive days are reduced to one, so as to ascertain, at any 
time, the situation of the ship. The following methods by 
construction and by calculation, are sufficiently accurate for 
short distances, at least near the equator. 

76. Geometrical construction of a traverse. To construct 
a traverse, draw a meridian line and lay down the first coarse 
and distance ; from the end of this, lay down the second 
course and distance ; from the end of that, a third course, 
&c. Then draw a line connecting the extremities of the first 
and last of these, to show the whole distance, and the direc- 
tion of the ship from the point of starting. 

This will be easily understood by an example* 

Example I. 

A ship sails from a port in Lat. 32*=^ N., and in 24 hours 
makes the following courses ; 

1. N. 25'> E. 16 miles, 

2. S. 64° E. 11, 

3. N. 13* W 7, 

4. N. 6P E. 6, 
6. N. 380 W. 18, 

It 18 required to find the departure, difference of latitude, 
distance, and course^ for the whole traverse. 
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On A as a centre (Fig. 25.) describe a circle and draw the 
meridian NAS. Then considering the upper part as north, 
the right band east, and the left hand west, draw the lines 
Al, A2, A3, A4, and A5, to correspond with the several 
courses; that is, make the angle NAl=s25<^, SA2=£4^; 
NA««13% NA4=61% and NA5=38^ 

Make AlB»16. 80=11 and parallel to A2, CD=:7 
and parallel to A3, pF=5 and parallel to A4, F6=18 
and parallel to A5 \ join AG, and draw GP perpendicular 
to NS. 

Then if the surface of the ocean be considered as a plane, 
G is the place of the ship at the end of the 24 hours, AG the 
distance from port, PG the departure, AP the difference of 
latitude^ and GAP the course. The angles may be measured 
by a line of chords, and the distances taken from a scale of 
equal parts.* (Trig. 148, 161, 2.) 

The distance is * 32.3 miles. 

The departure 7.38 

The difference of lat. 31 .45 

1 The course 13<> 12f 

77. Resolving a traverse, by Calculation or Inspection* 
When a ship sails on different courses for a short time, the 
difference oHatitude, at the end of that time, is equal to the 
difference between the sum of the northings and the sgm of 
the southings, and the departure is nearly equal to the differ- 
ence between the sum of the eastings and the sum of the 
westings. See Arts. 78^ 79, If then the difference of lati- 
tude and the departure for each course be found by calcula- 
tion or inspection, and placed in separate columns in a table; 
the difference of latitude for the whole time may be obtained 
exactly, and the departure nearly, by addition and subtrac- 
tion ; and the corresponding distance and course may be de- 
termined by trigonometrical calculation or inspection, as in 
the last case of plane sailing. (Art. 49.) 

The following table contains the courses, distances, depart- 
ure, and difference of latitude in the preceding example. See 
Pig. 25. 

"» S«e Note F. 
7 
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NAVIGATION. 



Traverse Tible. 



Courses, 


Distances. 


Dif. 


Lat. 


Departure. 


N. 


S. 


E. 1 W. 


1. N. 25° E. 

2. S. 54« E. 

3. N. 130 W. 

4. N. 6I» E. 
6. N. 38» W. 

N. 18» 12| E. 


AB 16 
BC 11 
CD 7 
DF 5 
FG 18 

AG. 32.3 


14.60 

6.82 

2.42 

14.18 


6.47 


6.76 
8.90 

4.37 


1.57 
11.08 


37.92 
6.47 


6.47 


20.03 
12.65 


12.65 


1 31.45 


7.38 



The sum of the northings is 37.92« Subtracting from this 
the southing 6.47, we have the difference of latitude AP 31.45 

N. 

« 

The sum of the eastings is 20.03. Subtracting from this 
the sum of the westings 12.65 we have the departure GP 
7.38 E. Then (Art. 49.) 

Diff. Lat : Rad::Depart : Tan Course NAG^IS^ 19\ 
Rad : Diff. Lat: :Sec. Course : Disunce AG=:32.3 



The latitude of the port is 
The difference of latitude 

The latitude of the ship 

The meridional difference of lat. 



32«N. 
0* 31'.45 N. 

32° Sl'.46 N. 
37.5 



Then by Mercator's sailing, 
Rad : Tan Course l/.Merid. Diff. Lat : Diff. Lon.=8'.8 

Example H. 

A ship sailing from a port in Lat. 42^ N. makes the follow- 
ing courses and distances. 

1. S. l^ E. 21 miles, 

2. S. l^ W. 16, 
S. N. 84<' £. 9, 

4. S. 67<' E. la, 

5. N. 780 E. 14, 

6. S. 12° W. 35. 



TRAVERSE SAILING. 43 

The difiereace of latitudoi departure, Ssc. are required. 

The departure is 26M 9 £. 

The diff. oflautude, l"" KKf S. 

The diff. of longitude, 35'.07 

The direct course, S. 20^ ]8'| E. 

The distance, 75^ miles. 

Accurate method of resolving a traverse^ 

78. The preceding method of resolving a travierse is fre- 
quently used at sea, because it is simple, and in most cases 
is sufficiently accurate for a run of 24 hours. But it is found- 
ed on the assumption, that when a ship sails from one place 
to another by several courses^ she makes the same departure^ 
as if she had proceeded by a single course to the same place. 
This is not strictly true. Suppose a vessel, instead of sail- 
ing directly from A to C, (Fig. 18.) proceeds by one course 
from A to H, and then by a different course from H to C 
In^he compound course, the whole departure, is bd+gH^ 
tC ; (Art. 40.) which on account of the obliquity of the me- 
ridians, is less than om+sn+tC^ the departure on the single 
course. If the compound course had been on the other side 
of the single one, nearer the equator, the departure would 
have been greater. 

79. But the difference of latitude is the same, whether the 
ship proceeds from one place to the other, on a single course, 
or on several. The difference of latitude AB (Fig. 18.)=s 
Ao+ms+nt^Xb-^-dg+Ht. The difference of longitude is 
also the same, whether the course is single or compound. 
For the difference of longitude is the distance between the 
meridians of the two places measured on the equator. 

If then the difference of latitude and difference of longitude 
be calculated for each part of the compound course ; the whole 
difference of latitude and difference of longitude zoill^e found 
by addition and subtraction ; and from these may be deter- 
mined the direct course and distance. The difference t>f 
longitude for each course may be obtained independently of 
the departure, by theorem U. of Mercator's sailing. 

It will facilitate the calculation of the longitude, to place in 
the traverse table, the latitudes at the beginning and end of 
each of the courses, the corresponding meridional parts, and 
the meridional differences of latitude. 
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NAVIGATION. 



Tkaverse Table. 



Courses. 


Distances. 


DtJ. ^rfit. 


Departure, i 


N. 


S. 


E. 


1 w. 


1. N. 25" E. 

2. S. 64'> E. 

3. N. 13« W. 

4. N. 61" E. 
6. N. 38» W. 

N. 13» 12| E. 


AB 16 
BC 11 
CD 7 
DF 5 
FG 18 

AG. 32.3 


14.60 

6.82 

2.42 

14.18 


6.47 


6.76 
8.90 

4.37 


1.57 
11.08 


37.92 
6.47 


6.47 


20.03 
12.65 


12.65 


31.45 


7.38 



The sum of the northings is 37.92. Subtracting from this 
the southing 6.47, we have the difference of latitude AP 31.45 

The sum of the eastings is 20.03. Subtracting from this 
the sum ot the westings 12.65 we have the departure GP 
7.38 E. Then (Art. 49.) 

Diff. Lat : Rad: iDepart : Tan Course NAG^^IS^^ IS'^ 
Rad : Diff. Lat: :Sec. Course : DisUnce AG=32.3 



The latitude of the port is 
The difference of latitude 

The latitude of the ship 

The meridional difference of lat. 



32«N. 
0« 31'.45 N. 

32° Sr.46 N. 
37.5 



Then by Mercator^s sailing, 
Rad : Tan Course :.:Merid. Diff. Lat : Diff. Lon.=8'.8 

Example IL 

A ship sailing from a port in Lat. 42° N. makes the follow- 
ing courses and distances. 

1. S. 13<» E. 21 miles, 
S. S. IS*' W. 16, 

3. N. 84° E. 9, 

4. S. 67<» E. 12, 

5. N. 78° E. 14, 

6. S. 12° W. 35. 



TRAVERSE SAILING. 43 

The difiereDce of latitude, departure, Sic. are required. 

The de parture is 26M 9 E. 

The diff. of latitude. l"" 1(K| S. 

The diff. of longitude, 35'.07 

The direct course, S. 20^ ]8'| E. 

The distance, 75^ miles. 

Accwratt method of resolving a traverse. 

78. The preceding method of resolving a traverse is fre- 
quently used at sea, because it is simple, and in most cases 
is sufficiently accurate for a run of 24 hours. But it is found- 
ed on the assumption, that when a ship sails from one place 
to another by several courses^ she makes the same departure^ 
as if she had proceeded by a single course to the same place. 
This is not strictly true. Suppose a vessel, instead of sail- 
ing directly from A to C, (Fig. 18.) proceeds by one course 
from A to H, and then by a different course from H to C. 
In\he compound course, the whole departure, is 6c/-f^H+ 
<C ; (Art. 40.) which on account of the obliquity of the me- 
ridians, is less than om+5n+<C, the departure on the single 
course. If the compound course had been on the other side 
of the single one, nearer the equator, the departure would 
have been greater. 

79. But the difference of latitude is the same, whether the 
ship proceeds from one place to the other, on a sinele course, 
or on several. The difference of latitude AB (Fig. 18.)^ 
Ao+m5+n/=A6+rfg+H/. The difference of longitude is 
also the same, whether the course is single or compound* 
For the difference of longitude is the distance between the 
meridians of the two places measured on the equator. 

If then the difference of latitude and difference of longitude 
he calculated for each part of the compound course ; the whole 
difference of latitude and difference of longitude m//|6e found 
by addition and subtraction ; and from these may be deter- 
mined the direct course and distance. The difference t>f 
longitude for each course may be obtained independently of 
the departure, by theorem II. of Mercator's sailing. 

It will facilitate the calculation of the longitude, to place in 
the traverse table, the latitudes at the beginning and end of 
each of the courses, the corresponding meridional parts, and 
the meridional differences of latitude. 
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NAVIGATION. 



Teaverse Table. 



Courses, 


Distances. 


Diff. Lat. 


Departure. 


N. 


S. 


E. 1 W. 


1. N. 25° E. 

2. S. 540 E. 

3. N. 13» W. 

4. N. 6I» E. 

5. N. 38» W. 

N. ly 12^ E. 


AB 16 
BC 11 
CD 7 
DF 5 
FG 18 

AG. 32.3 


14.60 

6.82 

2.42 

14.18 


6.47 


6.76 
8.90 

4.37 


1.57 
11.08 


37.92 
6.47 


6.47 


20.03 
12.65 


12.65 


31.45 


7.38 



The sum of the northings is 37.02. Subtracting from this 
the southing 6.47, we have the difference of latitude AP 31.45 

N. 

« 

The sum of the eastings is 20.03. Subtracting from this 
the sum oft^ the westings 12.65 we have the departure 6P 
7.38 E. Then (Art. 49.) 

Diff. Lat : Rad: : Depart : Tan Course NAGsslS^ IS'i 
Rad : Diff. Lat: :Sec. Course : DisUnce A6=32.3 



The latitude of the port is 
The difference of latitude 

The latitude of the ship 

The meridional difference of lat. 



0« 31'.45 N. 

32^ 31'.46 N. 
37.5 



Then by Mercator's sailing, 
Rad : Tan Course r/.Merid. Diff. Lat : Diff. Lon.s=8'.8 

Example IL 

A ship sailing from a port b Lat. 42^ N. makes the follow- 
ing courses and distances. 

1. S. 13<» E. 21 miles, ^ 

2. S. 18<> W. 16, 

5. N. 84'> £. 9, 
4. S. 67* E. 12, 

6. N. !&> E. 14, 
6. S. 12^ W. 35. 



TRAVERSE SAILING. 43 

The differeace of latitudei departure, Sec* are required. 

The departure is 26'. 1 9 £. 

The diff. of latitude, l"" Wi S. 

The diff. of longitude, 35'.07 

The direct course, S. 20^ ]8'| E. 

The distance, 75^ miles. 

Accurate method of resolving a traverse^ 

78. The preceding method of resolving a traverse is fre- 
quently used at sea, because it is simple, and in most cases 
is sufficiently accurate for a run of 24 hours. But it is found* 
ed on the assumption, that when a ship sails from one place 
to another by several courses^ she makes the same departure, 
as if she had proceeded by a single course to the same place. 
This is not strictly true. Suppose a vessel, instead of sail- 
ing directly from A to C, (Fig. 18.) proceeds by one course 
from A to H, and then by a different course from H to C. 
In^he compound course, the whole departure, is bd+gll+ 
tC ; (Art. 40.) which on account of the obliquity of the me- 
ridians, is less than om+sn+tCy the departure on the sinele 
course. If the compound course had been on the other side 
of the single one, nearer the equator, the departure would 
have been greater. 

79. But the difference of latitude is the same, whether the 
ship proceeds from one place to the other, on a sinele course, 
or on several. The difference of latitude AB (Fig. 18.)as 
Ao+ms+nt=^Xb+dg+llt. The difference of longitude is 
also the same, whether the course is single or compound. 
For the difference of longitude is the distance between the 
meridians of the two places measured on the equator. 

If then the difference of latitude and difference of longitude 
he calculated for each part of the compound course ; the whole 
difference of latitude and difference of longitude will^e found 
by addition and subtraction } and from these may be deter- 
mined the direct course and distance. The difference T>f 
longitude for each course may be obtained independently of 
the departure, by theorem U. of Mercator's sailing. 

It will facilitate the calculation of the longitude, to place in 
the traverse table, the latitudes at the beginning and end of 
each of the courses, the corresponding meridional parts, and 
the meridional differences of latitude. 
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NAVIGATION. 
Traverse Table. 



Courses. 



Distances. 



1. N, 25" E. 

2. S. 540 E. 

3. N. 130 W. 

4. N. 61° E. 

5. N. 38« W. 



AB 16 
BC II 
CD 7 
DF 5 
FG 18 



Diff. Lat, 



N. 



14.50 

6.82 

2.42 

14.18 



S. 



37.92 
6.47 



6.47 



6.47 



N. 13» 124 E. I AG. 32.3 1 3 1.4S 



Departure. 




I 7.38 



The sum of the northings is 37.92, Subtracting from this 
the southing 6.47, we have the difference of latitude AP 31.45 

The sum of the eastings is 20.03. Subtracting from this 
the sum ot the westings 12.65 we have the departure GP 
7.38 E. Then (Art. 49.) ^ 

Diff. Lat : Rad::Depart : Tan Course NAG=rl3o 12'Jl 
Rad : Diff. Lat: :Sec. Course : DisUnce AG =32.3 ' 



The latitude of the port is 
The difference of latitude 

The latitude of the ship 

The meridional difference of lat. 



320 N. 
0<> 31'.45 N. 

32° 31'.46 N. 
37.5 



Then by Mercator's sailing, 
Rad : Tan Course .MMerid. Diff. Lat : Diff. Lon.=8'.8 

Exampk IL 

A ship sailing from a port in Lat, 42> N. makes the follow- 
ing courses and distances. 

1. S. IS^" E. 21 miles, 

2. S. 18<» W. 16, 

3. N. 84** £. 9, 

4. S. 67<» E. 12, 
6. N. 78« E. 14, 
6. S. 12^ W. 35. 



TRAVERSE SAILING. 43 

The diffbrence of latitudei departure, kc* are required. 

Tbe departure is 26'. 1 9 £. 

The diff. of latitude, l"" laf S. 

The diff. of ioDgitude, 35'.07 

The direct course, S. 20^ ]8'| E. 

The distance, 75^ miles. 

Accurate method of resolving a traverse^ 

78. The preceding method of resolving a travjerse is fre- 
quently used at sea, because it is simple, and in most cases 
is sufficiently accurate for a run of 24 hours. But it is found* 
ed on the assumption, that when a ship sails from one place 
to another by several courses^ she makes the same departure^ 
as if she had proceeded by a single course to the same place. 
This is not strictly true. Suppose a vessel, instead of sail* 
ing directly from A to C, (Fig. 18.) proceeds by one course 
from A to H, and then by a different course from H to C* 
In^he compound course, tbe whole departure, is bd'^gH+ 
tC ; (Art. 40.) which on account of the obliquity of the me- 
ridians, is less than om+sn+tCj the departure on the single 
course. If the compound course had been on tbe other side 
of the single one, nearer the equator, the departure would 
have been greater. 

79. But the difference of latitude is the same, whether tbe 
ship proceeds from one place to the other, on a single course, 
or on several. The difference of latitude AB (Fig. 18.)s 
Ao+»»*+n/=A6+«fe+H/. The difference of longitude is 
also tbe same, whether tbe course is single or compound. 
For the difference of longitude is the distance between the 
meridians of tbe two places measured on the equator. 

If then the difference of latitude and difference of longitude 
he calcvlated for each part of the compound course ; the whole 
difference of latitude and difference of longitude wUl^e found 
hy addition and subtraction ; and from these may be deter- 
mined the direct course and distance. The difference T>f 
longitude for each course may be obtained independently of 
the departure, by theorem tl. of Mercator's sailing. 

It will facilitate tbe calculation of the longitude, to place in 
the traverse table, the latitudes at the beginning and end of 
each of the courses, tbe corresponding meridional parts, and 
the meridional differences of latitude. 
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NAVIGATION. 
TxAVEiiSE Table. 






Courses. 


Distances. 


Diff. Lat. 


Departure. 


N. 


S. 


E. 1 W. 


1. N. 25" E. 

2. S. S4<» E. 

3. N. 13' W. 

4. N. 61" E. 
6. N. 3B' W. 

N. 13"» 12| E. 


AB 16 
BC 11 
CD 7 
DF 5 
FG 18 


14.50 

6.82 

2.42 

14.18 


6.47 


6.76 
8.90 

4.37 


1.57 
11.08 
12.65 


37.92 
6.47 


6.47 


20.03 
12.65 


AG. 32.3 


31.45 


7.38 



The sum of the northings is 37.92. Subtracting from this 
the southing 6.47, we have the difference of latitude AP 31.45 

N. 

The sum of the eastings is 20.03. Subuacting from this 
the sum of the westings 12.65 we have the departure GP 
7.38 E. Then (Art. 49.) 

Diff. Lat : Rad:: Depart : Tan Course NAG=13o l^i 
Rad : Diff. Lat: :Sec. Course : Disunce AG=32.3 



The latitude of the port is 
The difference of latitude 

The latitude of the ship 

The meridional difference of lat. 



32^ N. 
0* 3r.45 N. 

32° 31'.46 N. 
37.5 



Then by Mercator's sailing, 
Rad : Tan Course IitMerid. Diff. Lat : Diff. Lon.:=8'.8 

Examph //• 

A ship sailing from a port in Lat. 42^ N. makes the foUow- 
ing courses and distances. 

1. S. ly E. 21 miles, 

2. S. 18<> W. 16, 

3. N. 84«> E. 9, 

4. S. 67<» E. 12, 
6. N. 780 E. 14, 
6. S. 12° W. 35. 



TRAVERSE SAILING. 43 

The difference of laiitudei departure, inc. are required. 

The departure is 26M 9 £. 

The diff. of latitude, 1<» Wi S. 

The diff. of longitude, 35'.07 

The direct course, S. 2(F ]8'| E. 

The distance, 75^ miles. 

Accurate method of resolving a traverse^ 

78. The preceding method of resolving a traverse is fre- 
quently used at sea, because it is simple, and in most cases 
is sufficiently accurate for a run of 24 hours. But it is found- 
ed on the assumption, that when a ship sails from one place 
to another by several courses^ she makes the same departure^ 
as if she had proceeded by a single course to the same place. 
This is not strictly true. Suppose a vessel, instead of sail- 
ing directly from A to C, (Fig. 18.) proceeds by one course 
from A to H, and then by a different course from H to C. 
In^fae compound course, the whole departure, is bd+gH+ 
tC ; (Art. 40.) which on account of the obliquity of the me- 
ridians, is less than om-^sn+tC^ the departure on the sinele 
course. If the compound course had been on the other side 
of the single one, nearer the equator, the departure would 
have been greater. 

79. But the difference of latitude is the same, whether the 
ship proceeds from one place to the other, on a single course, 
or on several. The difference of latitude AB (Fig. 18.)= 
Ao+ms-^-ntssiXb+dg+Ht. The difference of longitude is 
also the same, whether the course is single or compound. 
For the difference of longitude is the distance between the 
meridians of the two places measured on the equator. 

If then the difference of latitude and dfference of longitude 
be calculated for each part of the compound course ; the whole 
difference of latit^ide and difference of longitude will^e found 
by addition and subtraction ; and from these may be deter- 
mined the direct course and distance. The difference T>f 
longitude for each course may be obtained independently of 
the departure, by theorem 11. of Mercator's sailing. 

It will facilitate the calculation of the longitude, to place in 
the traverse table, the latitudes at the beginning and end of 
each of the courses, the corresponding meridional parts, and 
the meridional differences of latitude. 
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NAVIGATION. 



Id the following example, the courses and distances are 
the same as in Art. 76. Ex. 1. The port from which the 
ship is supposed to sail, is in latitude 32* N. 

Tr.werse Table. 



Courset, 


Dist 


Diff Lai 


LaiUndu. 


Mend, 
Parts. 


Merid. 
Dif, Lai 


Diff, Long. 


■ 




n. 1 8. 


32* 

32 14.50 
32 803 
32 14.85 
32 17.27 
32 3145 


^2028 

2045.5 

2U38 

2045.8 

2048.3 

2065.5 


17.5 
7.5 
7.8 
25 

17.2 


B 1 w. 


1. N. 25* E. 

2. S. 54* E. 

3. N ly W. 

4 N.er E 

5. N.38* W. 


16 
11 

7 

5 

18 


14.50 

682 

2.42 

14.18 


6.47 


8.16 
1052 

4.51 


1.80 
13.44 


• 




37.92 
6.47 


647 








22.99 
15.24 


15.24 


II* 40^ 37" 


32.12 


31.45 










7.75 


- 



The dhSerence of longitude i^ here found to be 7.75, and 
in Art. 77, 8'.8 the erronr there being 1.05. 

To find the direct course and distance from the port to the 
place of the shi p. 

Merid. Dif. Lat : Dif. Lon! :Rad : Tan Course=l r4(y ^T 
Rad : Prop. Dif. Lat::Sec Course : Distance=32.13. 

By comparing the results here with those in Art. 77, it will 
be seen that a small errour was introduced there, botk into 
the course and the distance^ by making them dependent on 
the departure ; which being obtained from ihe several cour- 
ses, is not the same as for a single course. (Art. 78.) 

Ex. 3 A ship sailing from a port in latiude 78^ 15'-^N. 
makes the following courses and distances. 

1 . N. 67<» 3ff W. 1 54 miles. 

W. 96 
W. 89 

E. no 

W. 6C 
J E. 78 

Required the difference of latitude, the difference of Ion- 
gitudci and the distance the ship must have sailed, to reach 
the same place on a single course. 

The difference of latituc!e is 3* V 
The difference of longitude 2i^ 29' 
The direct course N. 63** 1' W. 

The distance 279«9 miles. 



2. 
3. 
4. 
5. 



S. 

N. 
N. 



45 
50 
11 



N. 36 



6. S. 19 



37^ 

15 

33i 

41A 



SECTION V, 



MISCELLANEOUS ARTICLES. 



/ 



L The Plane Csabt. 



fin nn^^ Charts commonly used in navigation are either 
8U. JL pi^^^ Charts, or Mercator's Charts. The latter 
are generally to be preferred. But plane charts will answer 
for short distances, such as the extent of a harbour or small 
bay. 

In the construction of the plane chart, that part of the sur- 
face of the globe which is represented on it, is supposed to 
be a plane. The meridians are drawn parallel ; and the 
lines of latitude at equal distances. Islands, coasts, &C. are 
delineated upon it, by laying down the several parts accord- 
ing to their known latitudes and longitudes. 

81. On a chart extending a small distance, each side of 
the equator, the meridians ought to be at the same distance 
from each other, as the parallels of latitude.* A similar 
construction is frequently applied to different parts of the 
globe. But this renders the chart much more incorrect 
than is necessary. A circular island in latitude 60 would, 
by such a construction, be thrown into a figure whose length 
from east to west would be twice as great, as from north 
to south ; the comparative distance of the meridians being 
made twice as great as it ought to be. (Art. 53. Trig. 
96. cor.) 

But when the chart extends only a few degrees, if the 
distance of the meridians is proportioned to the distance 
of the parallels of latitude, as the cosine of the mean latitude 
to radius; (Art. 53.) the representation will not be mate- 
rially incorrect. The meridian distance in the middle of the 
chart will be exact. On one side, it will be a little too 
great ; and on the other, a little too small. 

82. To construct a Plane Chart, then,* on one side of the 
paper draw a scale of equal parts, which are to be counted 
as degrees or minutes of latitude, according to the proposed 
extent of the chart. Through the several divisions, draw th^ 
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parallels of latitude, and at right angles to thesfs, draw the 
meridians in such a manner, that their distance from each 
other shall he to the distance of the parallels of latitude, as 
the cosine of the latitude of the middle of the chart, to ra- 
dius. 

After the lines on all the sides are graduated, the po- 
sitions of the several places which are to be laid down, 
maj be determined, by igpplying the edge of a rule or strip 
of paper, to the divisions for the given degree of longitude 
on each side, and another to the divisions for the degree 
of latitude. In the intersection of these, will be the point 
required. 

The distance which a ship must sail, in going from 
one place to another, on a single course, may be nearly 
found, by applying the measure of the interval between the 
two places, to the scale of milesi of latitude on the side of 
the chart.* 

n. Construction of Mergator's Chart. 

83. In Mercator^s chart, the meridians are drawn at equal 
distances, and the parallels of latitude at unequal distances, 
proportioned to the meridional differences of latitude. (Arts. 
63, 67.) To construct this chart, then, make a scale of equal 
parts on one side of the paper, for the lowest parallel of lati- 
tude which is to be laid down, and divide it into degrees and 
minutes. Perpendicular to this, and through the dividing 
points for degrees, draw the lines of longitude. For the se- 
cond proposed parallel of latitude, find from the table, (Art. 
67.) the meridional difference of latitude between that and 
the parallel first laid down, and take this number of minutes 
from the scale on the chart, for the interval between the two 
parallels. In the same manner, find the interval between the 
second and third parallels, between the third and fourth, be 
till the projection is carried to a sufficient extent. 

Places whose latitudes and longitudes are known, may be 
laid down in the same manner as on the plane chart, by the 
intersection of the meridians and lines of latitude passing 
through them. 

If the chart is upon a small scale, the least divisions on the 
graduated lines may be degrees instead of minutes ; and the 
meridians and parallels may be drawn for every fifth or every 
tenth degree. But in this case, it will be necessary to di- 

*Se«Not«G. 
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vide the meridional differences of latitude by 60, to reduce 
them from minutes to degrees. 

84. The Lint of Meridional Parts on Ounitr^a scale is di- 
vided in the same manner as Mercator's Meridian, and cor« 
responds with the table of meridional parts ; except that the 
numbers in the latter are minutes, while the divisions on the 
other are degrees* Directly beneath the line of meridional 

Earts, is placed a line of equal parts. The divisions of the 
itter being considered as degrees of longitude, the divisions of 
the former will be degrees of latitude adapted to the same 
scale. The meridional difference of latitude is found, by ex- 
tending the compasses from one latitude to the other. 

A chart may be constructed from the scale, by using the 
line of equal parts for the degrees of longitude, and the line 
of meridional parts for the intervals between the parallels of 
latitude. 

85. It is an important property of Mercator's chart, that 
all the rhumb-lines projected on it are straight lines. This 
renders it, in several respects, more useful to navigators, than 
even the artificial globe. By Mercator's sailing, theorem II. 
(Art. 72.) 

. Merid. Diff. Lat : Diff. Lon: :Rad : Tan Course 

So that, while the course remains the same, the ratio of 
the meridional difference of latitude to the difference of lon- 
gitude is constant. If A, C, C, and C" (Fig. 26.) be several 
points in a rhumb-line, AB AB', and AB", the correspond- 
ing meridional differences of latitude, and BC, BfC, n"C*\ 
the differences of longitude ; then 

AB : BC::AB' : B'C'::AB" : B"C". 

Therefore ABC, AB'C\ and AB^'C", are similar triangles, 
and ACC'C" is a right line. (Euc. 32. 6.) 

III. Oblique Sailing. 

86. The application of oblique angled trigonometry to the 
solution of certain problems in navigation^ is called oblique 
sailing. It is principally used in bays and harbours, to de- 
termine the bearings of objects on shore, with their distances 
from the ship and from each other. A few examples will 
be sufficieat here, in addition to those already given under 
heights and distances. 
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One of the cases wbicb most frequently occurs, is tbat in 
which the distance of a ship from land is to be, determined, 
when leaving a harbour to proceed to sea. This is necessa- 
ry, that her difference of latitude and departure may be reck- 
oned from a fixed point, whose latitude and longitude are 
known. 

The distance from land is found, by taking the bearing of 
an object from the ship, then running a certain distance, and 
taking the bearing again. The course being observed, there 
will then be giveli the angles and one side of a triangle, to 
find either of the remaining sides. 

Example I. 

The point of land C (Fig. 27.) is observed to bear N ^V 
W W. from A. The ship then sails S. 6V 3(y W. 9 miles 
from A to B ; and the direction of the point from B is found 
to be N. IP IS' £• At what distance from land was the 
ship at A .^ 

Let NS and N'S' be meridians passing through A and B. 
Then subtracting CAN and BAS each 67<'| from 180, we 
have the angle CAB=r45^ And subtracting CBN' IP^ 
from BAS or its equal ABN', we have ABC^Se^^^. The 
angle at C is therefore 78^ 45'. And 

Sin C : AB: :Sin B : AC =7.63 miles. 

Example IL 

New-Tork light-house on Sandy Point is in Lat. 40^ 3ff 
N. Lon. 74° 8' W. A ship observes this to bear N. 76® 16' 
'^., and after sailing S 35° 10' W. 8 miles, finds the bearing 
io be N. 17° 13' W. Required the latitude and longitude of 
the ship, at the first observation. 

The latitude is 40° 26'i 
The longitude 73 58i 

In this example, as the difference of latitude is small, the 
difference of loncitude is best calbulated by middle latitude 
sailing. (Art. 74.) 

Example I/L 

A merchant ship sails from a certain port S. 51® E. at the 
rate of 8 miles an hour. A privateer leaving another port 7 
miles N. E« of the first, sails at the rate of 10 miles an hour. 
What must be the course of the privateer, to meet the ship, 
irithout a change of direction in either ? 

Ans. S. 7® 49 E. 
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Example IV» 

Two light-houses are observed from a ship saiting S. 38* 
W. at the rate of 5 miles an hour. The first bears N. 21 ^ 
W., the other N. 47° W. At the eud of two hours, the first 
is found to bear N. 5<' £., the other N. IS"" W. What is 
the distauce of the light-houses from each other ? 

Ans. 6 miles and 30 rods. 

IV. CuBRENT Sailing. 

87. When the measure given by the log'line is taken as 
the rate of the ship's progress, the water is supposed to be 
at rest. But if there is a tide or current, the log being 
thrown upon the water, and left at liberty, will move with it, 
in the same direction, and with the same velocity. The rate 
of sailing, as measured by the log, is the motion through the 
tffaier. 

If the ship is steered ip the direction of the current, her 
whole motion is equal to the rate given by the log, added to 
the fate of the current. But if the ship is steered in opposi- 
tioxi to the current, her absolute motion is equal to the differ* 
ence between the current, and the rate given by the log. 
In all other cases, the current will not only affect the velocity 
of the ship, but will change its direction. 

Suppose that a river runs directly south, and that a boat 
in crossing it is steered before the wind, from west to east. 
It will be carried down the stream as fast, as if it were mere- 
ly floating on the water in a calm. And it will reach the op- 
posite side as soon, as if the surface of the river were at 
rest. But it will arrive at a different point of the shore. 

Liet AB {Fig* 26.) be the direction in which the boat is 
steered, and AD the distance which the stream runs, while 
the boat is crossing. If DC be parallel to AB, and BC paral* 
lei to AD; then will C be the point at which the boat 
proceeding from A will strike the opposite shore, and AC 
will be the distance. For it is driven across by the wind, to 
the side BC, in the same time that it is carried down by. the 
currenty to the line DC. 

In the same manner, if Am be any part of AB, and mn be 
the corresponding progress of the stream, the distance sailed 
will be An. And if the velocity of the ship and of the stream 
eontiuie uniform, Am is to mn, as AB to BC ; so that AnC 

« i 
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IS t itraighi Ihe. (Euc. 32. 6.) The lioes AB, BC, and kC^ 

form the three sides of a triaogle* Hence, 

88. If the direction and rate of a ship's motion through 
the water, be represented by the position and length of one 
side of a triangle, and the direction and rate of the current, 
by a second side ; the absolute direction and distance will be 
shown by the third side. 

Example L 

If the breadth of a river running south (Fig. 28.) be 300 
yards, and a boat steers S. 75^ E. at the rate of 10 yards in 
a minute, while the progress of the stream is 24 yards in a 
minute ; what is the actual course, and what distance must 
ihe boat go in crossing ? 

Cos BAP : AP: :R : AB=3lO.(i 

And i0:24::AB:BC»746.44 

Then in the triangle ABC, 
(BC-(-AB) : (BC-AB)::Tan i (BAC+BCA) :Tatt f 

(BAC-BCA)=17<» 33^ 50" 

The angle BAC is fifi^" 3" 50" Then 
Sin BAC : BC : : Sin ABC : ACss879 the distance. 
And DACsrBCAssl9^ 56' 10" the course. 

Example 11. 

A boat moving through the water at the rate of five miles 
an hour, is endeavouring to make a certain point lying S. 
22p W. while the tide is running $. 78|^ E. three miles an 
hour. In wbst direction must the boat be steered, to reach 
the point by a single course ? 

Ans. S. 68*> 33' W. 

89. But the most simple method of making the calcolation 
for the effect of a current, in common cases, especially in re- 
solving a traverse, is to consider the direction and rate of the 
current as an aMiiianal $eparalt want and dittanee; and 
to find the corresponding departure and difference of latitodew 
A boat sailing from A (Fig. 28.) by the united action of 
the wind and current, will arrive at the same point, as if it 
vrere first carried by the wind alone from A to B, and then 
by the current alone from B to C. 

Exan^le /• 

A ship saib S. 17<^ B. for 2 hours, at tl|e rate of 8 miles 
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M bQur ; tben 8. 18^ W. for 4 boan> at Ihe rate of 7 miles 
ea hoar ; and during the whole time, a current sets N. 76^ 
W. at the rate of 2 miles an hour. Required the direct 
course and distance. 



fPirst Course 
pecond do. 
Current 


S. 17° E. 

s. 18" vr. 

N. 76" W. 


Dut. 

16 

38 
12 


N. 


S. 

IA.3 
36.6 

41.9 
3.9 

.39. 


E. 
4.68 

Dtp. 


"irr 


3.8 


8.65 
11.64 

30.39 
4.68 

15.61 


' 


Dif.Lat 



The course is 21® 48' dO^S and the distance 42 miles. 

Example Zf. 

A ship sails S. E. at the rate of 10 miles an hour by the 
logy in a current setting E. N. E. at the rate of 5 miles an 
hour. What is her true course ? and what will be her dis- 
tance at the end of two hours ? 

The course is 66^ 13^, and the distance 25.56 miles. 



V. Hadley's Quaduant* 
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99. In the preceding sections, has been particularly ex* 
plained the process of determining the place of a ship from 
oer course and distance, as given by the compass and the 
log. But this is subject to so many sources of errour, from 
Tariable winds, irregular currents, lee-way,uncertainty of the 
magnetic needle, m. that it ought not to be depended oOf 
except for short distances, and in circumstances which forbid 
the use of more unerring methods. The mariner who hopes 
to cross the ocean with safety, must place his chief reliance^ 
lor a knowledge of his true situation from time to time, oo 
observations of the hetnmly bodUs* By these the latitiide 
and longitude may be generally ascertained, with a sufficient 
degree of exactness. It belongs to astronomy to explain the 
methods of making the calculations. The subject will not 
be anticipated in this place, any farther than to give a de» 
scription of the ooadrant of reflexion, coomionly called Ad^ 
M$ Qiifldrmi)* by which the altitudes of the heaveolj bo* 
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dies, and their diitaoces from each other, are osuarMjr mearar- 
ed at sea. The superiority of this, Over most other astrono- 
mical imtrumeiitSy tor the purposes of navigation, is owing to 
the fact, that the observations which are made with it, art 
not materially affected by the motion of the vessel. 

91. In explaining the construction and use of Uiis quadrant^ 
jtwill be necessary to take for granted the following simple 
principles of Optics. 

1 . The progress of light when it is not obstructed, or tam- 
ed from its natural course by the influence of some contigu^f 
t>us body, is in rxs:ht lines. Hence a minute portion of light 
called a ray, may be properly represented by a iine* 

9. Any object appears in the direction in which the iq;fat 
from that object strikes the eye. If the light is not made to 
deviate from a right line, the object appears in the direction 
in which it really is. But if the light is reflected, as by a 
common mirror, the object appears not in its true situation, 
bat in the direction of the glass, from which the light comes 
to the eye. 

3« 77ke angle of reflection is equal to the angle of incidence^ 
that is, the angles which the renected and the incident rays 
make with the surface of the mirror, are equal ; as are also 
the angles which they make with a perpendicalar to the mir* 
ror. 

93« From these principles is derived the following propo- 
sition ; When light is reflected by two mirrors successively^ the 
angle which the last reflected ray makes with the incident my, 
is DOUBLE the angle between the mirrors^ 

If C and D(Fig. 29.) be the two mirrors, a ray of light 
coming from A to C, will be reflected swu to make the an* 

fie DuMsACB ; and will be again reflected atD, making 
IDM«CDE. Continue EC and ED to H, draw DG pa* 
rallel to BH, and continue AC to P. Then is CPM the an>» 
gle which the last reflected ray DP makes with the incident 
ray AC ; and DHM is the angle between the mirrors. 

By the preceding article, with Euc. 39. 1 and 15. 1, 

GDC=DCM=ACB=PCM 
And HDMs=EDC=EDG+GDC=DHM+PCM 

But by Euc. 32. I and 15. 1, 

CPM+PCM=DHM+HDM=2DHM+PCM 

Therefore CPMs3DHM 
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Cor. I. If the two mirrors make an angle of a certain nnm* 
ber of degreesi the apparent direction of the object will be 
changed twice as many degrees. The object at A, seen by 
the eye at P, without any mirror, would appear in the direc- 
tion PA. Bot after reflection from the two mirrorsy-the light 
comes to the eye in the direction DP, and the apparent place 
of the object is changed from A to R. 

Cor. 2. If the two mirrors be parallel^ they will make no 
akeration in the app-trent ptace nf the object. 

93. The principal parts of Hadley's Quadrant are the fol- 
lowing ; 

1. A graduated arc AB (Fig. 17.) connected with thera> 
dii AC and BC. 

2. An index CD, one end of which is fixed at the centre C, 
while the other end moves over the graduated arc. 

. 3. A plane mirror called the index glass^ attached to the 
index at C. Its plane passes through the centre of motion 
C, and is perpendicular to the plane of the instrument ; that 
ia, to the plane which passes through the graduated arc, and 
its centre C. 

4. Two other plane mirrors at E and M, called horizon 
glas9es. Each of these is also perpendicular to the plane of 
the instrument. The one at E,. called the/ore horizon glassy 
is placed parallel to the index glasa when the index is at 0. 
The other, called the back horizon glass, is perpendicular to 
the first and to the index at 0. This is only used occasional* 
ly, when circumstances render it difficult to take a good ob* 
aervationwith the other. 

A pari of each of these glasses is covered with quicksilver, 
so as to act as a mirror ; while another part is left transpar- 
ent, through which objects may be seen in their true situation' 

6* Two sight wnes at 6 and L, standing perpendicular to 
the plane of the instrument. At one of these, the eye is 
placed to view the object, by looking on the opposite hori- 
son glass. In the fore sight vane at &, there are two perfo- 
rations^one directly opposite the transparent part of the fore 
horizon glass, the other oppoeite the silvered part. The back 
9ight vane at L has only one perforation, which is opposite 
the centre of the transparent part of the back horizon glass. 

6. Coloured gloMsea to prevent the eye from being injured 
by the dazzling light of the sun. These are placed at H, be- 
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tween the index mirror aod the fore horisoo g)ui« They 
may be ttken out when necessary, and placed at N betireeo 
the index mirror and the back horizon glaM. 

94. This instrament, which is in form an odantf is called a 
quadrant^ because the graduation extends to 90 decrees, al- 
though the arc on which these degrees are marked is only 
the eighth part of a circle* The light coming from the ol^ 
ject is first reflected by the index glass C, (Fig. ] 7.) and 
thrown upon the horizon glass E, by which it is reflected to 
the eye at G. If the index be btonght to 0, so as to make 
the index glass and the horizon glass parallel ; the object 
will appear in its true situation* (Art 93. Cor. 3.) But if 
the index glass be turned, so as to make with the horizon 
glass an angle of a certain ndmber of degrees ; the apparent 
direction ol the object will be changed twice as many degrees. 

Now the graduation is adapted to the apparent change in 
the situation of the object, and not to the motion of the in« 
dex. If the index move ever 46 degrees, it will alter the ap* 
parent place of the object 90 degrees. The arc is common- 
ly graduated a short distance on the other side of towards 
P. This part is called the arc ofea^cess. 

95. The quadrant is used at sea, to measure the angular 
distances of the heavenly bodies from each other, and their 
elevations above the horizon. One of the objects is seen in 
its true situation, by looking through the transparent part of 

i the horizon ^lass. The other is seen by reflection, by look- 

' ine on the silvered part of the same glass. By turning the 

index, the apparent place of the latter may be changed, till 
it is brought in contact with the other. The motioi^ of the 
index which is necessary to produce this change, determines 
the distance of the two objects.* 

96. To find the distance of the moon from a star. Hold the 

Juadrant so that its plane shall pass through the two objects, 
iook at the star through the transparent part of the horizon 
glass, and then turn the index till the nearest edge of the im«> 
age of the moon is brought in contact with the star. This 
I will measure the distance between the star and one edge oi 

the moon. Bj adding the semi-diameter of ttie moon, we 
shall have the distance of its centre from the star. 

• FortbeaffutAnenlf of the qaadrant, see Vioce'b Pr«Gtiotl AatrooMij, 
MsdkMfe RsvipttoB, or Bowditeh's Pmoti«»l Navigator. 
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Tiie distinoe of the mm from the qood, or the distance of 
two start fiom each other, may he measured in a similar man- 
ner* 

97. To meaiur$ the attUudt of the nm aboDe the horizotu 
Hold the instniQient so that its plane shall pass through the 
sun, and be perpendicular to the horizon Then move the 
index till the loarer ed^ of the image of the son is brought 
in contact with the horuson, as seen through the transparent 
part of the glus. 

The altitude of anjr other heatrenlj body may be taken in 
the same manner. 

98. To measure altitudes by the back observation* When 
the index stands at o. the index glass is at right angles with 
the back horizon glass. (Art. 93.) The apparent place of the 
object, as seen by reflection from this glass, must therefore be 
changed 180 degrees ; (Art. 92 Cor. 1.) that is, it mustap* 

Eear in the opposite point of the heavens. In taking altitudes 
y the back observation, if the object is in the east, the oh* 
server faces the west ; or if it be in the south, he faces the 
north ; and moves the index, till the image formed by reflex* 
ion is brought down to the horizon. 

This method is resorted to, when the view of the horizon 
in the direction of the object is obstructed by fog, hills, fac. 

99. Dip or Depression of the Horizon. In taking the aiti* 
tudeof a tiearveoly body at sea, with Hadley's Quadrant, the 
reflected image of the object is made to coincide with the 
most distant visible part of the surface of the ocean. A plane 
passing through the eye of the observer, and thus touching 
the ocean, is called the marine horizon of the place of obser- 
vation. If BAB' (Fig. 13.) be the surface otthe ocean, and 
^e observation be made at T, the marine horizon is TA« 
But this is different from the true horizon at T, because the 
eye is elevated above the surface. Considering the earth as 
a sphere', of which C is the centre, the true horizon is TH 
perpendicular to TC. The marine horizon TA falls below 
iki». The an^Ie ATH is called the dip or depression of the 
horizon* This varies with the height of the eye above the 
surface. Allowance most be made for it, in observations for 
determining the altitude of a heavenij body above the true 
horizon. 

In the right-angled triangle ATC, the angle ACT is equal 
tp the angle of depression ATH \ for each is the complement 
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of ATC. The side AC is the Beini-diameter of the earth, 
aod the hjpothenuse CT is equal to the same seoM^-diameter 
added to BT the height of the eye. Then 

AC : R: :TC : Sec ACT=ATH the depression.* 

100. Artificial Hcrizan^ Hadley's Quadrant is particular- 
ly adapted to measuriog altitudes at sea. But it may be 
made to answer the same purpose on land^by means of what 
is called an artificial horizon. This is .the. level surface of 
some fluid which can be kept perfectly smoojfeh* Water will 
answer, if it can be protected from the aiclion.of the wind, 
by a covering of thin glass or talc which will oot sensibly 
change the direction of the rays of lighL. .Bat quicksilver, 
Barbadoes tar, or clear molasses, wilrnot b^ so liable to be 
disturbed by the wind. A small vessel containing one of 
these substances* is placed in such a situation that the object 
whose altitude is to betaken may be reflected from the sur- 
face* As this surface is in the plane of the horiason, and as 
the angles of incidence and reflection are equal, (Art. 91.) 
the image seen in the fluid must appear as far beloa the hori- 
zon, as the object is above* The distance of the two will, 
therefore, be double the altitude of the latter* This distance 
may be measured with the quadrant, by turning the index so as 
to bring the image formed by the instrument to coincide with 
that formed by the artificial horizon. 

101. TTie Sextant k 9L more perfect instrument than the 
quadrant, though constructed upon the same principle. Its 
arc is the sixth part of a circle, and is graduated to 1 20 de- 
grees. In the place of the sight vane, Uiere is a small tele- 
scope for viewing the image. There is also a magnifying 
glass, for reading ofi*the degrees and minutes. It is common- 
Ij made with more exactness than the quadrant, and is bet* 
ter fitted/or nice observations, particularly for determining 
longitude, by the angular distances of the heavenly bodies. 

A still more accurate instrument for the purpose is the 
Circle of Reflexion. For a description of this, see Borda on 
the Circle of Reflexion, Rees' Cycbpedia, and Bowditch'a 
Practical Navigator. 

»SeeNoteI,iDaTM>l«n. 
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SECTION I. 

SURVEYING A FIELD BY MEASURING ROUND IT. 

Art. 105 T^^^ ™^^ common method of sonreving a field 

is to measure the length of each of the sides, 
and the angles which they make with the meridian. The 
lines are usually measured with a chain, add the angles with 
a compass. 

106. TTte Compasi. The essential parts of a Surveyor's 
Compass are a graduated circle, a magnetic needle, and eight- 
holes f6r taking the direction of any object. There are fre- 
quently added a spirit level, a small telescope, and other ap- 
pendages. The instrument is called a Theodolite, Circum- 
ferentor, &c. according to the particular construction, and 
the uses to which it is applied. 

For measuring the angles which the aides of a field msike 
with each other, a graduated circle with sights would be suf- 
ficient. But a needle is commonly used for determining the 
position of the several lines with respect to the meridian. 
This is important in running boundaries, drawing deeds, &c« 
It is true, the needle does not often point directly north or 
sooth. But allowance may be made for the variation, when 
this has been determined by observation. See Sec. V. 

107. 7%e Chain. The Surveyor's or Gunter's chain is 
four rods long, and is divided into 100 links. Sometimes a 
half chain is used, containing 50 links. A rod, pole, or perch, 
is 16| feet. Hence 

1 Link =7.92 inches==| of a foot nearly. 

1 Rod = 25 links =16| feet. 

1 Chains: 100 links sG6 feet. 
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108« The measuriog unit for the area of a field is the aere, 
which contains 160 souare rods. If then the contents id 
square rods be divided oy 160, the quotient will be the num- 
ber of acres. But it is commonly most convenient to make 
the computation for the area in square chains or linkt^ which 
are decimals of an acre. For a square chain •3=4X4=16 
square rods, which is the tenth part of an acre. And a square 
link rsyi^Xyif =TTT¥« ^^ ^ square chain =Ty^>y„ of an 
acre. Or thus, 

625 links, or 273^ feet = 1 square rod, 
lOOOO 4356 = 1 chain or 16 rods, 

35000 10890 = 1 rood or 40 rods, 

100000 43560 ^ 1 acre or 160 rods. 

109. The contents, then, being calculated in chains and 
links ; if/our places of decimals be cut off, the remaining fig- 
ures will be square chains ; or if ^i^e places be cut off, (he 
remaining figures will be acres* Thus the square of 16.32 
chams,or 1632 links, is 26634^4 square links, or 266.3424 
square chains, or 26.63424 acres. If the contents be con- 
sidered as square chains and decimals, removing the decimal 
point one place to the left will give the acres. 

110. In surveying a piece of land, and calculating its con- 
tents, it is necessary, in all common cases, to suppose it to 
be reduced to a horizontal level. If a bilL or any uneven 
piece of ground, is bought and sold; the quantity is compu- 
ted, not from the irregular surface, but from the tevd base 
on which the whole may be considered as resting. In run- 
ning the lines, therefore, it is necessary to reduce; (hem to a 
level. Unless this is done, a correct plan of the survey can 
never be exhibited on paper. 

If a line be measured upon an ascent which is a regular 
plane^ though oblique to the horizon ; tho lei^th of the cor- 
responding level base may be found, by taking the angle of 
elevation. 

Let AB (Fig. 30.) be parallel to the horizon, BC perpen- 
dicular to AB, and AC a line measured on the side of a hill. 
Then, the angle of elevation at A being taken with a quad- 
rant, (Art. 4.) 

R : Cos A : : AC : AB, that is, 
.is radius f to the cosine of the angle of elevation ; 
So is the oblique line measured^ to the corresponding Aort- 
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If (he chain, instead of being carried parallel to the surface 
of the ground, be kept const^tly parallel to the horizon ; the 
line thus measured will be the base line required. The line 
AB (Fig. 30.) is evidently equal to the sum of the parallel 
lines abf cd, and eC 

Plotting a Survey* 

UK When the sides of a field are measured, and their 
bearings taken, it is easy to lay down a plan of it on paper. 
A north and south line is drawn, and with a line of chords, 
a protractor, or a sector, an angle is laid oiT, equal to the an* 
gle which the first side of the field makes with the meridian, 
and the length of the side is taken from a scale of equal parts, 
(Trig. 156 — 101,) Through the extremity of this, a second 
meridian is drawn parallel to the first, and another side is laid 
down ; from the end of this, a third side, be. till the plan is 
completed. Or the plot may be constructed in the same 
manner as a traverse in navigation. (Art. 76.) If the field is 
correctly surveyed and plotted, it is evident the extremity of 
the last side must coincide with the beginning of the first. 

Example L 

Draw a plan of a field, from the following courses and dis* 
tances, as noted in the field-book ; 

Ch. Links. 

J. N. 78° E. 

2. S. 16° W. 

3. N. 83° W. 

4. N. 12« E. 
6. N. 604*»E. 

Let A (Fig. 31 . )be the first corner of the field. 

Thro' A, draw the mend NS, make BAN » 78°, & A 8= 3.46 
Thro' B,draw N'S' par. to NS,make S'BC=16°,&BC=3.54 
Thro' C, drawN"S"par. to NS, makeDCN=83°,& CD=52.72 

&c. &c. 

112. To avoid the inconvenience of drawing parallel lines, 
the sides of a field may be laid down from the angles which 
they make with each other^ instead of the angles which they 
make with the meridian. The position of the line BC (Pig. 
31.) is determined by the angle ABC, as well as by the an- 
gle S'BC. When the several courses are given, the angles 
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which anj two contiguous sides make with each other, may 
be koown by the following rules. 

!• Ifone course it North and the other South, one ElasC 
and the other West ; subtraci the less from the greater. 

3. If one is North and the other South, but both East or 
West ; add them together. 

3. If both are North or South, but one East and the other 
West ; subtract their sum from \ BO degrees. 

4. If both are North or South, and both East or West ; 
add together dO degrees j the less course, and the complement of 
the greater. 

The reason of these rules will be evident by applying them 
to the preceding example. (Fig. 31.) 

The first course is BAN, which is emial to ABS'. (Euc. 
29.1.) If from' this the second course CBS' be subtracted, 
there will remain the angle ABC. 

If the second course CBS', or its equal BCN", be added 
to the third course DCN ; the sum will be the angle BCD. 

The sum of the angles CDS, NDE, and CDE, is 180 de- 
grees. (Euc. 13.1.) If then the two first be subtracted from 
180 degrees, the remainder will be the angle CDE. 

Lastly, let EP be perpendicular to NS. Then the sum of 
the angles DES, PES, and AEP the complement of AEN, 
is equal to the angle DEA. 

We have then the angle ABC=62% DEA.=sl311% 

BCD=99^ EAB=162i**. 
CDE=86^ 

With these angles, the field may be plotted without draw- 
ing parallels, as in Trig. 1 73. 

Finding the Contents op a Fisli>» 

113. There are in common use two methods of finding the 
contents of a piece of land, one by dividing the plot into tri-^ 
angles, the other by calculating the departure and difference 
of latitude for each of the sides. ,. j * 

When a survey'is plotted, the whole figure may be divided 
into triangles, by drawing diagonals from the different an- 
gles. The lengths of the diagonals, and of the perpendica- 
brs on the bases of the triangles, may be measured on ^hc 
same scale of equal parte from which the sides of the field 
were laid down. The area of each of the triangles is equal 
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to halfthe product of its base and perpendicular; and their 
sum is the area of the whole figure. (Mens* 13.) 

Example L 

Let the plan Fig* 32 be the same as Fig. 31, the sides of 
which, with their bearings, are given in art* UK 

Then the triangle ABC=BCxiAF =3.84 sq. chains. 

ACE=ACxiEP=L53 
DCE=EC X iDP"=2.89 

The contents of the whole=8.26 

114. This method cannot be relied on, where great accur- 
acy is required, if the lines are measured bjr a scale and com- 
fmsses only. But the parts of the several triangles may be 
bund by triganametrical calculation^ independently of the 
projection ; and then the area of each may be computed, 
either from two sides and the included angle, or from the 
three sides. (Mens. 9, 10.) 

The sides of the field and their bearings being given by the 
survey, the angles of the original figure may all be known. 
(Art 1 12.) Then in the triangle ABC (Fig. 32.) we have the 
sides AB and B C ;w ith the angle ABC, to find the other 
parts. (Trig. 153.) And in the triangle CDE, we have the 
sides DC and DE, with the angle CDE. Subtracting the 
angle BAC from BAE, we shall have CAE ; and subtracting 
DEC from DEA, we shall have CEA. There will then be 
given, in the triangle ACE, the side EA and the angles. 
(Trig. 160.) 

The sides and bearings, as given in art. Ill, are 

1. AB N. 78^ E. 2.46 chains. 

2. BC S. 16 W.3.54 

3. CD N 83 W. 2.72 

4. DE N. 12 E. 2.13 

5. EA N. 60^ £. 0.95 

Then by Mensuration, art. 9, 
R : Sin ABC::ABXBC : 2 area ABC =7.69 sq. chains 
R ! Sin AEC: :AExEC : 2 area AEC=3.06 
R : Sin CDE : :.CD X DE : 2 area CDE=:5.77 



2)16.52 



Contents of the whole field, 8.26 
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Or (he areas of the several triangles may be found by the 
rule in Mensuration, art. 10, viz. If a, 6, and c, be the sides 
of any triangle, and A =half their sum ; 

7Xearca=v'AX(A-ci)X(A-6)X(A— c) 

Example IL 

CountB. 

1. E. 

2. S. 10° 30' E. 

3. N.42 W. 

4. S. 58 W. 

5. N. 
Contents of the field, 69.735 acres* 

The method which has been explained, of ascertaining the 
contents of a piece of land by dividing it into triangles, is of 
use in cases which do not require a greater degree of accura- 
cy, than can be obtained by the scale and compasses* Bui 
if the areas of the triangles are to be found by trigonometri- 
cal calculation, the process becomes too laborious, for com- 
mon practice* The following method is often to be preferred. 

Finding the ahea of a field by departure and differ- 
ence OF LATITUDE* 

115. Let ABCDE (Pig. 33.) be the boundary of a fieM* 
At a given distance from A, draw the meridian line NS. 
Parallel to this draw L'R', AG, BH, and DK. These may 
be considered as portions of meridians passing through the 
points A, B, D, and E* For all the meridians which cross a 
field of moderate dimensions, may be supposed to be paral- 
/e/, without sensible errour* At right angles to NS draw the 
parallels AL, BM, CO, EP,and DR* These will divide the 
figure LABCDR into the three trapezoids ABML, BCOM, 
and CDRO ; and the figure LAEDR into the two trapezoids 
DEPR and EALP. The area of the field is evidently equal 
to the diflfcrcnce between these two figures* 

The sum of the parallel sides of a trapezoid, multiplied in- 
to their distance, is equal to twice the area* (Mens* 12.) 
Thus 

(AL+BM)X AG =2 area ABML* 

Now AL is a given distance, and BM=AL+BG. But 
B6 is the departure^ and AG the difference oflatitude, cor- 
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responding to AB one of the sides of the field* (Arts. 39, 40.) 

And by art 44, 

D 1 n- * Att . . 5 Sin BAG : Depart. BG 
Rad : Dist- AB . . | ^.^^ g^g . ^jg. ^at. AG 

Or the departure and difference of latitude may be taken 
from the Traverse Table^ as in Navigation. (Art. 50.) 

In the same manner, from the sides BC, CD, DE, and EA, 
may be found the departure CH, CK. DR', AL', and the dif- 
ferences of latitude BH, DK, ER', and EL'. We shall then 
have the parallel sides of each of the trapezoids, or the dis- 
tanc69 of the several corners of the field from the meridian 
NS. For 

BM=AL+BG, DR==CO-CK, 

CO=BM+CH, EP==DR-DR'. 

If the field be measured in the direction ABODE, the dif- 
ferences of latitude AG, BH, and DK, will be Southings^ 
while R'E and E'L will be Northings. The former are Uie 
breadths of the three trapezoids which form the figure 
LABCDR ; and the latter are the breadths of the two trape- 
zoids which form the figure LAEDR The difference, then 
between the sum of the products ofthe northings into the cor- 
responding meridian distances, and the sum of the products 
ofthe southings into the corresponding meridian distances, 
is twice the area of the field. 

It will very much facilitate the calculation, to place in a 
table the several courses, distances, northings, southings^ 8zc 
We have, then, the following 

Rule. 

IIG. F\nd the northing or southings and the tasting or west" 
ui/Df, for each side of the fields and place them in distinct col- 
umns in a table. To these add a column of Meridian Distant 
cesjfor the distance of one end of each side of the field from a 
given meridian ; a column of Multipliers tocimtain the pairs 
of meridian distances for the two enas of each ofthe sides ^ and 
columns for the north and south Areas. See Fig. 33, and the 
table for example I« 

Suppose a meridian line to be drawn without the fields at anjf 
given distance from the first station ; and place the assumed 
distance at the head of the column of Meridian Distances* To 
this add the first departwre^ if both be east or both west ; but 
subtract^ if one be east and the other west } and place the sum 
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or d^erence in the column of Meridian Disiance^^ agaUat Ihe 
Jirsi course. To or from ihe last number^ add or svbtract the 
second departure^ ^c, 4!^c. 

For the column of Mrdiipliers^ add together the first and se^ 
cand numbers in the column of Meridian Distances ; the se- 
cond and thirds the third andfourihy jrc. placing the sums op* 
posite the several courses. 

Multiply each number in the column of Mvltiplters into its 
corresponding northing or southings and place the prodiwt in the 
column oj north or south areas. The difference between the 
sum of the north areas^ and the sum of the south areas^ will be 
twice the area of the field. 

This method ofiinding the contents ofa field, as it depends 
on departure and difTerence of latitude, which arc calculated 
by right-angled trigonometry, is sometimes called Rectangular 
Surveying. 

in. If the assumed meridian pass through the eastern or 
western extremity of the field, as L'ER' (Fig. 33.) the dis- 
tance EP will be reduced to nothing, and the figures AEL' 
and EDR' will be rnancr/e^ instead of trapezoids. If the sur- 
vey be made to begin at the point £, cipher is to be placed 
at the head of the column of meridian distances, and the first 
number in the column of multipliers will be the same, as the 
first in the column of meridian distances.* See example IL 

118. When there is a re-entering angle in a field, situated 
with respect to the meridian as CDE ; (Fig. 34.) the area 
EDM, being included in the figure BCRA, will be repealed in 
the column of south areas, but, as it is also included in the 
figure DCRM, it will be contained in the column of north 
areas. Therefore the difference between the north areas and 
the south areas, will be twice the area of the field, in this 
case, as well as in others. 

119. If any side is directly «a5/ or zoe^l, there will be no 
diflerence of latitude, and consequently no number to be 
placed against this course, in the columns of north and south 
areas. See example 11. Course 1. AB (Fig. 34.) 

The number in the columns of areas will be wanting ako, 
when any side of the field coincides with the assumed me 
ridian. See example II. Course 5. EA (Fig. 34.) 
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1 M. In finding fhe departure and difference of latitade 
IK>in the trarerse table, the numbers for the iinka ma? be 
looked oot separately; care being taken to remove the deci* 
nal point two places to the left, because k link is the 100th 
^rt of a chain* 

Thus if the course be 9^, and the distance 33.46 chains ; 

Tbedi£ofIat.&depart for 23 chains are 30.13 and 11.15 

for 46 links .40 .33 



for 33.46 



30.53 



11.37 



Examplt ' /• See Fig. 33. 
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Twice the figure A6CDRL is 3618.7055 square chains ; 
the^ureAEDRL 1717.1133 



3101.5933 

1050.7961 sq. ch. or 105^796 
acres. (Art. 109.) 



The diflerence 
The contento of the field 
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Exmnple IL See Fig. 34. 
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Hie contents of the field =s \{^ 1 Oe.S - 7 11 .6) =697.35 sq. ch. 

Or 69.735 acres. 
In ibis example, ihe meridian distance of the first station 
A being nothing, cipker is placed at the head of the colamn 
of meridian distances. (Art. 117.) The first side AB being 
directly east and west, has no diflTerence of latitude, and 
therefore the number in the column of areas against this coarse 
is wanting, as it is against the fifth course, which is direct!/ 
north. (Art. 119 ) The number against the fourth course, 
in the column of multipliers, is only the length of the line 
DM ; the figure OME being a triangU^ instead of a trape- 
zoid. 

Example UL 

Find the conteilts of a field bounded by the following 
I1D6S * 

1. N. 35^" 30" E. if ch. 50 links. 



2. N. 72 


45 E. 18 
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The area is 1 45^ acres< 
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121. WhM ft field 18 correctly surveyed, and the depar- 
tures and differences of latitude accurately calculated ; it is 
ovident the sum of the northings roust be equal to the sum of 
the southings, and the sum of the eastings equal to the sum 
of the westings. If upon adding up the numbers in the de- 
parture and latitude columns, the northings are not found to 
agree nearly with the soothiogSi and the eastings with the 
westings, there must bean errour, either in the survey or in 
Ihe calculation, which requires that one or both should be 
revised. But if the difference be small, and if there be no 
particular reason for supposing it to be occasioned by one 
part of the survey rather than another i it may be apportion- 
ed among the several departures or differences of latitude, 
according to the different lengths of the sides of the field, by 
the following rule ; 

As the whole perimeter of the 6eld, 
To the whole errour in departure or latitude ; 
So is the length of one of the sides, 
To the correction in the corresponding depKrture or 
latitude, 

This correction, if applied to the column in whieh the sum 
of the numbers is too small, is to be added; but if to the oth- 
er colunm, it is to be subtracted* See the example on the 
next page. 



96« the fourth Naiober of the Aoalytt pabliahed at Philftdelpfain. 
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la ibis exMiple, die whole perimeter of the field is 100^ 
cbaios, the whole erroor in latitude .34, the whole errour in 
departure .42, and the length of the first side 18. To find 
the corresponding errours, 

1AA1 • iQ. . 5 '^ * *^ ^^^ errour in htitude, 
iwi • "• . ^ .48 ; .08 the errour in departure. 

The errour in latitude is to be added to 10.26 making it 
10.32, as in the column of corrected northings; and the er- 
rour in departure is to be added to 14.79 making it 14.87^ as 
in the column of corremed eastings. After the corrections 
are made for each of the courses, the remaining part of the 
calculation is the same as in the preceding eumples. 

132. If the length and direction of each of the sides of a 
field except one be given, the remaining side may be easilj 
found by calculation. For the difference between the sum 
of the northings and the sum of the southings of the given 
sides, is evidently equal to the northing or southing of the re- 
maining side ; and the difference between the sum of the 
eastings and the sum of the westings of the given sides, is 
equal to the' easting or westing df the remaining side. Hav- 
ing then the difference of latitude and departure for the side 
required, its length and direction may be found, in the same 
manner as in the sixth case of plane sailing. (Art. 49.) 

Sisamjie V. 

What is the area of a field of six sides, of which five are 
given, vis. 

1. 8. M<> E. 4.18 chains 
8. N. 21 E. 4.80 

3. N. 56 W. 3.06 

4. S. 21 W. 0.13 

5. N. W\ W. 1.44 
6. 

The area is two acres. 

Example VL 

1. N SO^" W. 17.21 chains 
a. N. 18 E. 2M6 

3. N 72 E. 24.11 

4. 8. 41 E. 19 26 

5. 8. n W. 24.35 
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1S3. Ploiiing Ig d^ariure wd differtnct ^LtUUuAe. A 
survey maj be easily plotted from the northings and south* 
ines, eastinu and westings. For this purpose, the column of 
Meridian Vistanees is used. It will be convenient to add al* 
so anotbar column, containing the distance of each station 
from a given parallel of latitude^ and formed by adding the 
northings and subtracting the southings, or adding the south- 
ings and subtracting the northings. 

Let AT (Fig. SS.) be a parallel of latitude passing through 
the first station of the field. Then the souihtng TB or LM is 
the distance of B, the second station, from the given paralieK. 
To this adding the southing BH, we have LO the distance 
of CO' from LT. Proceeding in this manner for each 
of the sides of the field, and copying the 7th column in tbe\ 
tiible, p. 66, we have the ibllowtng differences of latitude and 
meridian distances. 



IHff. Lai. Merid. 

AL 90 

1. LM 13.15 BM 46.96 

2. LO 22.85 CO 4938 

3. LR 47.42 DR 32.17 

4. LP 38.97 EP 14.04 

To plot the field, draw the meridian NS, and perpendicu- 
lar to this, the parallel of latitude LT. From L set off the 
differences of latitude LM, LO, LR, and LP. Through 
L, M, O, R, and P, draw lines parallel to LT; and aet off 
the meridian distances AL, BM, CO, DR, and £P. The 
points A, B, C, D, and E, will then be given: 

124. When a field is a regular figure, as a parallelogram, 
triangle, circle, &c. the contents may be found by the rules 
in Mensuration, Sec. L and IL 

125. The area of a field which has been plotted, is some- 
times found by reducing the whole to a triarole of the same 
area. This is done by changing the figure in such a manner 
as,, at each step, to make the number of sides one less, till they 
ere reduced to three. 

Let the side AB (Fig. 35.) be extended indefinitely both 
ways. To reduce the two sides BC and CD to one, draw a 
line from D to B, and another parallel to this from C, to in- 
tersect AB continued. Draw also a line from D to the point 
6f intersection G. Then the triangles DBC and DBG are 
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eoual. (Eoe. S7. !•) Taking from each the commoD part 
DjBH, there remaios B6H equal to DCH. If then the 
triajogle DCH be thrown oat of the plot, and B6H be added, 
vie shall have the five-sided figure AGDEF equal to the six- 
sided figure ABCDEF. 

In the same manner, the line EL may be substituted 
for the tfvo sides AF and EF; and then DM, for EL and 
ED This will reduce the whole to the trianrle MOD, 
which is equal to the original figure. ' The area of the trian- 
gle may thea be found by multiplying .its base into half its 
height ; and this will be the contents of the field. 

In practice it will not be necessary actually to draw th^ 
parallel lines BD, GC, &c. It will be sufficient to lay the 
edge of a rule on C, so as to be parallel to a line supposed to 
pass through B and D, and to mark the point oi intersec- 
tion G. 

IS6. If after a field has been surveyed, and the area com- 
puted, the chain is found to be too long or too short; the 
true contents may be found, upon the principle that similar 
figures are to each other as the squares of their homologous 
sides. (Euc. 20.6.) The proportion may be stated thus ; 

As the square of the true chain,.ito the square of that by 

which the survey was made ; 
So is the computed area of the field, to the true area. 

Ex. If the area of a field measured by a chain 66.4 feet 
long, be computed to be 32.6036 acres ; what is the area a* 
measured by the true chain 66 feet long f 

Ans. 33 acres. 

127. A plot of a field may be changed to a different icale, 
that is, it may be enlarged or diminished in any given ratio, 
bv drawing lines parallel to each of the sides of the original 
plan. 

To enlarge the perimeter of the figure ABCDE f Fig. 36.) 
in the ratio of aG to AG ; draw lines firom 6 through each of 
the angular points. Then beginning at a, draw ab parallel to 
AB, be parallel to BC, be. 
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It is eTident that the MgU$ are the stme io the eolargedl 
figure, as io the origioal one. And by similar triaoglesy 

AO : aOrtBG : iO::GG : eG::fce. 

And 

AG : aGxAB : ab: :BC : be: :bc 

Therefore ABCDE and abcie afe similar figures. (Eac. 
Def. 1. 6.) 

In the same mannert the smaBer figore ^y^i^ majr be 
drawn, so as to hare its perimeier preportsoeisd to ABCDE 
%% of a to AG. 



SECTION II. . . , 

,-1 ■ . » L'-u { I ' ^^ -' 

Methods of SiniyBTiifo in particular cases. 

A 128 1|^£ASURIN6 round a field, in the manner 
ET. 1 • Xf J[ explained in the preceding section, is by 
far the nsost common method of surveying. The ibllowing 
problems are sometimes useful. - They may serve to verify 
or correct the surveys which are made by the usual method. 

Problem I. 
To survey a JMdfrom two stations. 

120. Fllll> TSE DISTANCE Or THE TWO STATIONS, AND 
THEIR BEARINGS FROM EACH OTHER ; THEN T^JLU THE BEAR 
INOS OF THE SEVERAL CORNERS OF THE FIELD FROM EACH 
OF THE STATIONS. 

In the field ABODE, (Fig. 37.) let the distance of the two 
stations S and T be given, and their bearings from each other. 
^j taking the bearing of A from S and T, or the angles 
AST and ATS, we have the direction of the lines drawn 
from the two stations to one of the corners of the field. 
The point A is determined by the ifUerttciian of these lines* 
In the saoiB manner, the point B is determined, by the inter- 
section of SB and TB ; the point C, by the intersection of 
flC and TC ; &c. fac. The sides of the field are then laid 
down, by connecting the points ABCD, &c. 

The area is obtained, by finding the areas of the several 
triangles into which the field is divided by lines drawn from 
one of the stations. Thus the area of AbCDE (Fig. 37.) is 
equal to 

ABT+BCT+CDT+DET+EAT 

or to 
ABS+BCS+CDS+DES+EAS 



Now we have the base line ST given and the angles, in i 
triangle AS1\ to find AS and AT ; in the triangle BST, 



the 
, to 

find BS and BT, be* After these are found, we have tivo 

11 
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tides and the included angle in the triaqgles ABT, BCT, &C. 
from which the areas may be calculated. (Mens. 9.) 

Example* 

Let the station T (Fig. S7.) be N. 80^ E. from S, the dis- 
tance ST 27 chamsi and the bearings of the several corners 
of the field from S and T as follows ; 

TA N. SO** W. SA N. 17o E. 

TB a. 15 E. SB N 55 £. 

TC S. 53 E. SC S. 73 E. 

TD S. 55 W. SD S. 24 W. 

TE N. 70 W. SE N. 26 W. 

These will give the following angles ; 

ATS= 70* AST= 63* ATB= 4i* 

BTS»=115 BSTs: 25 BTC»112 

CTS=±133 CST=: 27 CTD=I08 

DTS= 26 DST=xi24 DTE=: 55 

ETSs 30 EST =:^ 106 ETA^: 40 

From which, with the base line ST, are calculated the fol- 
lowing lines and areas* 

AT=:32.89 chains. ABT»2C}6.45 sq. chains 

BT= 17.75 BCT= 294.05 

CT=35,84 CDT=:740.7 

DT =43.46 DET=:665 1 

£T=37.36^ EAT»395. 



Contents of the field, =230.22 acres. 

The course and length of each of tlie sides of t|ie field may 
be found, if necessary. After the parts mentioned above are 
calculated, there will be given two sides and the included mor 
|le, in the triangle ATB, to find AB, in BTC to find BC 

If the base line between the two stations be too shorty com- 
pared with the sides of the field and their distances, the sur- 
vey will be liable to inaccuracy. It should not generally \m 
less than one tenth of the longest straight line which cab be 
drawn on the ground to be measured. 

130. It is not necessary that the base line, from the extre- 
mities of whieh the bearings are taken, should be within the 
field. It may be one of the sides, or it may be entirely to»M« 
out the field. 
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Let 9 ioi T fTuu S8.) be two stadoos from which all the 
corners of a field ABCDE may be seen. If the directioQ 
and length of the bate line be measured, and the bearings of 
the points A, B, C, D, and £, he taken at each of die sta- 
tions ; tbe areas of the several triangles may be foond* The 
figure ABCTDE is equal to 

DET+EAT+ABT+BCT 

From this subtracting DOT, we have the aret of the field 
ABCD£. 

In this manner, a piece of ground may be measured which, 
from natural or artificial obstructions, is inaceeuiUe. Thne 
an island may be measured from the opposite bank| or an 
enemy^s camp, from a neighbouring eminence. 

131. The method of surveying by making observalioos 
from two stations, is particularly adapted to the measuremeat 
of a bay or harbour. 

The survey may be made on the water, by anchoring two 
vessels at a distance from each other, and observing from 
each the bearings of the several remarkable objects near the 
shore. Or the observations may be made from such eleva* 
ted situations^ on the land as are favourable for viewing the 
figure of tbe harbour. If all the parts of tbe shore cannot be 
seen from two stations, three or more mav be taken* In this 
case, tbe direction and distance of each from ene of the oth- 
ers should be measured. 



Problbm. 11. 



To turvey a fidd by measuring from one station* 
lS2t Takk the beabimos or the sbveril cornebs of 

THE FIELD, AND MEASURE THE DISTANCE OF EAC|I FBOJf THE 
eiVEK STATION. 

If the length and direction of the several lines AT, BT, 
CT, DT, and £T, (Fig. 97.) be ascertained ; there win be 
given two sides and the included angle of each of the trian-* 
gles ABT, BCT, GDT, DET, and £AT; from which their 
areas may be calculated, (Mens. %J) and tbe sum of these 
will be the contents of the whole figure. 
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The atfttioo m%j be taken in one of the aides m angles of 
tlte field, as at C. (Fig. 32.) The lines 

CD, CE» CA, CB, and the angles 
DCE, ECA^ ACB, being given, 
the areas of the triangles may be ibiNid. 

PaOBLiTM UK 

To survey a fidd by the cic aim alokc* 

1SS« Mkasfre the sides or the fielp, and the DI- 
ACK>NALS BT WHICH it is DivinEo into TBiAifex«fia* 

By measuring the sides (Fig. 32,) 

AB, BC, CD, DE, EA, 

and- the diagonals CA and CE, we have the three sides of 
each of the triangfes into which the whole figure is divided. 
They may therefore be constructed, (Trig. 192.) and their 
areas calculated. (Mens. 10.) 

184% To meaiure <m angle with the chain^ set off equal 
distances on the two lines which include the angle, as AB, 
AC, (Fig. 39.) and measure the distance from B to C. There 
will then be given the three sides of the isosceles triangle 
ABC, to find the angle at A by construction or calcalation. 

The chain may be thus substituted for the compass, in sur- 
veying a field by going round it, accordng to the method 
explained in the preceding section ; or bv measuring from 
one or two stations, as in problems 1. and Il« 

PaOBLEH IV. 

To iurvey an irreguUtr houndwry by menne of wrsETs. 
135. Run a straight line in ANt convenient nimBc- 

TION, AND MEASURE THE PERPENDICULAR DISTANCE OP EACH 
ANGULAR POINT OP THE BOURDART PROM THIS I4NR* 

The irregular field (Fig. 40.) may be surveyed, by takine 
the bearing and length of each of the fow lines A£, EF, 
FI, I A, and measoringthe perpendicular distances BW^ 
CC^ DD', GC, HIP, KK'. These perpendiculars are cel- 
led offtetu h is neceaaarjp to note in a field book the pans 
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into which the lioe that if measared is divided by the offsetf, 
as in the following example. (See Fig. 40.) 



Of tell m 


lh»Uft 1 Cvtmet md Dutaneet. | Qf«M* on <A« rig/tC | 




ChtiH. 


AE N.85«£. 12.74 cb. 


» 


BB' 


2.18 


AB' 3.25 




CC 


2.18 


B'C 2.13 




I>I> 


1.23 


CO* 1.12 




• 




iy£ 6 24 




1 


EFS. 24»E. 7.23 








Fl N. 87 W. 13.34 




GC 


2.86 


FG' 3.84 




HH' 


1.48 


GH' 2.22 








H'l 7.28 








lA N. 26 W. 5.32 








IK' 


KK' 2.94 






K'A 





As the offsets are perpendicular to the lines surveyed, the 
little spaces ABB', BB'CCS CC'D1> be. are either right an- 
gled trianeles, parallelograms, or trapezoids* To find the 
contents of the odd, calculate in die first place the area her 
tween the lines surveyed, as the trapezium AEFIA, (Fig* 40.) 
and then add the spaces between the offsets, if they fall with- 
in the boundary line ; or subtract them, if they fall without, 
as AIK. 

When any part of a side of a field is inaceeaibhj equal off- 
sets may be made at each end, and a line run paraUk to the 
boundary. 

Paoblbm V, 

To measure the distance between any two points on the sur^ 
Jaee of the earthy fty means of a series of triangles extending 
from one to the other. 

198* Mbasoug a side or ore or the triangles roB a, 
BASE LINE, TAKE THE BEARING or this or some oth- 
er aiDB, AHD WEA8VBE THE ANGLES IN EACH Or THE 
TRIAN0LB8* 

If it be required to fiad the distance between the tw6 
poinu A nd i, (Fig. 41.) so akoaled that the measure can^ 
not be taken in a direct line from one to the other; let ia sen 
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ries o( triangles be arranged in such a manner between tbea, 
that oD^ side shall be common to the first and second, as 
BC, to the second and third as CD, to the third and fourth, 
be. ' Then measure the length of BC for a base line, take 
the bearing of the side AB, and measure the angles of each 
of the triangles. 

These data are sufScient to determine the length and bear- 
ing of each of the sides, and tbe distance and bearing of I 
from A. For in the two first triangles ABC and BCD, tbe 
angles are given and the side BC, to find the other sides. 
When CD is found, there are given, in the third triande 
CDE, one side and the angles, to find the other side. In 
the same manner, the calculation maj be earried from one 
triangle to another, till all tbe sides are found. 

The bearings of tbe sides, that is, the angles which thej 
make with tbe meridian, may be determined firom the bear* 
ing of tbe first side, and tbe angles in the several triangles. 
Thus if NS be parallel to AM, tbe ancle BAP, or its equal 
ABN subtracted from ABD leaves NBD; and this uken 
from 180 degrees leaves SBD. 

From tbe bearing and length of AB may be found the 
sauihing AP, and tbe easting rB. In the same manner are 
found the several southings Pp', PF', F'F", P^M. The 
sum of the southings is tbe line AM. And if the distance is 
ao small, that tbe several meridians may be considered paral- 
lel, the difiference between tbe sum of the eastings and the 
sum of the westings, is the perpendicular IM. We have 
then, in the right-angled triangle AMI, the sides AM and MI, 
^ to find tbe distance and bearing of I from A. 

1,37. This problem is introduced here, for the purpose of 
giving tbe general outlines of those important operations 
which have been carried on of late years, with such admira- 
ble precision, under tbe name of Trigarwmetrical Surveying* 

Any explanation of tbe subject, however, which can be 
made in this part of the course, must be very imperfect. Li 
the demonstration of the problem, the several triangles are 
supposed to be in the same plane, and the distances of the 
meridians so small, that they may be considered parallel. But 
in practice, the ground upon which the measurement is to be 
made is very irregular. The stations selected for tbe angular 
points of the triangles, are such elevated parts of the country 
as are visible to a considerable distance. They shouU 
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be so situated, that a signal staff, tower, or other eoospicuous 
object in any one of the angles, may be seen from the other 
two angles in the same triangle. It will rarely be the case 
that any two of the trianales will be in the same plane, or 
any one of them parallel to the horizon. Reductions will 
therefore be necessary to bring them to a common level. 
Bot even this level is not a plane In the cases in which this 
kind of sunreyittg is commonly practised, the measurement 
is carried over an extent of country of many miles. The se- 
veral points, when reduced to the same distance from the 
^ntre of tlie earth, are to be considered as belonging to a 
ipherkat surface. To make the calculations then, if the line 
to be measured is of any considerable extent, and if nice ex^- 
actness is required, a knowledge of Spherical Trigonometry 
is necessary. 

1S8. The decided su[^eriority of this method of surveying, 
in point of accuracy, over all others which have hitherto been 
tried, particularly where the extent of ground is great, is ow- 
ing partly to the fact that almost all the quantities measured 
are angles^ and partly to this, that for the single line which 
it is necessary to measure, the ground may be chosen^ any 
where in the vicinity of the system of triangles. It would be 
next to impossible to determine the precise horizontal dis- 
tance between two points, by carrying a chain over an irregu- 
lar surface. But in the trigonometrical measurements 
which are made upon a great scale, there can generally be 
found, somewhere in the country surveyed, a level plane, a 
heath or a body of ice on a river or lake, of sufficient extent 
for a hast. This is the only line which it is absolutely neces- 
•ary to measure. It is usual however, to measure a second, 
which is called a line of verificaliim. If the length of the 
base EC (Fig. 41.) and the angles be given, all the other 
lines in the figure may be found by trigonometrical calcula- 
tion. But if uH be also measured, it will serve to detect 
any errour which may have been committed, either in taking 
the angles, or in computing the sides, of the series of trian- 
gles between BC and GH. 

139. Id measuring these lines, rods of copper or platina 
have been used in france, and glass tubes or steel chains in 
England. The results have in many instances been extreme*- 
ly exact. A base was measured, on Hounslow Heath, by 
General Roy, with glass rods. Several years after, it was re- 
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meascred by Colonel Mudge, with a steel cbaio of very nice 
coDstructioD* The difference in the two roeasur^^lents was 
less than three inches in more than five miles. Two parties 
measured a base in Peru of 6272 toises, or more than seven 
miles; and the difference in their results did not exceed imo 
inches* 

Exact as these measuren^ents are, the exquisite coostruc- 
tioo of the instruments which have been used for taking the 
angles^ has given to that part of the process a still higher de- 
gree of perfection. The amount of the errours in the angles 
of each of the triangles, measured by Ramsden's Tbm- 
odolite, did not exceed three seconds. In the great surveys in 
France, the angles were taken with nearly the same cor- 
rectness. 

140. One of the most important applications of trigono- 
metrical surveying, is in measuring arcs of the meruKon, *or of 
parallels oflaiitude'^ particularly the former* This is neees- 
sary in determining the figure of the earthy a very essential 

Eroblem in Geography and Astronomy. A degree of seal 
as been displayed on this subject, proportioned to its prao- 
tical importance. Arcs of the meridian have been neasored 
at great expense, in England, France, Lapland, Peru, toe. 
Men of distinguished science have engaged in tbe uadei^ 
taking. 

A meridian line has been measured, under the direclioo of 
General Roy and Colonel Mudge, from tbe Isle of Wight, lo 
Clifton in the north of England, a distance of about 200 
miles. Several years were occupied in this survey. An- 
other arc passing near Paris, has been carried quite tbrooab 
France, and even across a part of Spain to Barcelona. In 
measuring this, several distinguished mathematicians and as- 
tronomers were engaged for a number of years, lliese two 
arcs have been connected by a system of triangles runniag 
across the English Channel, the particular object of wbicfa 
was to determine the exact difference of longitude beiiveeo 
tbe observatories of Greenwich and Paris. Besides tbe me- 
ridian arcs, other lines intersecting them in various directions 
have been measured, both in England and France. With 
these, the most remarkable objects over the face of the 
country have been so connected, that the geography of the 
various parts of the two kingdoms is settled, with a prcci:<ion 
which could not be expected from any other method. 
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14t« The exactness of tbe surveys will be seen from a 
comparison of the lines of vtriiicatian as actuaMfy measuredi 
with the lengths of the same lines as determined by calcula- 
tion. These would be affected by the amount of all the er- 
rours in measuring the base lines, in taking the anglesi in 
computing the sides of the triangles, and in making the ne-* 
cessary reductions for the irregularities of surface. A base 
of verification measured on Romney Marsh in England, was 
found to differ but about hooftet from the length of the same 
Une, as deduced from a series of triangles extending more 
than 60 miles* A base of verification connected with tbe 
meridian passing through France, was found not to differ one 
fooi from the result of a calculation which depended on the 
measurement of a base 400 miles distant. A line of verifir 
cation of more than 7 miles, on Salisbury Plain, differed 
scarcely an inch from the length as computed from a system 
of triangles exiending to a base on Hounslow Heath** 



* Set Note K. 
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SECTION lit. 

LAYING OUT AND DIVIDING LANDS. 

A 14^ T^^ ih<^e who are fainiliar with the principles of 
^^' geometry, it will be Qooecessary to give par- 

ticular rules, for all the ▼arions raethods of dividing and lay-* 
ing out lands. The following problems maj serve as a 9p9» 
cimen of the manner in which the business may be eonduci* 
ed in practice. 

PROtLBM I. 

To lay imt a given number of acres in the form of a s^uabk. 

143. ReDUCB THB NrMBEB OP ACRES TO SqUABE BODS OB 
CHAINS, AND EXTRACT THE S<IUARE ROOT. Tbis will givC OBC 

side of the required field. (Mens. 7.) 

Ex. 1. What is the side of a square piece of land con- 
taining 124j acres. Ana. 141 rods. 



2. What is the side of a square field which conti)in8 58| 
acres ? 

Problem II. 

To lay out a field in the form of a parallblograiI| whin one 

side and the contents are given* 

144. Divide the number or s^vabb rods ob chains bt 
THE length of THE GIVEN SIDE. The quoticnt will be a 
side perpendicular to the given side. (Mens. 7.) 

Ex. What is the width of a piece of land which is 280 
rods long, and which contains 77 acres f 

Ans. 44 rods* 

Cor. As a triangle is half a parallelogram of the same base 
and height, a field maj be laid out in the form of a trianele 
whose area and base are given, by dividing twice the area by 
the base. The quotient will be the perpendicular from the 
opposite angle. (Mens. 9*) 



I 



9URVEYINO. » 



Pboblkm UL 

Toky oui a jn$ct of land in the form of a parallelogram^ the 
mgth of which shtUl he to the breadth in a given eatio. 

145. As the length of the parallelogram to its breadth ; 
So 18 the area^ to the area of a equare of the same 

breadth. 

The side of theaqaare may then be found by problem I, 
'and the length of the parallelogram by problem II. 

If BCNM (Fig. 42.) is a square in the right parallelogram 
ABCD, or in the oblique parallelogram AdC'IJ, it is evi- 
dent that AB is to MB or its equal BC^.as the area of the 
parallelogram to that of the square. 

Ex. If the length of a parallelogram is to its breadth as 
7 to 3, and the contents are 52| acres, what is the length and 
breadth. 

Problem 1V« 

T%M area of a parallelogram being given^ tok^ii ou$ in such 
aformf that the length shall exceed the breadth by a given 

DirFERENCE. 

1 46. Let x=sBC the breadth of the parallelogram ABCD 

(Fie. 42.) and the side of the square BCNM. 
i7«AM the difference between the length and 

breadth, 
iissthe area of the parallelogram. 
Then ass(«+cOx«=:x«+dx. (Mens. 4.) 

Reducing this equation, we^have 

That is, to the area of the parallelogram, add one fourth 
of the square of the diflerence between the length and the 
breadth, and from the square root of the sum, subtract half 
the diflerence of the sides ; the remainder will be the breadth 
of the parallelogram. 

Ex. If four acres of land b^ laid out in the form of a 
parallelogram, the diferance of whose sides is 13 rods, what 
tt the breadth ? 
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PmOBLCM V. 

To lay out a teianole whoMt area and angles are given. 

147. Calculate the area .or aky supposed triangle 

WHICH HA6 the same AMOLBS. THEN 

As THE AREA OF THE ASSUMED TRIANGLE, 

To THE AREA OF THAT WHICH IS REQUIRED ; 

So IS THE SQUARE OF ANY SIDE OF THE FORMER, 

To THE SQUARE QF THE CORRESPONDING SIDE OF THE 

LATTER. 

If the trisngles B'CO ahd BCA (Fig. 43.) have equal an- 
gles, they are similar figures, and therefore their areas are as 

he squares of theiflike sides, for instance, as AC* * CO'* 
(Euc. 1 9. 6.) The $quare of CC being found, extracting the 
square rod will give the line itself 

To lay out a triangle of which one side and the area are 
given, divide twice the area by the given side ; the quotteot 
will be the length of a perpendicular on this side from the 
opposite angle. (Mens. 8.) Thus twice the area of ABC 
(Fig. 45.) divided by the side AB, gives the length of the 
perpendicular CP. 

148. This problem furnishes the means of cutting off, or 
laying out, a given quantity of land in various forms. 

Thus, from the triangle ABC, (Fig. 43.) a smaller triaogle 
of a given area may be cut off, by a line parallel to AB. 
The line CC being found by the problem, the point O will 
be given, from which the parallel line is to be drawn. 

1 49. If the directions of the lines AE and BD, (Fie. 44.) 
and the length and direction of AB be given ; and if it be 
required to lay off a given area, by a line parallel to AB ; let 
the lines AE and BD be continued to C. The angles of the 
triangle ABC with the side AB being given, the area may be 
found . From this subtracting the area of the given trapezoid, 
the remainder will be the area of the triangle DCE ; from 
which may be found, as before, the point E through which 
the parallel is to be drawn. 

If the trapezoid is to be laid off on the other side of AB, 
its area must be added to ABC, to give the triangle D'CE'. 

150. If a piece of land is to be laid off from AB, (Fig. 
45 by a line in a given direction as DE, not parallel to AB ; 
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let AC parallel to DE be drawn through one end of AB. 
The required trapezium consists of two parts, the triangle 
ABC, and the trapezoid ACED. As the angles and one 
aide of the former are given, its area may be found. Sub- 
stractin^ this from the given area, we have the area of the 
trapezoid, from whioh the distance AD may be found by the 
preceding article. 

151* If a given area is to be laid off from AB, (Fig. 46.) 
by a line proceeding from a s^iven paint D ; first lay off the 
trapezoid ABCD. If this be too small, add the triangle 
DCE ; but if the trapezoid be too large, subtract the triangle 
DCE'. 

Problem VI. 

7b ixviit the area of a triangle into parti having given raiios 
to each other^ fry lines drawn from ont of the angles to the 
opposite base* 

153b Divide thk basb in the sake proportion as thb 

PARTS REQUIRED. 

If the triangle ABC (Fig. 47.) be divided by the lines CH 
and CD ; the small triangles, having the same height, are to 
each other as the bases BH, DD, and AD. (Euc. h 6*) 

Prori^em VII. 

To divide an irregular piece of land into any two given parts. 

153. Run a line at a venture^ near to the true divisum line 
required^ and find the area of one of the parts* If this ie too 
targe or too small^ add or subtract^ by the preceding articles^ a 
triangUj a trapezoid^ or a trapezium^ as the case may require. 

A field may sometimes be conveniently divided by redu- 
cing it to a triaqgle, as in Art. 135, (Pig. 55.) and then divi- 
ding the triangle by pVoblem VL 
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AftT* io4. J. iimpij Q„g gp^t of ground is Higher than anoth* 
er. The practicability of supplying a iowh with water from 
$, neighbouring fountain, wilt depend on the comparative ele* 
▼ation of the two places above a common level. The di- 
rection of the current in a canal will be determined by the 
height of the several parts with respect to each other. 

The art of levelling has a primaiy reference to the level 
surface of water. The surface of the ocean, a lake, or a 
river, is said to be level when it is at rest. If the fluid parts 
of the earth were perfectly spherical^ every point in a level 
surface would be at the same distance from the centre. The 
difference in the heights of two places above the ocean would, 
be the same, as the difference in their distances from the 
centre of the earth. It is well known that the earth, though 
nearly spherical, is not perfectly so* It is not necessary^ 
however, that the difference between its true figure and that 
bf a sphere should be brought into account, in the compara- 
tlvelv small distances to which the art of levelling is com* 
monfy applied. But it is important to distinguish between 
the^me and the apparent level. 

155. TTifi TRUE LEVBL IS a CURVE which either coincides 
wUhf or is parallel to^ the surface of water at rest. 

The APPARENT LEVEL is a STRAIGHT LINE whxch %S a TAN- 
GENT to the true level, at the point where the observation is 
made. 

Thus if ED (Fig. 48.) be the surface of the ocean, and 
AB a concentric curve, B is on a true level with A. But if 
AT be a tangent to AB, at the point A, the apparent level, as 
observed at A, passes through T. 

166. When levelling instruments are used, the level is de- ' 
termined either by n fluid, or a plunnb^line. The surface of 
the former \b parallel to the horizon. The latter is perpen- 
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dicular. One of the mof t conveoient iQ^fnimentfl fof the 
purpose is the spirit le^eL A glass tube is nearly filled with 
spirit, a small space being left for a bubble of air. The tube 
is so formed, that when it is horizontal, the air bubble will he 
in the middle between the two ends. To the glass is at- 
tached an^ index with sight vanes ; and sometimes a small 
telescope, for viewing a distant object distinctly. The sur- 
veyor should also be provided with a pair of levelling rodi^ 
which are to be set up perpendicularly, at convenient dis-^ 
lances, for the purpose of measuring the height from the sur** 
&ce of the ground to the horizontal line which passes throuf^ 
the spirit level. 

If strict accuracy is aimed at, the spirit level should be in 
the middle between the two rods. Considering I>EI>'D ail 
the spherical surface of the earth, and B'AB'^B as a eoncen- 
tric curve ; a horizontal line passing through A is a tangent 
to this curve. If therefore AT and AT'' are equals the 
points T' and T" are equally distant from the level of the 
oceai^. But if the two rods are at T and T, while the spirit 
level is at A, the height TD is greater than T'D'. The dif- 
ference however will be trifling, if the distance of the stations 
T and T be small. 

157. With these simple instruments, the spirit level and 
the rods, the comparative heights of any two places can be 
ascertained by a series of observations^ without meaaoriDg 
their distancei and however irregular may be the f^round be* 
tween them. But when one of the stations is visible from 
the other, and their distance is known ; the difference of 
their heights may be found by a single observation^ provided 
allowance be made for atmospheric refraction, and for the 
difference between the true and the apparent level. 

PrOBLiBK I. 

To find the difference m the heights of two places hjf levelling 

rods. 

9 

1 58. Set vp the levelling rods perpendicular to the harigon, 
and at equal distances frotn the spirit level; observe the points 
where the line of level strikes the rods before and behind^ and 
fneasure the heights of these points above the ground ; level in 
the same manner from the second staiio^ to iSe thirds from the 
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iUrd.to thif&wrtkt 4rc. The d^ermce h$iwt$n the nm f^the 
heights at the hack siatione^ and at the forward staiumt^ wiit 
be the d^trenee beimen the height of the fret staJiimi and the 
last. 

If the descent from H to H" (Fig. 49.) be required, let the 
spirit level be placed at A, eqoailj distant from the stations 
H and H' ; observe where the Itae of level BP cuts the rods 
which are at H and H', and measure the heights BH and 
FH\ The diflference is evidentij the descent from the first 
station to the second. In the same roanner« hj placing the 

Sirit level at A', the descent from the second station to the 
ird maj be found. The back heights, as observed at A 
and A', are BH and B'H' ; the forward heights are FH' and 
F'H". 

NowFH'-BH =the descent from H to HV 
And PH' - B'lf sthe descent from H' to H" ; 

Therefore, by addition, 

(FH'+PH'O -(BH+B'H')=the whole descent from H to H". 

1^9. It is to be observed, that this method gives the true 
level, and not the apparent level* The lines BF and BT' 
are not parallel to each other ; but one is parallel to a tan- 
gent to the horizon at N, the other to a tangent at N'. So 
toat the points B and F are eoually distant from tfie horizon, 
as are also the points B' and F'. The spirit level may be 
placed at unequal distances from the two station rods, if a 
correction is made for the diflerence between the true and 
the apparent level, by problem II* 

1€0* If the stations are numerous, it will be expedient to 
place the back and the forward heights in separate columns 
in a table, as in the following example. 

Bsck heights. Fore hetthts. 

Feei. in. WmL Bu 

1st Observation 3 7 3 8 

3. 9 5 SI 

3. 6 3 5 7 

4. 4 2 3 2 

5. 5 9 4 10 



93 2 19 4 

19 4 



Diftftnee 2 10 
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If the SQin of the forward heights is less than the sum of 
the back heights, it is evident that the last station must ha 
higher than the first. 

PaOBLBM 11. 

161. To fitid the difference between the true und the ap« 
PARSVT levelf for any given distance. 

If C (Fig» 12.) be the centre of the earlh considered as a 
sphere, AB a portion of its surface, and T a point on an ap- 
parent level with A ; then BT is the difference between the 
true and the apparent level, for the distance AT. 
Let 2BC.=D, the diameter of the earth, 

AT=c(i the distance of T, in a right line, from A, 
BTs=Ay the height of T, or the difference between 
the true and the apparent level. 

Then by Euc. 36. 3, 

(2BC+BT)XBT=AT% that is, (D+A)xA=rf« 

and reducing the equation, 

Therefore, to find h the difference between the true and 
the apparent level, add together one fourth of the square of 
the earth's diameter, and the square of the distance, extract 
the square root of the sum, and subtract the semi-diameter 
of the earth* 

162. This rule is exact. But there is a more simple one, 
which is sufficiently near the truth for the common purposes 
of levelling. The height BT is so small, compared with the 
diameter of the earth, that D may be substituted for D+A, 
without any considerable errour. The original equation 
above will then become 

DxA=d^ Therefore A=4^ 

D 

That is, the difference between the true and the apparent 
letel, if nearly equal to the square of the dietance divided by 
the diameter of the earth. 

Ex. L What is the difference between the true and the 
apparent level, for a distance of one English mile, supposing 
the earth to be 7940 miles in diameter? 

Ans. 7.98 inches, or 8 inches nearly. 

/. 13 
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Id the equation f^^frf as D U a cdmtadt quantity, it ii 

evident that h Yaries as d'» According to the last rule then, 
the difference between the true and the apparent level varies 
as the sqvare of the distance* The difference for 1 mile being 
nearly 8 inches. 

In. FmC In. 

For 3 miles, it is 8X2^ =±32^2 8 nearly. 
For 3 miles, €X3*« 6 
For 4 miles, 8X4>» 10 8 
&c. be. See Table IV. 

£x. 3. An observation is made to determine whether wa- 
ter can be brought into a town from a spring on a neighbour- 
ing hill. At a particular spot in the town, the spring, which 
is 2| miles distant, is observed to be apparently on a level. 
What is the descent from the spring to this spot ? 

The descent is nearly 4 feet 2 inches for the whole dis- 
tance, or 20 inches in a mile ; which is more than sufficient 
for the water to run freely. 

Ex. 3. A tangent to a certain point on the ocean, strikes 
the top of a mountain 23 miles distant. What is the height 
of the mountain 1 Ans. 362 feet 

163. One plac^ may be below the apparent level of an- 
other, and yet above the true level. The difference between 
the true and the apparent level for 3 miles is 6 feet. If one 
spot, then, be only two feet below the apparent lerel of an- 
other 3 miles distant, it will really be 4 leet higher. 

If two places are on the same true level, it is evident that 
each is below the apparent level of the other. 

-) '- 

Problem III. 

To find the difference in the heights of two places whoieMis- 

tance is known. 

164. From the angl^ of eUtation or depression^ calculate 
how far one of the places is above or belong the appareni level 
of the other ; and then make allowance for the difference &e- 
tween the apparent and the true leveL 

By taking, with a quadrant, the elevation of the object 
whose distance is given, we have one side and the angles of 
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a right angled triangle, to find the perpendicalar height above 
a korigimial plane. (Art. 6.) Adding this to the difference 
between the true and the apparent level, we have the height 
of the object above the true level of the place of observation. 
When an angle oidmrtsnon is taken, it will be necessary to 
subtract instead of adding. 

Ex. 1. The angle of elevation of a hill, as observed from 
the top of another 4| miles distant, is found to be 7 degrees. 
What IS the difference in the heights of the two hills ? 

Height of one above the level of the other 3917.3 feet, 
Diflference of the levels - 13.5 



Difference in the heights of the hills 2930.8 

Kx- 2. From the top of a tower, the angle of depression 
of a fort 4 miles distant, is found to be 3f degrees. What 
is the height of the tower above the fort ? 

Ans. 1189 feet. 

If the operation of levelling is meant to be very exact, es- 
pecially when extended to considerable distances, allowance 
should be made for atmospheric refrcu:tion.* 

/. s : ' ' 
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SECTION V. 



THE MAGNETIC NEEDLE.* 



An tflfi nPHE direction in which a ship is steered, and 
^* * -*- the bearings of the sides of a field, are com- 
monly determined by observing the angles which thejr make 
with the magnetic needle. This is a bar of steel to which 
the magnetic power has been communicated from some other 
artificial or natural magnet* When it .is balanced on a pin, 
so as to turn freely in any direction, it points towards the 
north and sooth. 

The poles of the needle are its two ettremities ; and the 
vertical plane which passes through these, is called the mag- 
netic meridian. The astronomical meridian passes through 
(he poles of the earth. These two meridians rarely coin- 
cide. The needle does not often point directly north and 
south* 

167. T%e vzChiNATiOJS of the needle ii the angle which it 
makes with a north and south line ; or the angle l^tween the 
magnetic and the astronomical meridians. It is said to be 
east or west, according as the north pole of the needlepoints 
east or west of the north pole of the earth. 

The variation of the needle is properly the change of Us 
declination* The term, however, is frequently used to signi- 
fy the declination itself. 

The declination of the needle is very different in different 
parts of the earth. In some places, it is 20 or 30 degrees ; 
in otherS) little or nothine. In the variation charts given by 
writers on magnetism, the declination is marked, as it is 
found by observation on different parts of the globe. Lines . 

are drawn connecting all the points which have the same de- i 

cUnation. Thus a line ir drawn through the several places 
in which the declination is 10 degrees ; another through those 



* Cavmllo OQ Mafii€tiiin« R«m* Cyclopedia, TramseUont of IIm Riyfal 
Society of London, Uio Royal Irith Academy, the Aoiarican Phfloeophical 
Society, aod the American Academy of Arta and Soiaaoti. 
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in which it is 5 degrees, be. These Hoes are very wiDding ; 
yet they never cross each other, though they extend all aver 
the globe. One of the lines of no declination passes through 
the middle parts of the United States. The declination is 
towards this line, in plaices which are on either side of it. 
Thus in New-England the declination is west, while on the 
Ohio it is east. It increases with the distance from the line 
of no declination. 

168. The declination is not only different in different pla* 
cesi but different in the same place at different times. At 
London, about 330 years since, it was 11 j degrees east It 
gradually decreased till 1657, when the needle pointed di* 
rectly north. From that time it deviated more and more to 
the west, till in 1800 the declination became about 24 de- 
grees. At present, it appears to be nearly stationary, both 
at London and Paris. 

In New-England, the declination has been generally de- 
creasing, for many ^ears. At Boston, it was about 9 degrees 
in 1708, 8 degrees m 1743, 7 degrees in 1783rand6i degrees 
in 1810 ; the rate of variation being about l|' in a year, or a 
degree in AQ years.* 

The variation in the declination is by no means uniform. 
If the needle moves two minutes from the meridian in one 
vear, it may move a greater or less distance the next year 
its progress is different in different places. In some it is 
moving east, and in others west ; in some it is coming near- 
er to the meridian, in others going farther from it 

169. There is also a diurnal variation, which appears to 
be owing toa chanee of temperature. During the fore part 
of the day, the north end of the needle frequently moves a 
few minutes of a degree to the west. In the evening, it re* 
turns nearly to the same point from which it started. This 
diurnal variation is found to be the greatest in the summer 
months, when the action of the sun is the most powerful. 

In addition to these various changes, there are local per- 
turbations of the needle, occasioned probably by the attrac- 
tion of ferruginous substances beneath the surface of the 
ground. 

* Sm the obMnmlioM of Mr. Bowditeh, in the Memoln of thn Amerieaa 
Aoadon J of Arts and Seteneei, VoL III. Put IL p. S37. 
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1 70. So manj irr^pilaritiea must render the magnetic 
compass an inaccurate instrument, unless the state of the de- 
clination is ascertained bj frequent observations. This is 
particularly necessary at sea, where the declination may be 
chaiiged by a few hours sail. 

The astronomical meridian is determined by the positions 
of the heavenly bodies. The situation of the sun at rising 
or setting being known, its distance from the magnetic me- 
ridian may be observed with an aztmuiA compaiSy which is a 
mariner's compass with the addition of sight vanes for taking 
the direction of any object 

171. Qn land, a true meridian line may be drawn by ob* 
servations on thepole star. If this were exactly iif the pole, 
it would be always on the meridian. But the star revolves 
round the polei at a ^hort distance, in a little less than 24 
hours. In about 6 hours from its passing the meridian above 
the pole, it is at its greatest distance west ; in about 13 hours^ 
it is on the meridian beneath the pole, and in about 18 hours, 
at its greatest distance east. If the direction of the star can 
be taken, at the instant when it is on the meridian, either 
above or beneath the pole ; a true north and south line maj 
be found. This method, however, requires that the exact 
time of passing the meridian be known, and that the obser- 
vations DC made expeditiously. 

1 73. But as the star comes very gradually to its greatest 
distance east or west, it is easy to observe these limito ; and 
as the revolution is made in a circle round the axis of the 
earth, it is evident that the pole must be in the middle be- 
tween the two extreme distances. To draw a true meridian 
line, then, take the direction &f thepole star when it is farthest 
zoestf and also when %t is farthest east ; and bisut the angle 
made by these two directions. 

When a meridian is once drawn, it may be rendered per- 
manent, by fixing proper marks and the declination of the 
needle may then be ascertained at any time, by the survey- 
or's compass, or more accurately by the variation compass^ \ 
which has a long needle, and a graduated arc of so laige a 
radius as to admit of very accurate divisions.* 



* See Note L. 
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Note A« Page 10 and 91 



JL TkAY •( lickt, ia c«Hii»g fr^n a iktMmt •bjecf to the 
eje, through th6 air, is turned from a straight line into a 
curve which is concave towards the earth. The effect is to 
rfevate the apparent place of the object, as each point ap- 
pears in the direction in which the light from that point en- 
ters the eye. This change in the apparent situation is call- 
ed astronomical refraction, when the heavenly bodies are 
concerned ; and terrestrial refraction^ when the objects are 
on the earth. The measure of the latter is the angle at the 
eye, between a straight line drawn to the object, and a tan- 
gent to the curvilinear ray, as TAT, (Fig. 50.) T being the 
place of the object, and T its apparent place as seen from 
A. 

The refraction is very much affected by the state of the 
atmosphere ; changing with the temperature, as well as with 
the density indicated by the barometer. In the delicate ob- 
servations made in the trigonometrical surveys in England 
and France, the terrestrial refraction was found to vary from 
\ to ,V ^^ ^^® angle at the centre of the earth subtended by 
the distance of the object. The mean is y^ : thus if an ob- 
ject at T (Fig. 50.) as seen from A in the mean stale of the 
atmosphere, appears to be raised to T ; the angle TAT' is 
about tV ^^ ^be angle ACT subtended by the distance AT. 
This angle is easily found from the arc AB, which is nearly 
equal to AT ; the whole circumference of the earth being to 
die arc, as 360 degrees to the angle required. The mean 
terrestrial refraction, as thus calculated, is 3''. 7 for a mt/e, 
and increases as the distance nearly ; the elevation of the 
dbject being supposed to be small in comparison with its dis- 
tance. In measuring altitudes, the terrestrial refraction is 
to be subtracted from the obsenred angle of elevation. 
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The alteration ia the height of the object, by the mean re- 
fraction, is equal to | of the cunrature of the earth for the 
given distance, or of the difference between the trae and ap« 
parent levelsi as calculated by the rule in Art. 162. If the 
angle of refraction were equal to half the angle at the centre 
of the earth subtended by the distance, the change in the 
height of the object would be just equal to the correction for 
the curvature. If an object at B (Fig. 12.) were raised by 
refraction, so as to be seen from A in the direction of the tan- 
gent AT ; the change in the altitude would be equal to BT, 
which is the difference between the true and the apparent 
level of A. In this case, the angle BAT would be half ACB. 

i£uc. 32. 3 and 20. 3.) But as the angle of refraction is in 
act o^y j\ of the angle at the centre, the change in the al- 
titude is only 4 of the correction for curvature. The latter 
is about f of a foot for a mile, and varies as the square of the 
distance. If then d be the distance in miles ; the correction 
for the curvature will be |J', and the correction for refrac- 
tion ,«T<^^ See Table IV. 

The greatest distance at which an object can be seen on 
the sur&ce of the earth, as calculated by the rule in Art. 23, 
depends on the apparent altitude. This being to the real aU 
titude as 7 to 6, and the distance being nearly as the square 
root of the altitude ; the distance at which an object can be 
seen by the mean refraction, is to the distance at which it 
could be seen without refraction as y/7 : v^6, or as 14 : 13 
nearly. See Playfair^s Astronomy, Sec. II. Vioce's Astron- 
omy, Chap. Vn. and the accounts of the Trigonometrical 
Surveys in England and France. 

NoTs B. p. 20. 



The method of calculation in plane sailing is s^Hnetiines 
spoken of as inaccurate, as only approximating to the truth, 
in proportion to the smallness of the difference between a 
plane and that part of the ocean to which the calculation is 
applied* This view of the subject appears not to be strictly 
correct. It is truei that plane sailing is incomplete^ as it does 
not ascertain the longitude. This belongs to middle latitude 
or Mercator's sailing. It is also true, that if a ship sails od 
several eouries^ the sum of the departures is not equal to the 
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departure for the lame distance on a single coarse, as would 
be the case on a plane. (Art 78.) It is farther to be ob- 
served, that the departure, as calculated by plane sailing, is 
neither the meridian distance nteasured on the parallel of 
latitude from, which the ship sails, nor that measured upon 
the parallel upon which she arrives. But the departure for 
a single course, as defined in Art. 40, and the difference of 
latitude, are as accurately calculated by plane sailing, as if 
the surface of tRe ocean were a plane. Let the whole dis* 
tance be divided' into portions so small, that one of the arcs 
shall differ less from its tangent than by any given quantity. 
Each of these portions is to the corresponding departure, as 
radius to the sine of the course ; and to the difference of lati«- 
tudc, as radius to the cosine of the course. Therefore the 
whole distance is to the whole departure, as radius to the 
sine of the course ; and to the whole diff*erence of latitude, 
as radius to the cosine of the course. These proportions 
are exact, even for a spheroid, a cylinder, or any solid of 
revolution. 

If thetti were any incorrectness in plane sailing, it would 
extend to Mercator's sailing also ; for one is founded on the 
other. In Mercator's sailing, the proper difference of lati* 
tude is to the meridional difference of latitude, as the depar^ 
ture to the difference of longitude. Now the departure is 
calculated by plane sailing ; and any errour in this must pro- 
duce an errour in the longitude. Or if the longitude be 
found by the theorem in Art. 72, without previously calcu- 
lating the departure ; yet the table of meridional parts which 
must be used, is founded on the ratio between the departure 
and the difference of longitude. Art. B5. 



Note C. p. 27. 



It is here supposed that the direction of the ship is at 
right angles with every meridian which she crosses. A num- 
ber of curious questions have been started respecting sailing 
on a sphere : such as whether a due east and west line coin- 
cides with a parallel of latitude, &c. Most of these points 
are easily settled by proper definitions. But this is not the 
place to consider them, as they belong to spherical ge- 
ometry. 

14 
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Note D. p. 34. 

As the length of a minute of Mercator'a meridiao, is equal 
to the secant of the latitude, it will be a little more exact to 
take the latitude of the tmddte of the arc, rather than that of 
one extremity* On the extended meridian, the first minute 
will then be made equal to the secant of |', the second to 
the secant of 1 ^', the third to the secant of -2^, dec. 

The method of calculating by natural secants, though use- 
ful in forming a tMe of meridional parts, is subject to this 
inconvenience, that to obtain the meridional parts for any 
number of degrees of latitude, it is necessary to find sepa- 
rately the parts for each -of the minutes contained in the 
! riven arc, and then to add them together. There is a dif- 
erent method, by which the meridional parts for an arc of 
any extent, may be calculated independently of any other 
arc. A portion of Merca tor's meridian, extending from the 
equator to a given latitodci the semi-diameter ofthe earth 
being 1, is equal to the hyperbolic logarithm ofthe cotangent 
of half the complemeni of the latitude. See the London rhi- 
losopbical Transactions, vol. xix. No. 219, Vince's Fluxionst 
Art. 190, and the Introduction to Hutton's Mathematical 
Tables. 

NoTR E. p. 39. 

The distance which a ship sails, in going from one place 
to another on a rhumb line, is not the nearest distance ; for 
this would be an arc of a great circle. To sail on a great 
circle, except on a meridian or the eqqator, she must be con- 
tinually altering her course. If it were practicable to steer 
a vessel in this manner, the departure, diflerence of latitude, 
&c. might be calculated by spherical trigonometiy. 

Note F. p. 41* 

A traverse may also be constructed like the plot of a field 
in surveying, either by drawing parallel lines, as in Art. Ill, 
or from the angles given by the rules in Art. 112, or more 
simply, as in Art. 1 23, by departure and difference of latitude, 
when these have been found by calculation or inspection. 
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NoTs G. p. 46. 



Plane sailing is sometimes represented as a method of 
calculation founded on the principles of the plane chart But 
in the construction of this chart, a principle is assumed which 
is known to he erroneous. That part of the surface of the 
earth which is represented on it, is supposed to be a plane. 
This renders the construction more or less inaccurate. But 
in plane sailing, die calculations are strictly correct. The 
principle assumed here is not that the surface of the earth 
IS a plane ; but that, from the peculiar nature of the rhumb 
line, the distance, departure, and difference of latitude, where 
the course is given, have the tame ratio to each other which 
they would havQ upon a plane. 

NotbH. p. 51* 

The Qkiadrant of reflexion has received the name of Had- 
l^s Q^adraniJ as the description of it which was first made 
public, was given by John Hadley, Esq. But he has not an 
undisputed claim to the first invention. His description of 
the instrument was communicated to the Royal Society of 
London, in May, 1731. It appears that the principle on 
which it is constructed had been su^ested by Dr. Hooke, 
several years before. But the form which he proposed was 
not calculated to answer the purpose, as it admitted of only 
one reflexion. Sir Isaac Newton, however, who died in 
1737, left among his papers a description of a quadrant with 
two reflexions, which is substantially the same as Hadlij^s. 
This was published in the Philosophical Transactions for 
1742. 

It is also stated that a quadrant similar to Hadley 's had 
been contrived by Mr. Thomas Godfrey, of Philadelphia, 
before Hadley's description was communicated to the Royal 
Society. 

Hooke's Posthumous Works, Hutton's Dictionary, Trans- 
actions of the Royal Society of London for 1731, 1734, and 
1742, American Magazine for Aug. and Sept. 1758, Millar's 
Retrospect, i. p. 468| and Analectic Magazine, ix. 281. 
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Note !• p. 56. 

The proportion in Art. 99, on account of the eniallness of 
the height BT compared with the semi-diameter of the 
earth, is not very suitable for calculating the depression with 
exactness. The following rule, which includes the effect of 
refraction, is belter adapted to the purpose. The depres* 
sion is found by multiplying 59" into the square root ot the 
height in feel. See Vince's Astronomy, Art, 197, Rees' Cy- 
clopedia, and Table 11. 

In taking the altitude of a heavenly body with Hadley'a 
Quadrant, when the view of the ocean is unobstructed, the 
reflected image is made to coincide with the most remote 
visible point of the water. But when there is land in the 
direction in which the observation is to be made, the image 
is brought to the water^s edge ; and the dip is increasedf ia 
proportion as the distance of the land is diminished. See 
table HI. 



NoTG K. p* 81. 

This is not the place for a detailed account of the various 
trigonometrical operations which have been undertaken, for 
the purpose of determining the length of a degree of lati- 
tude, in difierent parts of the earth. The subject belongs 
rather to astronomy, than to common surveying. It may not 
be amiss, however, to give a concise statement of the meas- 
urements which have been made in the present and the pre- 
ceding century. 

About the year 1700, Picard measured a degree between 
Paris and Amiens ; and the arc was extended by Cassini to 
Perpignan, about 6 degrees south of Paris, and afterwards to 
the northward as far as Dunkirk. These measurements were 
made in the middle latitudes. To compare a degree here, 
with the length of one near the pole, and another on the 
equator, two expeditions were fitted out from France about 
the same time, one for Lapland, and the other for South- 
America. The latter sailed in May, 1735, for Peru, and af- 
ter a series of the most formidable embarrassments, they 
succeeded, at the end of 8 years, in accomplishing their ob- 
ject. They measured an arc of the meridian, crossing the 
equator from 3® 7' north latitude to about 3 J^ south. The 
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other party, id 1736, under the direction of Mau(>ertius, pro* 
ceeded to the head of the gulf of Bothnia, and measured 
an arc of the meridian extending along the river Tornei, and 
cniBsing the polar circle. The difficulties which they expe« 
rienced, in this frosen and desolate region, were scarcely in- 
feriour to those with which the other adventurers were at the 
same time contending in South^America* 

The detennioation of these three arcs, one in France, one 
io Peru, and one in Lapland, were sufficient to satisfy astro- 
nomers, that a degree of latitude near the poles is greater 
than one on the equator, and consequently that the equatorial 
diameter of the earth is longer than the polar. But it does 
not necessarily follow from this, that there is a regular in- 
crease in the lei^th of a degree, from the lower to the high- 
er latitudes. On the contrary, according to the survey which 
had been made by Picard and others, a degree was found to 
be greater in the south of France, than in the north. The 
seal of astronomers was therefore excited to take farther 
measures, to determine what is the exact length of a degree, 
in various parts of the earth, and to ascertain whether in the 
influence of gravitation, there are local inequalities, which 
affect the astronomical observations* 

La Caille, about this time, -measured an arc of the meri- 
dian at the Cape of Good Hope. He was not, however, 
provided with such instruments as would insure a great de* 
gree of precision. Boscovich, a distinguished philosopher, 
measured an arc of two degrees in Italy, from Rimini to 
Rome. Between the years 1764 and 1768, Messrs. Mason 
and Dixon, under the direction of the Royal Society of Lon* 
don, measured an arc of the meridian of about one degree 
and an half, crossing the line between Pennsylvania and ma- 
ryland. As the country here is very level, the whole dis- 
tance was measured, not by a combination of triangles, but 
in the first place with a chain, and afterwards with rods of 
fir. A degiee was also measured in Piedmont, another in 
Austria, and a third in Hungary ; the first by Beccaria, and 
the two latter by Liesganig. 

But the most perfect of all the trigonometrical surveys up- 
on a great scale,* are those which have been made within a 
few years in England and France. The instruments used 
for taking the angles, particularly the theodolite of Ramsden, 
and the repeating circle of Borda, have been brought to a 
surprising degree of exactness. The re-measurement of the 
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line from Donkiric to Barcelona, a part of which had been 
leveral times surveyed before, was commeiiced in 1793, nn* 
der the direction of the Academy of Sciences in Paris ; for 
the purpose of obtaining a standard of measure of lei^ths, 
weights, capacity, &c. derived from a portion of the meridi- 
an. The northern part of the arc was measured bj Delam- 
bre, and the southern part by Mechain, who lost his life in 
1 805, in attempting to extend the line beyond Barcelona, to 
flie Balearic Islands in the Mediterranean. This line was af- 
terwards continued by Biot to Formentera, the southernmost 
of the^e islands, which is in Lat* 38^ 38' SS". The htitude 
of Dunkirk is 61^ 3' ^\ The whole arc is, therefore, more 
than 13 degrees, and is nearly bisected by the 46th parallel 
of latitude. This is connected with the line carried throui^ 
England to Clifton in Lat. 53^ 27' 31'' : making the whole 
extent nearly 1 5 degrees. 

The arc which had been surveyed by Maupertius, on the 
polar circle, was re-measured by Swanbeig and others, in 
1802. There is a difference of 330toises in the length of a 
degree, as calculated from these two measurements. In In- 
dia, an arc of the meridian was measured, on the coast of 
Coromandel, in 1 803, by Major Laqibton. 

According to these various measurements, we have the 
following lengths of a degree of latitude in different parts of 
the earth. 

1 . In Peru, by Bouguer, ^ o* 56,750 60,480 

3. In India, by Lambtoo, 11^ 39 56,756 60,487 

3. AttheCap^jf GoodHope,| 33 ^3 ^^^^3^ ^^^^3^ 

^* ^"^an?K^^^ ^^""l ^ ^^ ^^^^^ ^^^^^ 

5* In Italy, by Boscovich, 43 56,980 60,735 

C. In Piedmont, by Beccaria, 44 44 57,070 60,830 

7. In France, by Delambre and ) . . Kint t Rt\ taa 

Mechain, \ ** *'»^*' ^^'^^^ 

8. In Austria* by Liesganig, 48 43 57,086 60,835 

9. In England, by Roy and Mudge, 53 3 67,074 60,837 

10. In Lapland, by Maupertius, 66 30 57,4^3 61,184 

Do. bySwanbeiig, 67,193 60,953 

On a comparison of all ttie measurements which have 

been made, it is found that a degree of latitude is greater 

near the poles, than in the middle latitudes ; and greater in 

the middle latitudes, than near the equator. The earth i's 
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tkeralbre conpreited at the poles, aod extended at the eqoa- 
ton Bat it does not appear that it is an ^xact sphefoid, or 
a solid of revoiatioii of any kind* If arcs of the meridian 
which are near to each other and of moderate length be 
compared, thej will not be found to increase regularly from 
a lower to a higher latitude* On the southern part of the 
line which was measured in France, the degrees increase ve- 
ry slowly ; towards the middle, very rapidly ; and near the 
northern extremity, very slowly again. Similar irregulari- 
ties are found in tiiat part of the meridian which passes 
through England. These irregularities are too great to be 
ascribed to errours in the surveys. It is concluded, there- 
fore, that the direction of the plumb line, which is used in 
determining the latitude, is afiected by local ioequalities in 
the action of gravitation, owing probably to the dinerent den- 
sities of the substances of which the earth is composed* 
These inequalities must also have an influence upon the fig- 
ure of the nuid parts of the globe, so that the surface ought 
not to be considered as exactly spheroidical. 

See Col. Mudge's account of the Trigonometrical Survey 
in England. Gr^ory's Dissertations, &c. on the Trigono- 
metrical Survev. Kees' Cvclopedia, Art. Degree. Playfair's 
Astronomy. Philosophical Transactions of London for 1768, 
1785,1787, 1790, 1791, 1795, 1797, 1800« Asiatic Research- 
es, vol. viii. Puissant. ^* Traite de G6odesie.'* Maupertius. 
*' Degr£ du Meridian entre Paris et Amiens.^' Do. ^' La< 
Figure de la Terre.'' Cassini. '^ Expos£ des Operations, 
fcc.'' Delambre. ^^ Bases du 'svstime m^trique.'* Swanberg. 
" Exposition des Operations iaites en Lappooie.'^ Laplace. 
*' Traiti de Mieaniqoe Celeste." 
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One of the most simple methods of determining when the 
pole star is on the meridian, is from the situations of two 
ether stars, Alioth and y CassiopeisD, both which come on to 
the meridian a few minutes before the pole stair, the one 
above and the other below the pole. Alioth, which is the 
star marked « in the Great Bear, is on the same side of the 
pole with the pole star, and about 30 d^ees distant. The 
star 7 in the constellation Casstopeise^ is nearly as far on the 
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opposite side of the pole. The right asoeMion of the letter io 
1810 was Ob* 45in. 248., increasing about S| seconds an* 
nually. The right ascension of Alioth was 12h. 45m. 36s., 
increasing about 2^ seconds annually. These two stars, 
therefore, come on to the meridian nearly at the same time* 
This time may be known by observingwhen the same veni- 
cal line passes through them both. The right ascension of 
the pole star in January 1610, was Oh. Mm. 36s., and in- 
creases 13 or 14 seconds in a year. So that this star comes 
to the meridian about 9 or 10 minutes after / Cassiopeia. 
In very 41106 observations, it will be necessary to make all6w- 
ance tor nutation, aberration, and the annual variation in 
right ascension. 

About 10 minutes after aline drawn from Alioth to y Cas- 
siopeiae is parallel to the horizon, the pole star is at its great- 
est distance from the meridian. As this is the case only once 
in 12 hours, the two limits on the east side, and on the west 
side, cannot both be observed the same night, except at cer- 
tain seasons of the year. But on any clear night, one obser- 
vation may be made ; and this is sufficient for finding a me- 
ridian line, if the distance of the star from the pole, and the 
latitude of the place be given. The angle between the me- 
ridian and a vertical plane passing through a star, or an arc 
of the horizon contained between thess two planes, is called 
the azirmUh of the star. And by spherical trigonometry, 
when the star is at its greatest elongation east or west. 

As the cosine of the iathade, 
To radius ; 

So is the sine of the polar distance, 
To the sine of the azimuth. 

The distance of the pole star from the pole in 1810, was 
|o 42^ 19" ,6, and decreases 19^ seconds annually. 

To observe the direction of the pole star when its azimuth 
is the greatest, suspend a plumb line 15 or 20 feet k>ng 
from a fixed point, with the weight swinging in a vessel of wa- 
ter, to protect it from the action of the wind. At the distance 
of 12 or 15 feet south, fix a board horisoatal 00 the top of a 
firm post. On the board, place a sight vane in such a man- 
ner that It can slide a short distance, to the east or west. A 
little before the time when the star is at its greatest elonga- 
tion, let an assistaat bold a lighted candle so as to iUomiiiale 
the plumb line. Then move the si^ht vane, till the star seen 
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throagb it is id the direction of the line. Continue to follow 
the motion of the star, till it appears to be stationary at its 
greatest elongation. Then fasten the sight vane, and fix a 
candle or some other object in the direction of the plumb 
line, at some distance beyond it. 

As the declination of the needle is continually varying, the 
courses given by the compass in old surveys, are not found to 
agree with the bearings of the same lines at the present 
time. To prevent the disputes which arise from this source, 
the declination should always be ascertained, and the courses 
stated according to the angles which the lines make ^yith the 
astronomical meridian. 

It must be admitted, after all, that the magnetic compass 
is but an imperfect instrument. It is not used in the accu- 
rate surveys in England. In the wild lands in the United 
States, the lines can be run with more expedition by the 
compass, than in any other way. And in most of the com- 
mon surveys, it answers the purpose tolerably well. But in 
proportion as the value of land is increased, it becomes im- 
portant that the boundaries should be settled with precision, 
and that all the lines should be referred to a permanent me- 
ridian. The angles of a field may be accurately taken with 
a graduated circle furnished with two indexes. The bear- 
ings of the sides will then be given, if a true meridian line 
be drawn through any point of the perimeter. 
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EXPLANATION OP THE TABLES. 



Table I cootaiDS the parts of Mercator's meridian, to ere* 
ry other mi&ute. The parts for any odd minute may be 
found with suflScient exactness, by taking the arithmetical 
mean between the next greater and the next less. For the 
uses of this table, see Navigation, Sec. IIL 

Table II gives the depression or dip of the horizon at sea 
for different heights. Thus if the eye of the observer is 20 
feet above the level of the ocean, the angle of depression is 
4' 24". See Art. 99. This table is calculated according to 
the rule in note I, which gives the depression 59" for one 
foot in altitude; allowance being made for the mean terres- 
trial refraction. 

In Table III, is contained the depression for different 
heights and different distances^ when the view of the ocean is 
more or less obstructed by land. Thus if the height of the 
eye is 30 feet, and the distance of the land 2^ miles, the de- 
pression is S'. See Note I. 

Table IV contains the curvature of the earth, or the differ- 
ence between the true and the apparent level, ^or different 
distances, according to the rule in art. 161. Thus for a dis- 
tance of 17 English miles, the curvature is 192 feei. 

Table V contains the distances at which objects of differ- 
ent heights may be seen from the surface of the ocean, in the 
mean state of the atmosphere. This is calculated by first 
finding the distance at which a given object might be seen, 
if there were no refraction, and then increasing this distance 
in the ratio of v^7 : \/6. See Note A. 
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Table VI contains the polar distance, and the right ascen- 
sion in time, of the pole 8tar, from IbOO to 1820. From this 
it will be seen, that the right ascension is increasing at the 
rate of about 14 seconds a year, and that the north polar dis- 
tance is decreasing at the rate of 19^ seconds a year. From 
the latitude of the place, and the polar distance of the star, 
its azimuth may be calculated, when it is at its greatest dis- 
tance from the meridian. The tiipe when it passes the me- 
ridian may be ascertained by finding the difTergnce between 
the right ascension of the star and that of the sun. See 
Note lis 
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TABLE L 
MERIDIONAL PARTS. 



M 



2 
4 

6 
8 

10 
13 
14 
16 
18 

20 
22 
24 
26 
28 

30 
32 

34 
36 
38 

40 
42 
44 
46 
48 

50 
62 
64 
66 

68 



23^ 



1419 
1421 
1423 
1426 
1427 

1430 
1432 
1434 
1436 
1438 

1440 
1443 
1446 
1447 
1449 

1461 

1463 
1466 
1468 
1460 

1462 
1464 
1467 
1469 
1471 

1473 
1476 
1477 
1480 
1482 



24' 



1484 
1486 
1488 
1491 
1493 

1496 
1497 
1499 
1602 
1604 

1606 
1608 
16101 
1613 
16J6 



26* 



1617 
1619 
1621 
1624 
1626 

1628 
1530 
1632 
1636 
1637 

1639 
1642 
1543 
1646 
1648 



1660 
1662 
1664 
1667 
1669 

1661 
1663 
1566 
1668 
1570 

1672 
1674 
1677 
1679 
1681 

1683 
1686 
1688 
1690 
1692 

1694 
1696 
1699 
1601 
1603 

1606 
1608 
1610 
1612 
1614 



26** 27^ 



1616 
1619 
1621 
1623 
1626 

1628 
1630 
1632 
1634 
1637 

16^9 
K41 

1643 
1646 
1648 

1660 

166^ 
1664 
1667 
1669 

1661 
1663 
1666 
1668 
1670 

1672 
1676 

1677 
1679 
1681 
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1684 
1686 
1688 
1690 
1693 

1696 
1697 
1699 
170) 
1704 

1706 
1708 
1711 
1713 
1716 

1717 
1720 
172i 

17241 
1726 

1729 
1731 
J 733 
1736 
1738 

1740 
1742 
1744 
1747 
1749 



28* 



29* 



1761 
1763 
1766 
1758 
1760 

1762 
1766 
1767 
1769 
1772 

1774 
1776 
1778 
1781 
1783 

1786 
1787 
1790 
1792,1861 



1819 
1822 
1824 
1826 
1829 

1831 
1833 
1836 
1838 
1840 

1842 
1846 
1847 
1849 
1862 

1864 
1866 
1868 



30*» 



1888 
1891 
1893 
1896 
1898 



1794,' 1863 



27* 



1797 
1799 
1801 
1803 
1806 

1808 
1810 
1813 
1816 
1817 



1866 
1868 
1870 
1872 
1876 

1877 
1879 
1881 
1884 
1886 



31* 



1968 
I960 
1963 
1966 
1967 



1900 1970 
1902 1972 

1906 1974 

1907 1977 
1909 1970 

1912 1981 
1914 1984 
1916 1986 
1918 1988 
1921 1991 

1923 1993 
1926 1995 
1928 1998 
1 930 2000 
1932 2002 



28° I 29^ 



1936 
1937 
1939 
1942 
1944 

1946 
1949 
1961 
1963 
1966 



30« 



2006 
2007 
2010 
2012 
2014 

2017 

2019 
2021 
2024 
«026 
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2028 
2031 
2033 
2036 
2038 

2040 
2043 
2046 
2047 
2060 

12062 
2064 
2067 
2069 
2061 

2064 
2066 
2069 
2071 
2073 

2076 
2078 
2080 
2083 
2086 

2088 
2090 
2092 
2096 
2097 
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2 
4 
6 
8 

10 
12 
14 
16 
18 

20 
22 
24 
26 
28 

30 

32 
34 
36 
38 

40 
42 
44 
46 
48 

60 
62 
64 

66 
68 
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2 
4 
6 
8 

10 
12 
14 
16 
18 

20 
22 
24 
26 
28 

30 
32 
34 
36 
38 

40 
42 
44 

46 
48 

60 
62 
64 



33- 



2100 
2102 
2104 
2107 
2109 

2111 
2114 
2116 
2119 
2121 

2123 
2126 
2128 
2131 
2133 

2136 
2138 
2140 
2143 
2146 

2147 
2] 60 
2162 
2166 
2167 

2169 
2162 
2164 



34' 




6612167 



68 



M. 



2169 



33" 



2184 
2186 
2L88 
2191 
2193 

'2196 
2198 
2200 
2203 
2206 

2208 
2210 
2213 
2216 
2217 

2220 

2222 
2225 
2227 
2230 

2232 
2236 
2237 
2239 



36' 

2944 
2247 
2249 
2262 
2264 

2267 
2269 
2261 
2264 
2266 

2269 
227 r 
2274 
2276 

2279 

2281 
2283 
2286 
2288 
2291 

2293 
2296 
2298 
2301 
2303 

2306 
2308 
2311 
2313 



36'|37 



38' 



224212316 



34' 



36*" 



2318 
2320 
^323 
2326 
2328 

2330 
2333 
2336 
2338 
2340 

2343 
2346 
2348 
2360 
2363 

2365 
2368 
2360 
2363 
2366 

2368 
2370 
2373 
2376 
2378 

2380 
2383 
2386 
2388 
2390 



2393 
2396 
2398 
2400 
2403 

2406 
2408 
2410 
2413 
2416 

2418 
2420 
2423 
2426 
2428 

2430 
2433 
2436 
2438 
2440 

2443 
2445 
2448 
2461 
2463 

2466 
2458 
2461 
2463 
2466 



2468 
2471 
2473 
2476 
2478 

2481 

2484 
2486 



2491 

2494 
2496 
2499 
2601 
2604 

2606 
2609 
2612 
2614 
2617 

2619 
2622 
2624 
2627 
2630 

2632 
2635 
2537 
2640 
2642 



39* I 40* 



2646 
2648 
2660 
2663 
2665 

2668 
2560 
2663 



2489 2666 



se"" I S7» ' 38* 



2668 

2671 
2673 
2676 
2678 
2681 

2684 
2686 
2689 
2691 
2694 

2697 
2699 
2602 
2604 
2607 

2610 
2612 
2615 
2617 
2620 



39» I 40" 



2623 
2626 
2628 
2631 
2633 

2636 
2638 
2641 
2644 
2646 

2649 
2661 
2654 
2667 
2669 

2662 
2665 
2667 
2670 
2673 

2676 
2678 
2680 
2683 
2686 

2688 
260 1 
2694 
2696 
2(»99 



41' 



2702 
2704 
2707 
2710 

2712 

2716 
2718 
2720 
2723 
2726 

2728 
2731 
2733 
2736 
2739 

2742 
2744 
2747 
2750 
2762 

2765 
2758 



4r 



2782 
2784 
2787 
2790 
2792 

2706 
2798 
2801 
2803 
2806 

2809 
281] 
2814 
2817 
2820 

2822 
2826 
2828 
2830 
2833 

2836 
2839 






2760 2841 



2763 
2766 

2768 
2771 
2774 
2776 
2779 



41* 



2844 
2847 

2649 
2862 
2865 
2868 
2860 



42* 




2 
4 
6 
8 

10 
12 
14 
16 
18 

20 
22 
24 
26 
28 

30 
32 
34 
36 
38 

40 
42 
44 
46 
48 

50 
52 
64 
56 
68 

M. 
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2 
4 
6 
8 

10 
12 
14 
16 
IS 

20 
22 
24 
26 
28 

SO 
32 
34 
36 
38 

40 

42 
44 
46 
48 

50 
52 
54 
56 

56 

M. 



43'' 

2S63 
2866 
2869 
2871 
2874 

2877 
2880 
2882 
2885 
2888 

2891 

2893 
2896 

2899 
2902 

2904 

2907 
2910 
2913 
2915 

2918 
2921 
2924 
2926 
2929 

2932 
2935 

2937 
2940 
2943 



44' 



45° I 46' 



2946 
2949 
2951 
2954 

2957 

2960 
2963 
2965 
2968 

2971 

2974 
2976 
2979 
2982 
2985 

2988 

2991 
2993 
2996 
2999 

3002 
3005 

3007 
3010 
3013 

3016 
3019 
3021 
3024 
3027 

44° 



3030 
3033 
3036 
3038 
3041 

3044 

3047 
3050 
3053 
3055 

3058 
3061 
3064 
3067 
3070 

3073 
3075 
3078 
3081 
3084 

3087 
3090 
3093 
3095 
3098 

3101 

3104 
3107 
3110 
3113 

45° 



3116 
3118 
3121 
3124 

3127 

3130 
3133 
3136 

3139 
3142 

3144 
3147 
3150 
3153 
3156 

3159 
3162 
3165 
3168 
3171 

3173 
3176 

3179 
3182 
3185 

3188 
3191 
3194 

3197 
3200 

460 



47^ 



3203 
3206 
3209 
3212 
3214 

3217 
3220 
3223 
3226 
3329 

3232 
3235 
3238 
3241 
3244 

3247 
3250 

3253 
3256 
3259 

3262 
3265 
3268 
3271 
3274 

3277 

3280 
3283 
3286 
3289 

4r 



48^ 



49^ 



3292 
3295 
3298 
3301 
3303 

3306 

3309 
3312 
3316 
3319 

3322 
3325 
3328 
3331 
3334 

3337 
334013431 



3343 
3346 
3349 

3352 

3355 
3358 
3361 
3364 

3367 
3370 
3373 
3376 
3379 

48° 



3382 
3385 
3388 

3391 
3394 

3397 

3400 
3403 

3407 
3410 



3413 
3416 



3500 

3509 

3419[3512 

3515 

3518 



3422 
3426 



3428 



3434 

3437 
3440 

3443 

3447 
3450 
3453 
3456 

3459 
3462 
3465 
3468 
3471 



50' 



3474 
3478 
3481 
3484 

3487 

3490 

3493 

3496 

3499 
3503 



3521 
3525 
3528 
3531 
3534 

3537 
3540 
3543 

3547 
3550 

3553 
3556 

3559 
3562 
3566 



5r 

3569 
3572 
3575 
3578 
3582 

3585 
3588 

3591 
3594 
3598 

3601 
3604 
3607 
3610 
3614 

3617 
3620 
3623 
3626 
3630 

3633 
3636 

3639 
3643 
3646 

3649 
3652 
3655 
3659 
3662 



49° 50* 



52' 

3665 
3668 
3672 
3675 
3678 

3681 
3685 
3688 
3691 
3695 

3698 
3701 
3704 
3708 
3711 

3714 

3717 

3721 
3724 
3727 

3731 
3734 

3737 

3741 
3744 

3747 
3750 
3754 

3757 
3760 



M. 
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4 

6 
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10 
12 
14 
16 
IS 

20 

22 
24 
26 
28 

30 
32 
34 
36 
33 

40 

42 
44 
46 
48 

50 
52 
54 
56 

58 

M. 
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14 

16 

18 
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22 
24 
26 
28 

SO 
32 
34 
36 
38 

40 
42 
44 
46 
48 

50{ 
62 
54 
56 
58 

M. 



53' 



3764 
3767 
3770 
3774 
3777 

[3780 
3784 
3787 
3790 
3794 

3797 
3800 
3804 
3807 
3811 

3814 
3817 
3821 
3824 
3827 

3831 
3834 
3838 
3841 
3844 

3848 
3851 
3854 
3858 
3861 



53^ 



54* 



3865 3968 
3868 3971 
3871 3976 
3875 3978 
3(78 3982 



3882 
3886 



3889 3992 



3892 
3896 

3899 
3902 
3906 
3909 
3913 

3916 
3919 
3923 
3926 
3930 

3933 
3937 
3940 
3944 
3947 

3951 
3954 
3958 
3961 
3964 



5F 



56' 



3985 
3989 



64' 



3996 
3999 

4003 
4006 
4010 
4014 
4017 

4021 
4024 
4028 
4031 
4035 

4038 
4042 
4045 
4049 
4052 

4056 
4060 
4063 
4067 
4070 



55* 



4074 
4077 
4081 
4085 
4088 

4092 
4095 
4099 
4103 
4106 

4110 
4113 
4117 
4121 
4124 

4128 
4132 
4135 
4139 
4142 

4146 
4150 
4153 
4157 
4161 

4164 
4168 
4172 
4175 
4179 



67^ 



4183 
4186 
4190 
4194 
4197 

4201 
4205 



4208 4321 



4212 



4223 

4227 
4231 
4234 

4238 
4242 

4246 
4249 



580 



4294 
4298 
4302 
4306 
4309 

4313 
4317 



69' 



4409 4527 



4325 



4216 4328 
4220 4332 



4336 
4340 
4344 
4347 

4351 
4366 
4369 
4363 



4253 4367 



56< 



4257 
4260 
4264 
4268 
4272 

4275 
4279 
4283 
4287 
4291 



57* 



4370 
4374 
4378 
4382 
4386 

4390 
4394 
4398 
4401 
4406 



58< 



4413 
4417 
4421 
4425 

4429 
4433 
4436 
4440 
4444 



60* 



4531 
4535 
4539 
4543 

4647 
4551 
4555 
4559 
4564 



4448 4568 
4462'4672 



4456 
4460 
4464 

4468 

4472 
4476 
4480 



4576 
4580 
4584 

4588 
4592 
4596 
4600 



44844604 



4488 
4492 
4495 
4499 
450314625 



4507 
4511 
4615 
4619 

4623 



59*» 



4808 
4612 
4616 



4629 
4633 
4637 
4641 
4645 



60<> 



61 



4649 
4653 
4657 
4662 
4666 



467014796 
4801 



4674 
4678 
4682 
4687 

4691 
4695 
4699 
4703 
4707 



4737 
4741 



462014745 
4760 



4754 
4758 
4762 
4766 
4771 



62' 



4775 
4779 
4784 
4788 
4792 





2 

4 

61 

8 

10 
12 
14 
1« 
48141181 



4806 
4809 



M. 



4818 m 
482222 



4826 
4831 
4835 



4712483996 
47164844 32 



4720 4848 
4724 4852 
4728 4857 



34 

4852 36 

38 



47» 4861 



61* 



4865 
487<^ 
4874 
4879 

4883 
4887 
4892 
4896 
4901 



Sft^ 



24 
2S 



44 

48 



M. 



TABLE L 
MERIDIONAL PARTS. 



M. 


2 
4 

6 

8 

Irt 
32 
14 
16 
18 

20 
22 
24 
26 
28 

30 
32 
34 
36 
38 

40 
42 
44 
46 

48 

50 
62 
54 
56 

58 

■ 

M. 



®5" 



4906 

4909 
4914 
4918 
4923 

4927 

4931 
4936 
4940 
4946 

4949 
4954 
4958 
4963 
4967 

4972 
4976 
4981 
4986 



4994 

4999 
6003 
6008 
6012 

6017 
6021 



64* 



5039 
5044 

5049 
6053 
5068 

6062 
5067 
5071 
6076 
5081 

5086 
6090 
5095 
6099 
5104 

5108 
5113 
5118 
5122 



4990 5127 



5132 
6136 
5141 
5146 
5151 

5165 
5160 



6026^5166 



5030 
5035 



63^ 



5169 
5174 



iAO 



64 



65* 



6265 
6270 

5375 
5280 
5284 
5289 
5294 

5299 
5304 
5309 
5314 

5319 



65* 



66** 



5179 *324 
6184 5328 
5188 5333 
5198 5338 
5198 5343 

5203 6348 
5207 6353 
5212 5368 
6217 5363 
6222 5368 

5226 5373 
5231 6378 
5236 5383 
5241 6388 
6246 5393 

5260 5398 
6256 5403 
5260 6408 



5413 
5418 

5423 
5428 
5433 
6438 
5443 

6448 
5464 

6459 
5464 

6469 
66^ 



67« 



6474 

5479 
5484 

5489 
5496 

6500 
5505 
6510 
6615 
5620 

6526 
5531 
5636 
6541 
6546 

6562 
5657 



680 



6631 
6636 
6642 

6647 
6662 

6668 
6663 
6668 
6674 
6679 

6686 
5690 
6695 
6701 
6706 

6712 
6717 



566216723 
5567 6728 



6573 

6678 
6583 
5688 
5694 
6699 

6604 
5610 
6616 
5620 
5626 



670 I 680 j 69 



6734 

6739 
6745 
6760 
6756 
6761 

5767 
5772 

5778 
5783 

5789 



69* 



6795 
5800 
5806 
5811 
5817 

5823 
5828 
5834 
5839 
5845 

6851 
6856 
5862 
5868 
5874 

5879 

5885 

5891 
5896 
5902 

5908 
6914 
5919 
5925 
5981 

5937 
5943 
5948 
5964 
5960 



70* 



5966 
5972 
5978 
6984 

5989 

5995 
6001 

6007 
6013 
6019 

6025 
6031 

6037 
6043 
6049 

6055 
6061 
6067 
6O73 

6079 

G085 

6091 

6097 
6103 

6109 

6115 
6121 

6127 
6133 
6140 



71 



6146 
6162 
6158 
6164 



6335 
6341 
6348 
6354 



617016361 



70' 



6177 

6183 
6189 
6195 
6201 

6208 
6214 
6220 
6226 
623 

6239 
6245 
6252 
6258 
6264 

6271 

6277 
6283 

6290 

6296 

6303 
6309 
6315 
6322 
6328 



72** 



71' 



6367 
6374 
6380 

6387 
6394 

6400 
6407 
6413 
6420 
6427 

6433 
6440 

6447 
6453 

6460 

6467 
6473 
6480 

6487 
6494 

6500 

6507 
9614 
6521 
652 V 



M 



2 
4 
6 
8 

10 
12 

14) 
16 
18 

20 
22 
24 
26 
28 

30 
32 
S4 

36 
38 

40 
42 
44 
46 
48 

50 
52 
54 
56 
58 



72* 



M 



"I 



rr 



TABLE I. 



MERIDIONAL PARTS. 






2 
4 
6 
8 

10 
12 
14 
16 
18 

20 

22 
24 
26 
28 

30 
32 
34 
36 
38 

40 
42 
44 
46 
48 

60 
52 
54 
56 
58 

M. 



016534 
6541 



73^ 



74o 



6746 
6753 



654816760 



6555 
6562 

6569 
6576 
6583 
6590 
6597 

6603 
6610 
6617 
6624 
6631 

6639 
6646 
6653 
6660 
6667 

6674 
6681 
6688 
6695 
6702 

6710 
6717 
6724 
6731 
6738 

73* 



6768 
6775 

6782 
679p 
6797 
6804 



75^ 



6970 
6978 
6986 
6994 
7001 

7009 
7017 
7025 
7033 



6812 7041 



6819 
6826 
6834 
6841 
6849 

6856 
6864 
6871 
6879 
6886 

• 

6894 
6901 
6909 
6917 
6924 



7048 
7056 
7064 
7072 
7080 

7088 
7096 
7104 
7112 
7120 

7128 
7136 
7145 
7153 
7161 



760 I 770 



7210 
7218 
7227 
7235 



7467 
7476 
7485 
7494 



78^ 



7243 7503 



6932 7169 
6939 7177 



6947 
6955 
6963 

74' 



7185 
7194 
7202 

75« 



7262 
7260 
7268 
7277 
7285 

7294 
7302 
7311 
7319 
7328 

7336 
7346 
7353 
7362 
7371 

7379 
7388 
7397 
7406 
7414 

7423 
7432 
7441 
7449 
7458 

76* 



7512 
7521 
7530 
7539 
7548 

7557 
7566 
7576 
7585 
7594 

7603 
7612 
7622 
7631 
7640 



7745 
7754 
7764 
7774 
7783 

7793 
7803 
7813 
7822 
7832 

7842 
7852 
7862 
7872 
7882 

7892 
7902 
7912 
7922 
7932 



79* 



8046 
8056 
8067 
8077 



80^ 



8375 
8387 
8398 
8410 
8088 8422 



81«> 



8099 
8109 
8120 
8131 
8141 

8152 
8163 



8433 
8445 
8457 
8469 
8480 

8492 
8504 



81748516 



7660 7942 
7659 7963 



7668 
7678 
7687 

7697 
7706 



7963 
7973 
7983 

7994 
8004 



7716 8014 



7725 
7735 



8025 



8186 
8196 

8207 
8218 
8229 
8240 
8251 



8262 
8273 
8284 
8295 
8307 



8528 
8540 

8552 
8666 
8677 
8689 
8601 



8614 
8626 
8638 
8651 
8663 



831818676 
8329>8688 
9341 8701 



8352 



8036 8364 



8714 
8726 



770 780 



79** I 8O0 



8739 
8752 
8765 
8778 
8791 

8804 
8817 
8830 
8843 
8856 

8869 
8883 
8896 
8909 
8923 

8936 
8960 
8963 
8977 
8991 

9005 



82^ 



9146 
9160 
9174 
9189 
9203 

9218 
9233 
9248 
9262 
9277 

9292 
9307 
9322 
9337 
9353 

9368 
9383 
9399 
9414 
9430 

9445 



901819461 



9032 
9046 
9060 



907419626 



9477 
9493 
9509 



9088 
9103 
9117 
9131 

8P 



9641 
9567 
9673 
9589 

82* 



M. 


2 

4 
6 

8 

10 
12 
14 
16 
18 

20 
22 
24 
26 
28 

30 
32 
34 
36 
38 

40 
42 
44 
46 
48, 

60 
62 
64 
56 
58 

M. 



1 



TABLE II. 



TABLE III. 



Deprenioo of tb« Ho- 
raoD of tbe Sea. 



Dip of the See* at diflerent Diitanoei from 
the Obsenrer. 







1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

22 

24 

26 

28 

30 

35 

40 

45 

50 

60 

70 

80 

90 

100 

120 

140 

160 

180 

200 



0* 59" 



1 

1 

1 

2 

2 

2 

2 

2 

3 

3 



24 
42 
58 
12 
25 
36 
47 
67 
7 

16 
3 25 
3 33 
3 41 
3 48 
56 
3 
10 
17 
24 
37 
49 
1 
13 
23 
49 



3 
4 
4 
4 
4 
4 
4 
5 
5 
5 
5 



7 
8 



37 
14 



8 48 

9 20 
9 50 

10 47 

11 39 

12 27 

13 12 
13 56 






6 14 
6 36 
6 57 . 



/ 



Oiat. of 

land in 

sea 

mile?. 



Height of the Eye above the 8ea,| 



IB feeL 



5 ilO 



i 





1 

I 

1 



1 

3 



1 

T 
1 



2 

2i 

3 

A 

5 

6 



IV 
6 
4 
4 
3 
3 



22' 
11 

8 
6 
5 

4 



15 |20 |25 |30 |35 |40 



34'i45M56' 
17 122 28 



2 
2 
2 
2 
2 
2 
2 



3 
3 
3 
3 
3 
3 
3 



12 
9 
7 
6 



5 
5 
4 
4 
4 
4 
4 



15 
12 
9 

8 



6 
6 
5 
5 

4 
4 
4 



19 
15 
12 
10 



8 
7 
6 
6 
5 
5 
5 



68' 79' 
34 39 



23 
17 
14 
11 



10 

8 
7 
6 
6 
5 
5 



27 
20 
16 
14 



90 
45 
30 
23 
19 
15 



11 
9 
8 
7 
7 
6 
6 



12 
10 
8 
7 
7 
6 
6 



> 



TABLE IV. 

Curvature of the Earth. 



Dist. in 
miles. 


Height 


iDchea. 


i 
1 


i 

2 

8 




Feet. 


2 


2.6 


3 


6. 


4 


10.6 


6 


16.6 


6 


23.9 


7 


32.5 


8 


43.5 


9 


53.8 


10 


66.4 


11 


80.2 


12 


95.4 


13 


112. 


14 


130 



Dist. io 

miles. 

15 
16 
17 
18 
19 
20 
25 
30 
35 
40 
45 
50 
60 
70 
80 
90. 
100 



TABLE y. 

Distances at which Objects can bt 
seen at Sea. 



IH*^ tk 


Diitaiio* in 


ttciglitk 


i>i«taoM m 


ie*t. 


Eog. milei. 


fMt. 


Eo(. milM, 


1 


1.3 


60 


10J2 


2 


1.9 


70 


11.1 


3 


2.3 


80 


11.8 


4 


2.6 


90 


12.5 


6 


2.9 


100 


ia2 


6 


32 


200 


18.7 


7 


S.6 


800 


22.9 


8 


3.7 


400 


26.5 


9 


4. 


500 


29.6 


10 


4 2 


600 


32.4 


12 


4.6 


700 


36. 


14 


4.9 


800 


37-4 


16 


5.3 


•00 


397 


18 


5.6 


1000 


41.8 


20 


5.9 


2000 


692 


26 


6.6 


3000 


72.5 


30 


7.3 


4000 


83-7 


35 


7.8 


6000 


93'6 


40 


8.4 


10000 


ld3> 


45 


8.ft 


16000 


1<3- 


50 1 


9.4 


20000 


188- J 



TABLE VL 

The Polar Distance and Right Aacensioii of the 

Pole Star. 





ToCu 


f DittaoM. 


Aao. Var. 


Right AicMMoa. 1 


Ann. Vkr. 










h. m. 


1. 


•. 


1800 


10 


46 36" 


— 19".5 


52 


24 


+ 12.9 


1801 




45 15 




62 


37 




1802 




44 60 




52 


50 




1803 




44 38 




53 


3 




1804 


M 


44 17 




53 


16 




1806 




43 57 




53 


29 




1806 


^ 


43 38 




53 


42 




1807 




43 18 




53 


55 




1808 




U 68 


% 


54 


9 




1800 




42 39 




54 


22 


s. 


ISIO 




42 19 




54 


26 


+ 13.6 


1811 




42 




54 


50 




1818 




41 40 




55 


04 


» 


1813 




41 21 




56 


18 


1814 




41 I 




56 


93 


1816 




40 42 




56 


47 




1818 




40 29 




66 


08 




1817 




40 04 




56 


17 




1818 




39 45 




56 


32 




1819 




39 25 


• 


56 


46 


■M, 


1821^ 




39 05 


— 19".4 


57 


01 


+14.3 
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